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Preface 


This book complements the book 7000 Solved Problems in Modern Physics by 
the same author and published by Springer-Verlag so that bulk of the courses for 
undergraduate curriculum are covered. It is targeted mainly at the undergraduate 
students of USA, UK and other European countries and the M.Sc. students of Asian 
countries, but will be found useful for the graduate students, students preparing 
for graduate record examination (GRE), teachers and tutors. This is a by-product 
of lectures given at the Osmania University, University of Ottawa and University 
of Tebriz over several years and is intended to assist the students in their assign- 
ments and examinations. The book covers a wide spectrum of disciplines in classical 
physics and is mainly based on the actual examination papers of UK and the Indian 
universities. The selected problems display a large variety and conform to syllabi 
which are currently being used in various countries. 

The book is divided into 15 chapters. Each chapter begins with basic concepts 
and a set of formulae used for solving problems for quick reference, followed by a 
number of problems and their solutions. 

The problems are judiciously selected and are arranged section-wise. The solu- 
tions are neither pedantic nor terse. The approach is straightforward and step-by-step 
solutions are elaborately provided. There are approximately 450 line diagrams, one- 
fourth of them in colour for illustration. A subject index and a problem index are 
provided at the end of the book. 

Elementary calculus, vector calculus and algebra are the prerequisites. The areas 
of mechanics and electromagnetism are emphasized. No book on problems can 
claim to exhaust the variety in the limited space. An attempt is made to include 
the important types of problems at the undergraduate level. 

It is a pleasure to thank Javid, Suraiya and Techastra Solutions (P) Ltd. for 
typesetting and Maryam for her patience. I am grateful to the universities of UK and 
India for permitting me to use their question papers; to R. W. Norris and W. Seymour, 
Mechanics via Calculus, Longmans, Green and Co., 1923; to Robert A. Becker, 
Introduction to Theoretical Mechanics, McGraw-Hill Book Co. Inc, 1954, for one 
problem; and Google Images for the cover page. My thanks are to Springer- Verlag, 


Vil 


Vill Preface 


in particular Claus Ascheron, Adelheid Duhm and Elke Sauer, for constant encour- 
agement. 


Murphy, Texas Ahmad A. Kamal 
November 2010 
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Chapter 1 
Kinematics and Statics 


Abstract Chapter 1 is devoted to problems based on one and two dimensions. 
The use of various kinematical formulae and the sign convention are pointed out. 
Problems in statics involve force and torque, centre of mass of various systems and 
equilibrium. 


1.1 Basic Concepts and Formulae 


Motion in One Dimension 


The notation used is as follows: u —initial velocity, v — final velocity, a — accele- 
ration, s = displacement, t = time (Table 1.1). 


Table 1.1 Kinematical equations 


U V A S t 

G) v=u+at V V V X V 
(ii) s =ut + 1/2at? J X A V v 
(iii) v? = u? + 2as y y V v X 
(iv) s = 3(u - v)t Y " X " Y 


In each of the equations u 1s present. Out of the remaining four quantities only 
three are required. The initial direction of motion is taken as positive. Along this 
direction u and s and a are taken as positive, f is always positive, v can be positive 
or negative. As an example, an object is dropped from a rising balloon. Here, the 
parameters for the object will be as follows: 

u = initial velocity of the balloon (as seen from the ground) 

u =+ve, a = —g. t —-rve, v —-rve or —ve depending on the value of t, s — --ve 
or —ve, if s — —ve, then the object is found below the point it was released. 

Note that (11) and (iii) are quadratic. Depending on the value of u, both the 
roots may be real or only one may be real or both may be imaginary and therefore 
unphysical. 


2 ] Kinematics and Statics 


v-t and a-t Graphs 


The area under the v-t graph gives the displacement (see prob. 1.11) and the area 
under the a-t graph gives the velocity. 


Motion in Two Dimensions - Projectile Motion 


2 
Be (1.1) 


Equation: y = x tan a — = 


2 u? cos? g 


Fig. 1.1 Projectile Motion 








2u si 
Time of flight: T — ee (1.2) 
u? sin 2a 
Range: R = ————— (1.3) 
8 
u? sin? g 
Maximum height: H = E (1.4) 
8 


Velocity: v = J g?t? — 2ug sina.t -- u? (1.5) 


u sino — gt 
Angle: tan 9 — ——————— (1.6) 
Uu COS a 


Relative Velocity 


If va is the velocity of A and vp that of B, then the relative velocity of A with respect 
to B will be 


VAB = VA — UB (1.7) 


Motion in Resisting Medium 


In the absence of air the initial speed of a particle thrown upward is equal to that 
of final speed, and the time of ascent is equal to that of descent. However, in the 
presence of air resistance the final speed is less than the initial speed and the time of 
descent is greater than that of ascent (see prob. 1.21). 


1.2 Problems 2 
Equation of motion of a body in air whose resistance varies as the velocity of the 


body (see prob. 1.22). 
Centre of mass is defined as 


Lec SF (1.8) 





Centre of mass velocity is defined as 
l . 
Ve = , "nih (1.9) 


The centre of mass moves as if the mass of various particles is concentrated at 
the location of the centre of mass. 


Equilibrium 


A system will be in translational equilibrium if £F = O. In terms of potential 


oV 0-V 
— = 0, where V is the potential. The equilibrium will be stable if —— 5 < 0. 
x2 


Ox 
A system will be in rotational equilibrium if the sum of the external torques is zero, 
Le XD) 


1.2 Problems 
1.2.1 Motion in One Dimension 


1.1 A car starts from rest at constant acceleration of 2.0 m/s?. At the same instant 
a truck travelling with a constant speed of 10 m/s overtakes and passes the car. 


(a) How far beyond the starting point will the car overtake the truck? 
(b) After what time will this happen? 
(c) At that instant what will be the speed of the car? 


1.2 From an elevated point A, a stone is projected vertically upward. When the 
stone reaches a distance h below A, its velocity is double of what it was at a 
height h above A. Show that the greatest height obtained by the stone above A 
is 5h/3. 

[Adelaide University] 


1.3 A stone is dropped from a height of 19.6 m, above the ground while a second 
stone is simultaneously projected from the ground with sufficient velocity to 
enable it to ascend 19.6 m. When and where the stones would meet. 


1.4 A particle moves according to the law x = A sin xt, where x is the displace- 
ment and t is time. Find the distance traversed by the particle in 3.0s. 


1.5 


1.6 


1.7 


1.8 


Fig. 


1.9 


Fig. 


1 Kinematics and Statics 


A man of height 1.8 m walks away from a lamp at a height of 6 m. If the man’s 
speed is 7 m/s, find the speed in m/s at which the tip of the shadow moves. 


The relation 3t = „/3x + 6 describes the displacement of a particle in one 
direction, where x is in metres and f in seconds. Find the displacement when 
the velocity is zero. 


A particle projected up passes the same height / at 2 and 10s. Find h if g = 
9.8 m/s?. 


Cars A and B are travelling in adjacent lanes along a straight road (Fig. 1.2). 
At time, t = 0 their positions and speeds are as shown in the diagram. If car A 
has a constant acceleration of 0.6 m/s? and car B has a constant deceleration of 
0.46 m/ s2, determine when A will overtake B. 

[University of Manchester 2007] 





1.2 (Va) = 13 ms" (Vg) = 20 ms" 
B 
p — 30m — — 
—x 
A boy stands at A in a field at a distance 600 m from the road BC. In the field 


he can walk at 1 m/s while on the road at 2 m/s. He can walk in the field along 
AD and on the road along DC so as to reach the destination C (Fig. 1.3). What 
should be his route so that he can reach the destination in the least time and 
determine the time. 


























600 m ^. Field 
| L | N Ee B 
B D Road C 
1.3 = am ——— 800 m —————— 


1.10 Water drips from the nozzle of a shower onto the floor 2.45 m below. The drops 


fall at regular interval of time, the first drop striking the floor at the instant the 
third drop begins to fall. Locate the second drop when the first drop strikes the 
floor. 


1.11 The velocity-time graph for the vertical component of the velocity of an object 


thrown upward from the ground which reaches the roof of a building and 
returns to the ground is shown in Fig. 1.4. Calculate the height of the building. 


1.2 Problems J 


Fig. 1.4 


1.12 


1.13 


1.14 


1.15 


1.16 


1.17 


1.18 


1.19 





A ball is dropped into a lake from a diving board 4.9m above the water. It 
hits the water with velocity v and then sinks to the bottom with the constant 
velocity v. It reaches the bottom of the lake 5.0 s after it is dropped. Find 


(a) the average velocity of the ball and 
(b) the depth of the lake. 


A stone is dropped into the water from a tower 44.1 m above the ground. 
Another stone is thrown vertically down 1.0s after the first one is dropped. 
Both the stones strike the ground at the same time. What was the initial veloc- 
ity of the second stone? 


A boy observes a cricket ball move up and down past a window 2 m high. If 
the total time the ball is in sight is 1.0 s, find the height above the window that 
the ball rises. 


In the last second of a free fall, a body covered three-fourth of its total path: 


(a) For what time did the body fall? 
(b) From what height did the body fall? 


A man travelling west at 4 km/h finds that the wind appears to blow from 
the south. On doubling his speed he finds that it appears to blow from the 
southwest. Find the magnitude and direction of the wind's velocity. 


An elevator of height h ascends with constant acceleration a. When it crosses 
a platform, it has acquired a velocity u. At this instant a bolt drops from the 
top of the elevator. Find the time for the bolt to hit the floor of the elevator. 


A car and a truck are both travelling with a constant speed of 20 m/s. The 
car is 10m behind the truck. The truck driver suddenly applies his brakes, 
causing the truck to decelerate at the constant rate of 2 m/s*. Two seconds later 
the driver of the car applies his brakes and just manages to avoid a rear-end 
collision. Determine the constant rate at which the car decelerated. 


Ship A is 10 km due west of ship B. Ship A is heading directly north at a speed 
of 30 km/h, while ship B is heading in a direction 60° west of north at a speed 
of 20 km/h. 
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(i) Determine the magnitude and direction of the velocity of ship B relative 
to ship A. 
(ii) What will be their distance of closest approach? 
[University of Manchester 2008] 


A balloon is ascending at the rate of 9.8 m/s at a height of 98 m above the 
ground when a packet is dropped. How long does it take the packet to reach 
the ground? 


1.2.2 Motion in Resisting Medium 


1.21 


1.22 


1.23 


1.24 


1.25 


An object of mass m is thrown vertically up. In the presence of heavy air 
resistance the time of ascent (ft; ) 1s no longer equal to the time of descent (f2). 
Similarly the initial speed (u) with which the body is thrown is not equal to the 
final speed (v) with which the object returns. Assuming that the air resistance 
F is constant show that 


i — gb" We —— qgedonm 
tt Vg—F/m u \Vg+F/m 


Determine the motion of a body falling under gravity, the resistance of air 
being assumed proportional to the velocity. 


Determine the motion of a body falling under gravity, the resistance of air 
being assumed proportional to the square of the velocity. 


A body is projected upward with initial velocity u against air resistance which 
is assumed to be proportional to the square of velocity. Determine the height 
to which the body will rise. 


Under the assumption of the air resistance being proportional to the square 
of velocity, find the loss in kinetic energy when the body has been projected 
upward with velocity u and return to the point of projection. 


1.2.3 Motion in Two Dimensions 


1.26 


A particle moving in the xy-plane has velocity components dx/dt = 6 + 2t 
and dy/dt = 4 + t 
where x and y are measured in metres and ¢ in seconds. 


(i) Integrate the above equation to obtain x and y as functions of time, given 
that the particle was initially at the origin. 
(ii) Write the velocity v of the particle in terms of the unit vectors i and j. 
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1.27 


1.28 


1.29 


1.30 


1.31 


1.32 


1.33 


1.34 


(iii) Show that the acceleration of the particle may be written as a = Die j. 
(iv) Find the magnitude of the acceleration and its direction with respect to 

the x-axis. 
[University of Aberystwyth Wales 2000] 


Two objects are projected horizontally in opposite directions from the top of 
a tower with velocities u; and uz. Find the time when the velocity vectors are 
perpendicular to each other and the distance of separation at that instant. 


From the ground an object is projected upward with sufficient velocity so that 
it crosses the top of a tower in time tı and reaches the maximum height. It then 
comes down and recrosses the top of the tower in time f2, time being measured 
from the instant the object was projected up. A second object released from 
the top of the tower reaches the ground in time t3. Show that t3 = /f, ho. 


A shell is fired at an angle 0 with the horizontal up a plane inclined at an angle 
a. Show that for maximum range, 0 = 3 + 


A stone is thrown from ground level over horizontal ground. It just clears three 
walls, the successive distances between them being r and 2r. The inner wall 
is 15/7 times as high as the outer walls which are equal in height. The total 
horizontal range is nr, where n is an integer. Find n. 

[University of Dublin] 


A boy wishes to throw a ball through a house via two small openings, one in 
the front and the other in the back window, the second window being directly 
behind the first. If the boy stands at a distance of 5 m in front of the house and 
the house is 6 m deep and if the opening in the front window is 5 m above him 
and that in the back window 2 m higher, calculate the velocity and the angle 
of projection of the ball that will enable him to accomplish his desire. 
[University of Dublin] 


A hunter directs his uncalibrated rifle toward a monkey sitting on a tree, at a 
height A above the ground and at distance d. The instant the monkey observes 
the flash of the fire of the rifle, it drops from the tree. Will the bullet hit the 
monkey? 


If a is the angle of projection, R the range, h the maximum height, T the time 
of flight then show that 
(a) tang = 4h/R and (b)h = gT?/8 


A projectile is fired at an angle of 60° to the horizontal with an initial velocity 
of 800 m/s: 


(i) Find the time of flight of the projectile before it hits the ground 
(ii) Find the distance it travels before it hits the ground (range) 
(iii) Find the time of flight for the projectile to reach its maximum height 


1.35 


1.36 


1.37 


Fig. 1.5 


1.38 
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(iv) Show that the shape of its flight is in the form of a parabola y = bx+cx?, 
where b and c are constants [acceleration due to gravity g — 9.8 m/s?]. 
[University of Aberystwyth, Wales 2004] 


A projectile of mass 20.0 kg is fired at an angle of 55.0? to the horizontal 
with an initial velocity of 350 m/s. At the highest point of the trajectory the 
projectile explodes into two equal fragments, one of which falls vertically 
downwards with no initial velocity immediately after the explosion. Neglect 
the effect of air resistance: 


(i) How long after firing does the explosion occur? 
(ii) Relative to the firing point, where do the two fragments hit the ground? 
(iii) How much energy is released in the explosion? 
[University of Manchester 2008] 


An object is projected horizontally with velocity 10 m/s. Find the radius of 
curvature of its trajectory in 3 s after the motion has begun. 


A and B are points on opposite banks of a river of breadth a and AB is at right 
angles to the flow of the river (Fig. 1.4). A boat leaves B and is rowed with 
constant velocity with the bow always directed toward A. If the velocity of the 
river is equal to this velocity, find the path of the boat (Fig. 1.5). 





A ball is thrown from a height h above the ground. The ball leaves the point 
located at distance d from the wall, at 45° to the horizontal with velocity u. 
How far from the wall does the ball hit the ground (Fig. 1.6)? 





Fig. 1.6 -4— —d— > 


1.2 Problems 9 
1.2.4 Force and Torque 


1.39 Three vector forces F4, F» and F5 act on a particle of mass m — 3.80 kg as 
shown in Fig. 1.7: 


(i) Calculate the magnitude and direction of the net force acting on the 
particle. 
(ii) Calculate the particle's acceleration. 
(iii) If an additional stabilizing force F4 is applied to create an equilibrium 
condition with a resultant net force of zero, what would be the magnitude 
and direction of F4? 


Fig. 1.7 y 



































1.40 (a) A thin cylindrical wheel of radius r — 40cm is allowed to spin on a 
frictionless axle. The wheel, which is initially at rest, has a tangential 
force applied at right angles to its radius of magnitude 50 N as shown in 
Fig. 1.8a. The wheel has a moment of inertia equal to 20 kg m?. 





Fig. 1.8a 


Calculate 


(i) The torque applied to the wheel 

(ii) The angular acceleration of the wheel 
(iii) The angular velocity of the wheel after 3 s 
(iv) The total angle swept out in this time 


(b) The same wheel now has the same force applied but inclined at an angle 
of 20° to the tangent as shown in Fig. 1.8b. Calculate 


(i) The torque applied to the wheel 
(ii) The angular acceleration of the wheel 
[University of Aberystwyth, Wales 2005] 
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Fig. 1.8b 





1.41 A container of mass 200 kg rests on the back of an open truck. If the truck 
accelerates at 1.5 m/s”, what is the minimum coefficient of static friction 
between the container and the bed of the truck required to prevent the con- 
tainer from sliding off the back of the truck? 

[University of Manchester 2007] 


1.42 A wheel of radius r and weight W is to be raised over an obstacle of height 
h by a horizontal force F applied to the centre. Find the minimum value of F 
(Fig. 1.9). 


A> 


Fig. 1.9 


1.2.5 Centre of Mass 


1.43 A thin uniform wire is bent into a semicircle of radius R. Locate the centre of 
mass from the diameter of the semicircle. 


1.44 Find the centre of mass of a semicircular disc of radius R and of uniform 
density. 


1.45 Locate the centre of mass of a uniform solid hemisphere of radius R from the 
centre of the base of the hemisphere along the axis of symmetry. 


1.46 A thin circular disc of uniform density is of radius R. A circular hole of 
radius l2R is cut from the disc and touching the disc's circumference as in 
Fig. 1.10. Find the centre of mass. 


1.2 Problems 11 


Fig. 1.10 


1.47 


1.48 


1.49 


1.50 


1.51 


1.52 
1.53 


1.54 


1.55 





The mass of the earth is 81% the mass of the moon. The distance between the 
centres of the earth and the moon is 60 times the radius of earth R = 6400 km. 
Find the centre of mass of the earth-moon system. 


The distance between the centre of carbon and oxygen atoms in CO molecule 
is 1.13 A. Locate the centre of mass of the molecule relative to the carbon 
atom. 


The ammonia molecule NH; is in the form of a pyramid with the three H 
atoms at the corners of an equilateral triangle base and the N atom at the apex 
of the pyramid. The H-H distance = 1.014 À and N-H distance = 1.628 Å. 
Locate the centre of mass of the NH3 molecule relative to the N atom. 


A boat of mass 100 kg and length 3 m is at rest in still water. A boy of mass 
50 kg walks from the bow to the stern. Find the distance through which the 
boat moves. 


At one end of the rod of length L, a body whose mass is twice that of the rod is 
attached. If the rod is to move with pure translation, at what fractional length 
from the loaded end should it be struck? 


Find the centre of mass of a solid cone of height h. 


Find the centre of mass of a wire 1n the form of an arc of a circle of radius R 
which subtends an angle 2~ symmetrically at the centre of curvature. 


Five identical pigeons are flying together northward with speed vo. One of 
the pigeons is shot dead by a hunter and the other four continue to fly with 
the same speed. Find the centre of mass speed of the rest of the pigeons 
which continue to fly with the same speed after the dead pigeon has hit the 
ground. 


The linear density of a rod of length L is directly proportional to the distance 
from one end. Locate the centre of mass from the same end. 
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1.56 Particles of masses m, 2m, 3m...nm are collinear at distances L, 2L, 
3L...nL, respectively, from a fixed point. Locate the centre of mass from 
the fixed point. 


1.57 A semicircular disc of radius R has density o which varies as p — cr?, where 
r is the distance from the centre of the base and cis a constant. The centre of 
mass will lie along the y-axis for reasons of symmetry (Fig. 1.11). Locate the 
centre of mass from O, the centre of the base. 


Fig. 1.11 as 


1.58 Locate the centre of mass of a water molecule, given that the OH bond has 
length 1.77 A and angle HOH is 105°. 


1.59 Three uniform square laminas are placed as in Fig. 1.12. Each lamina mea- 
sures ‘a’ on side and has mass m. Locate the CM of the combined structure. 


Fig. 1.12 





1.2.6 Equilibrium 


1.60 Consider a particle of mass m moving in one dimension under a force with the 
potential U (x) — k(2x3 — 5x? + 4x), where the constant k > 0. Show that 
the point x = | corresponds to a stable equilibrium position of the particle. 

[University of Manchester 2007] 


1.61 Consider a particle of mass m moving in one dimension under a force with the 
potential U(x) = k(x” — 4x1), where the constant k > 0. Show that the point 
x — 2l corresponds to a stable equilibrium position of the particle. 
Find the frequency of a small amplitude oscillation of the particle about the 
equilibrium position. 
[University of Manchester 2006] 
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1.62 A cube rests on a rough horizontal plane. A tension parallel to the plane 
is applied by a thread attached to the upper surface. Show that the cube 
will slide or topple according to the coefficient of friction is less or greater 
than 0.5. 


1.63 A ladder leaning against a smooth wall makes an angle o with the horizontal 
when in a position of limiting equilibrium. Show that the coefficient of friction 
between the ladder and the ground is 5 cot o. 


1.3 Solutions 


1.3.1 Motion in One Dimension 
1.1 (a) Equation of motion for the truck: s = ut (1) 


l 
Equation of motion for the car: s = sat (2) 


The graphs for (1) and (2) are shown in Fig. 1.13. Eliminating t between 
the two equations 








las 
]1—-2—5|20 3 
S ( 5 5) (3) 
Fig. 1.13 
l as . 
Either s = 0 or I — z — = 0. The first solution corresponds to the result 
u 
that the truck overtakes the car at s = 0 and therefore at t = 0. 
mE 2). 2x10? 
The second solution gives s — —— — 5 = 100m 
a 
100 
u 10 


(c) v =at = 2 x 10 = 20 m/s 
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1.2 When the stone reaches a height / above A 


1.3 


ur — u^ — 2gh (1) 
and when it reaches a distance A below A 
vy =u? +2gh (2) 


since the velocity of the stone while crossing A on its return journey is again u 
vertically down. 


Also, v» — 2v; (by problem) (3) 
Combining (1), (2) and (3) u? = Pgh (4) 


Maximum height 


u^  lO0gh 5h 
H m (ES ju FS 
2g 3 2g 2 


Let the stones meet at a height s m from the earth after t s. Distance covered by 
the first stone 


L 2 


h — s = -et 1 

NEXU (1) 
where /; — 19.6 m. For the second stone 

— ut = : p (2) 
Ssn > 58 
v =0 =u — 2gh 
u = ,/2gh = 42 x 9.8 x 19.6 = 19.6 m/s (3) 
Adding (1) and (2) 

h 19.6 

h = ut, t = — = —— = ls 


u 19.6 


1:3 


1.4 


1.5 


Fig. 1.14 


1.6 


Solutions 15 


From (2), 


1 
$—196x1—7 x98x1^—147m 
x= Asinzt = A sin øt 


where o 1s the angular velocity, c — 7r 


20 2H 
Time period T = — = — = 2s 
w 1 


In js (a quarter of the cycle) the distance covered is A. Therefore in 3 s the 
distance covered will be 6A. 


Let the lamp be at A at height H from the ground, that is AB = H, Fig. 1.14. 
Let the man be initially at B, below the lamp, his height being equal to BD = h, 
so that the tip of his shadow is at B. Let the man walk from B to F in time t 
with speed v, the shadow will go up to C in the same time 7 with speed v": 





BF = vt; BC =v't 


From similar triangles EFC and ABC 





FC EF h 
BC AB H 
FC EF h v't — vt h 
— = —— = — — = = 
BC AB H vi H 
or 
H 6x7 
ae eons 
H-—h (6 — 1.8) 
/3àx —3t — 6 (1) 


Squaring and simplifying x — 37° = Fe (2) 


16 


1.7 


1.8 


L3 


dx 
U-—-——-—6t — 12 
dt 


D SIVeS £258 
Using (3) in (2) gives displacement x — 0 
I 2 
= ut —at 
S=U Td 
l 2 
Dru MC HS 


l 2 
ia C 


Solving (2) and (3) h = 10g = 10 x 9.8 = 98 m. 
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(3) 


(1) 
(2) 
(3) 


Take the origin at the position of A at t = O0. Let the car A overtake B in time t 
after travelling a distance s. In the same time f, B travels a distance (s — 30) m: 


EN: t? 
S = U —a 
2 
1 
s=13t +5 x06 (Car A) 
1 
s—=30=20r= ~ 0.4617 (Car B) 


Eliminating s between (2) and (3), we find t — 0.9 s. 


Let BD = x. Time tı for crossing the field along AD is 


m AD B x? + (600)? 
i 1.0 
Time f» for walking on the road, a distance DC, is 


DC  $800—x 
Dh = — = 
U2 2.0 





800 — x 
Total time t = t1 + t = y x? + (600)? + 





(1) 
(2) 
(3) 


(1) 


(2) 


(3) 


Minimum time is obtained by setting dt/dx = 0. This gives us x — 346.4 m. 
Thus the boy must head toward D on the round, which is 800—346.4 or 453.6 m 


away from the destination on the road. 


The total time f is obtained by using x = 346.4 in (3). We find t = 920s. 


1.10 Time taken for the first drop to reach the floor is 


I 2h 2 x 2.45 l 
= — >= — = — S 
i g V 98 J2 
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1.11 


1.12 


1.13 


1.14 


As the time interval between the first and second drop is equal to that of the 
second and the third drop (drops dripping at regular intervals), time taken by 


the second drop is t = 248 s; therefore, distance travelled by the second 
drop is 


1 2 
2 
t5 = — x 9.8 x | — — 0.6125 m 
22 (z) 


Height h = area under the v — t graph. Area above the t-axis is taken positive 
and below the t-axis is taken negative. h = area of bigger triangle minus area 
of smaller triangle. 

Now the area of a triangle = base x altitude 


1 1 
h=-x3x30-—--—-x1x10=40m 
2 2 


2h 2 x 4.9 
(a) Time for the ball to reach water ti = , | — = 98 — 1.0s 
g 


Velocity of the ball acquired at that instant v = gti = 9.8 x 1.0 = 
9.8 m/s. 
Time taken to reach the bottom of the lake from the water surface 





t2 = 5.0 — 1.0 = 4.0s. 
As the velocity of the ball in water is constant, depth of the lake, 
d = vh = 9.8 x 4 = 39.2m. 


__ total displacement 4.9 + 39.2 


(b) < v >= - = — 8.82 m/s 
total time 5.0 


2h 2 x 44.1 
For the first stone time tf; = ,./ — = ,/ ———— =3.0s. 


g 
Second stone takes t2 = 3.0 — 1.0 = 2.0s to strike the water 


P 
h — ut» 4 280 


Using h = 44.1 m, t? — 2.0s and g — 9.8 m/s?, we find u — 12.25 m/s 


Transit time for the single journey - 0.5 s. 

When the ball moves up, let vo be its velocity at the bottom of the window, v1 
at the top of the window and vz = O0 at height / above the top of the window 
(Fig. 1.15) 
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Fig. 1.15 ^ 


1.15 


1.16 





H - 2m 
ot 
vı = vo — gt = vo — 9.8 x 0.5 = vg — 4.9 (1) 
v? = v$ — 2gh = v$ — 2 x 9.8 x 2 = vs — 39.2 (2) 
Eliminating vı between (1) and (2) 
vo = 6.45 m/s (3) 
v? = 0 = vå — 2g (H +h) 
vô (6.45)? 
H +h = — = =2 m 
2g 2x98 


h = 2.1225 — 2.0 = 0.1225 m 
Thus the ball rises 12.25 cm above the top of the window. 


(a) S 1 S l 3 
a = n = — = 
n=8 5 z8” 


3s 
By problem $, = x 


1 33 4 1X. os 
n—--jJ={- — 
i 2 4J A2)?" 
2 
Simplifying 3n? — 80 4-4 2 0,n 22 or E 


gc 
The second solution, n = 3' is ruled out as n — 1. 


l 2 l 2 
(b) =F uc Unos = 19.6m 


In the triangle ACD, CA represents magnitude and apparent direction of 
wind's velocity w;, when the man walks with velocity DC = v = 4km/h 
toward west, Fig. 1.16. The side DA must represent actual wind’s velocity 
because 


W,=W-v 


When the speed is doubled, DB represents the velocity 2v and BA represents 
the apparent wind's velocity W». From the triangle ABD, 
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Fig. 1.16 


1.17 


1.18 


W = W — 2v 


By problem angle CAD = 0 = 45°. The triangle ACD is therefore an isosce- 
les right angle triangle: 


AD = V2CD = 4V2km/h 


Therefore the actual speed of the wind is 44/2 km/h from southeast direction. 


Choose the floor of the elevator as the reference frame. The observer is inside 
the elevator. Take the downward direction as positive. 
Acceleration of the bolt relative to the elevator is 


a' =g — (—a)=8 +a 
2h 
gta 





1 1 
haar = t t= 
a ; ta) 


In 2s after the truck driver applies the brakes, the distance of separation 
between the truck and the car becomes 


l 5 l 2 
dioi — d — zat cu ae — 


The velocity of the truck 2 becomes 20 — 2 x 2 = 16 m/s. 
Thus, at this moment the relative velocity between the car and the truck will be 


Urey = 20 — 16 = 4 m/s 


Let the car decelerate at a constant rate of a2. Then the relative deceleration 
will be 


Are] = A2 — d1 


20 


1.19 


Fig. 1.17a 
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If the rear-end collision is to be avoided the car and the truck must have the 
same final velocity that is 


Vre] = O 
Now v2, — u24 —2 aq d 
OW Ure] I Ure] mm Ore] rel 
2 2 
Ure] — 4 4 2 


z= = — m/s 
2 d 2x6 3 








drel = 


4 
az =a +a =2+ 7 = 3.33 m/s? 


UBA = VB — VA 
From Fig. 1.17a 


VBA = 4/ Un + Us — 2upuva cos 60° 
= /202 + 302 — 2 x 20 x 30 x 0.5 2 10/7 km/h 


The direction of vga can be found from the law of sines for AABC, 
Fig. 1.17a: 


AC BC 
(i) = 


sinÓ  sin60 








AC 
or sind = — sin 60 = EET sin 60? 
BC UBA 


20 x 0.866 
Tue Exi) 576 


0 = 40.9* 
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Fig. 1.17b 


Thus vga makes an angle 40.9° east of north. 
(ii) Let the distance between the two ships be r at time t. Then from the 
construction of Fig. 1.17b 


r = [ (vat — vgt cos 60°)? + (10 — vpt sin 60°)*]!/7 (1) 


Distance of closest approach can be found by setting dr/dt = 0. This 


3 3 
gives t = E When t = = is inserted in (1) we get rmin = 20/ /7 or 
7.56 km. 


1.20 The initial velocity of the packet is the same as that of the balloon and is point- 
ing upwards, which is taken as the positive direction. The acceleration due to 
gravity being in the opposite direction is taken negative. The displacement is 
also negative since it is vertically down: 


u=9.8m/s,a = —g = —9.8m/s*; S = —98 m 

l 2 l 2 2 
ges R Deo or t^ — 2t — 20 = 0, 
t=1]1+7vy21 


The acceptable solution is 1 + v21 or 5.58 s. The second solution being neg- 
ative is ignored. Thus the packet takes 5.58 s to reach the ground. 


1.3.2 Motion in Resisting Medium 


1.21 Physically the difference between f, and f» on the one hand and v and u 
on other hand arises due to the fact that during ascent both gravity and air 
resistance act downward (friction acts opposite to motion) but during descent 
gravity and air resistance are oppositely directed. Air resistance F actually 
increases with the velocity of the object (F œ v or v? or v?). Here for sim- 
plicity we assume it to be constant. 

For upward motion, the equation of motion is 


maı = —(F + mg) 


Or 


F 
a=-(F +8] 
m 


For downward motion, the equation of motion is 


ma = mg — F 





or 
F 
a2 = g8 — — 
m 
For ascent i 
n=0=u+at=u-(Ž+g)n 
m 
NH u 
ti = F 
E 
m 
v^-0-u-q2ah 
2h 
Uu = 


where we have used (1). Using (4) in (3) 





For descent v? = 2azh 


where we have used (2) 





where we have used (2) and (6) 
From (5) and (7) 
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(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


1:3 
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Solutions 23 


It follows that t2 — t1, that is, time of descent is greater than the time of ascent. 
Further, from (4) and (6) 








F 
E c 
U 
-— i (9) 
gue 
m 


It follows that v < u, that is, the final speed is smaller than the initial speed. 


Taking the downward direction as positive, the equation of motion will be 

dv 

— — gg —kv I 
aoe (1) 


where K is a constant. Integrating 


d 
g — kv 
1 — 
ZI =) ES 
k Ü 


where c is a constant: 








g—kv —ce " (2) 


This gives the velocity at any instant. 
As t increases e" decreases and if t increases indefinitely g — kv = 0, i.e. 


T (3) 


This limiting velocity is called the terminal velocity. We can obtain an expres- 
sion for the distance x traversed in time t. First, we identify the constant c 
in (2). Since it is assumed that v = 0 at t = O, it follows that c — g. 


d 
Writing v = T in (2) and putting c — g, and integrating 


dx 
p V —kt 
8 di Se 
[ su [ oa [ tanen 
gt ke = Fe M D 


At x = 0, t = 0; therefore, D = t 


24 


1.23 
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x=% E (1-6) (4) 


d?x dx 2 
oem Oe l 
d? ^ @ ) 
du 
——g—h? 2 
T E (2) 
1 du 
i s 3 
| ke 6) 


writing V? = t and integrating 


y 
i Br — 2kV (t 4- c) (4) 


If the body starts from rest, then c — 0 and 








V 2ot 
In UR NU 
V—v V 
V V 
jm op rd (5) 
2g V —v 


which gives the time required for the particle to attain a velocity v —0. Now 


y spa e 


y 
2kVt 
v e =] 
he. 
gt 
v — V tanh — (7) 
V 


The last equation gives the velocity v after time t. From (7) 


d t 

=. Vion 

dt V 
V? t 

x = — İn cosh E: (8) 
g V 


y? gt/v —gt/v 
x — — In UTE (9) 
g 2 


1:3 


1.24 


Solutions 25 


no additive constant being necessary since x = 0 when t — O0. From (6) it is 
obvious that as ¢ increases indefinitely v approaches the value V. Hence V is 
the terminal velocity, and is equal to y g/k. 


The velocity v in terms of x can be obtained by eliminating t between (5) 
and (9). 





From (9), 

" eK Vt 4L e-KVt 

e — 

2 

Squaring Ae^* = eck Vt 3 e «Vt JE o 
V +v V—v 

— -- ——— +2 from (5 
V—v Vou o, 

AV? 
Nau) 


v^ Z V*d — e 
2 — 28x 
—-y^[1—-e v? (10) 


Measuring x upward, the equation of motion will be 


d?^x E k dx V? (1) 
d?  ° dt 
dx d (dx dv dv dx dv 
— Z — — m——— om SS SS PY 
dt? dt \dt dí dx dt 
dv 
— = —9 — ky’ 2 
n g U (2) 
l d (v? 
^ xf ved -fa 
2k J (g/k) + v2 
k 2 
Integrating, In (s. — —2kx 
C 
8 De. ne RE 
or E + v^ = ce (3) 


When x = 0, v = u; c= t 4- u? and writing t = pe we have 


2 2 2 gx 
a + vse? (4) 
l4 
28x 
v? = (V? +uDe v — V? (5) 


The height A to which the particle rises is found by putting v = O atx =h 
in (5) 
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y? u? 
h= mài) (6) 


1.25 The particle reaches the height h given by 


y2 22 
M= 2g In (1 + 72] (by prob. 1.24) 


The velocity at any point during the descent is given by 
> we OL 
v= V (1 —e v ) (by prob. 1.23) 


The velocity of the body when it reaches the point of projection is found by 
substituting A for x: 


, à y2 u-V2 
y= Vv ]— ————.—-———— 
V? +u?) V?+u? 


1 
Loss of kinetic energy = mu? — smu 


1 2 1 y? 1 2 u^? 
= -mu — —— | = -mu | ——— 
2 v24+u2Jf 2 V2 +u? 
1.3.3 Motion in Two Dimensions 


dx 
1.26 () 4-92 


[ esf a2] i 


x —6t 412 4C 
x=0,t=0;C =0 
x=6t+? 

dy 


—=44f 
dt = 


[ofa fi 
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2 


t 
y=4+7+D 
t2 
y=ut t3 


Gi) 9 — (64-201 4-(44- Dj 
(i) ; dv 5, 
a dr LJ 
Gv) a = V22 +12? = J5 
1 
tan = 2 0 — 26.565? 
Acceleration is directed at an angle of 26°34’ with the x-axis. 


1.27 Take upward direction as positive, Fig. 1.18. At time ¢ the velocities of the 
objects will be 


vi —uii—gtj (1) 
v2 = —uyi = gt j (2) 


If vy and v» are to be perpendicular to each other, then v; - v? = O, that is 


(ui — gt j) (-wi — gt j) =0 


—u1u» 4 94^ zz) 


1 
or f — —4A/u4u» (3) 
$ 
The position vectors are rı = u ti — tgt?j, ro =—uoti — 4 gt?j 
1 =u] 78L J, 2= 2 78L J. 


The distance of separation of the objects will be 


ri2 = |F1 — F2| = (u1 + u2)t 





Fig. 1.18 


28 


1.28 


1.29 


Fig. 1.19 
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Or 


p D (4) 


where we have used (2). 


Consider the equation 


1 
s = ut + sat (1) 


Taking upward direction as positive, a = —g and let s = h, the height of the 
tower, (1) becomes 


] 
h — ut — gt 
ut — 58 
Or 
I 4 
5 8t —ut+h=0 (2) 


Let the two roots be tı and t2. Compare (2) with the quadratic equation 
ax? +bx +c=0 (3) 


The product of the two roots is equal to c/a. It follows that 


2h |2h 
tibh = — O vtilh = | — =h 
§ § 


which is the time taken for a free fall of an object from the height h. 


Let the shell hit the plane at p(x, y), the range being AP = R, Fig. 1.19. The 
equation for the projectile’s motion is 


gx? 
y= x tan — 2G (1) 
Now y= Rsing (2) 
x = R cosg (3) 
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Using (2) and (3) in (1) and simplifying 


E 2u? cos 0 sin(@ — a) 


g cos? q 
, . ; . dR 
The maximum range is obtained by setting d 0, holding u, « and g 
constant. This gives cos(20 —a) =O or 20 -— q = 5 


-F 
e 
2 


ABS 


1.30 As the outer walls are equal in height (A) they are equally distant (c) from the 
extremities of the parabolic trajectory whose general form may be written as 


(Fig. 1.20) 
Fig. 1.20 | 
y 
On 6 e e op —— of >| x— | 
E i —————————À 
y-—ax-— bx? (1) 


y = Oatx = R = nr, when R is the range 
This gives a = bnr (2) 
The range R = c +r +2r +c = nr, by problem 
c= (n — 3) (3) 
2 


The trajectory passes through the top of the three walls whose coordinates are 
(c, h), (c +r, $n) , (c+ 3r, h), respectively. Using these coordinates in (1), 
we get three equations 


h = ac — bc? (4) 
15h 

— =a(c+r)—b(c+r) (5) 
h — a(c + 3r) — b(c + 3r)* (6) 


Combining (2), (3), (4), (5) and (6) and solving we get n — 4. 
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1.31 The equation to the parabolic path can be written as 
_ 2 
y =ax — bx (1) 
, 8 
ith a = tan0; b — ———— 2 
e 2u? cos? 0 a 
Taking the point of projection as the origin, the coordinates of the two open- 
ings in the windows are (5, 5) and (11, 7), respectively. Using these coordi- 
nates in (1) we get the equations 
5 = 5a — 25b (3) 
7 — 11a — 121b (4) 
with the solutions, a = 1.303 and b = 0.0606. Using these values in (2), we 
find 0 — 52.5? and u — 14.8 m/s. 

1.32 Let the rifle be fixed at A and point in the direction AB at an angle o with the 
horizontal, the monkey sitting on the tree top at B at height h, Fig. 1.21. The 
bullet follows the parabolic path and reaches point D, at height H, in time t. 

Monkey on 
tree top R 
TP 

Rifle pointing h 
at the monkey 

Tar 

i p= mm] 
Fig. 1.21 S 


The horizontal and initial vertical components of velocity of bullet are 
Uy —ucosa; uy, —usino 


Let the bullet reach the point D, vertically below B in time f, the coordinates 
of D being (d, H). As the horizontal component of velocity is constant 


udt 
d =u,t = (ucosa)t = — 
S 
where s = AB: 
S 
t = — 
u 


The vertical component of velocity is reduced due to gravity. 


1.3 Solutions 3l 


In the same time, the y-coordinate at D is given by 


I 2 l 2 
y = H = uyt — 58! = u(sina)t — 58 


h S 1 1 
H =u( — (+) -58° =h- zg 
20 u) 2° 2 


h H = ~g?? 
or h-H=- 
"i 


,. [20 - B) 
E g 


But the quantity (h-H ) represents the height through which the monkey drops 
from the tree and the right-hand side of the last equation gives the time for a 
free fall. Therefore, the bullet would hit the monkey independent of the bullet’s 
initial velocity. 








1.33 R— u sin 2a h — u? sin? g Tau 2u sina 
8 8 g 
(a) h 1 4h 
— = —tana — tang = — 
R 4 R 
(b) h g eT? 
I i urs ue 
T^ 8 8 
134 Ò T= 2u sina _ 2 x 800 sin 60 _ 1414s 
g 9.8 
2e 2 
2 800 2 x 60 
(ii) p= OSEA L COOSA AS! — 56568 x 10m — 5657km 
(iii) Time to reach maximum height = iT = l x 141.4 = 707s 
(iv) x = (ucosa)t (1) 
. l > 
y = (using )t — "LL (2) 
Eliminating ¢ between (1) and (2) and simplifying 
] gx? 
— x tano — ————— 3 
TES Su? a G) 
S ) | $ 
which is of the form y — bx--cx^, with b = tana and c — — - ————. 
2 u? cos? q 
1.35 usina 350 sin55 





G) T = See = 29.25s 
g 9.8 
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(ii) At the highest point of the trajectory, the velocity of the particle is 


(iii) 


entirely horizontal, being equal to u cos æ. The momentum of this particle 
at the highest point is p = mucosa, when m is its mass. After the 
explosion, one fragment starts falling vertically and so does not carry 
any momentum initially. It would fall at half of the range, that is 


R  lu^sin2w (350) sin(2 x 55?) 
] = 


= -— um ——— = 5873 m, from the firing point. 
2 g 2. 0.8 


The second part of mass im proceeds horizontally from the highest point 
with initial momentum p in order to conserve momentum. If its velocity 
is v then 


m 
p = 3" — mu cos 


v = 2u cosa — 2 x 350cos 55" — 401.5 m/s 


Then its range will be 


2h 
Reap (1) 
g 


But the maximum height 


2 2 


u^ sin^ & 
h = ——— 2 
2g (2) 
Using (2) in (1) 


n vu sino E (401.5) (350) (sin 55?) 


— = 11746m 
g 9.8 





The distance form the firing point at which the second fragment hits the 
ground is 


R 
2! + R’ = 5873 + 11746 = 17619m 


Energy released = (kinetic energy of the fragments) — (kinetic energy of 
the particle) at the time of explosion 


] l 
= 7 — —m(u cos a)? 
2 2 2 


20 20 
=7* (401.5)? — = (350 cos 55°)? = 4.03 x 10°J 
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1.36 


1.57 


1.38 


The radius of curvature 


[1 + (dy/dx)?] ^ 
E d2y/dx? | 
x = Vot = 10 x 3 = 30m 
t? : 9.8 x 3 2 44.1 
= — = — X Y.ð X = .1 m. 
4-758 75 
EM 1 x? 
a 252 
9.8 x 30 
ve = L — 2.94 (2) 
d? 9.8 
Eu ey es 2 008 (3) 


dx ve 102 
Using (2) and (3) in (1) we find p — 305 m. 


Let P be the position of the boat at any time, Let AP — r, angle BÁP — 9, 
and let v be the magnitude of each velocity, Fig. 1.5: 


dr m 

— — —v-rvsin 

dt 
dé 

and =~ = v00s 8 


1 dr —1+ sind 


rdó ^ cosÓ -— 
d 
J? d = | i- sec0 + tan 6] dé 
0 m 
lnr = — ln tan (5 4 3 — Incos 0 + ln C (a constant) 


When0 —0,r —a, so that C = a 
a 


r= — 
tan (5 + 4) cosé 
The denominator can be shown to be equal to 1 + sin 8: 


_ a 
~ 1+ sind 


This is the equation of a parabola with AB as semi-latus rectum. 


Take the origin at O, Fig. 1.22. Draw the reference line OC parallel to AB, the 
ground level. Let the ball hit the wall at a height H above C. Initially at O, 
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Fig. 1.22 


eal 


| 


u 
Uy = u cos g = u cos 45° = — 
X J2 
u 

/2 


Uy = using =u sin 45° = 


1 gx? 
When the ball hits the wall, y = x tano — — 


2 u2 cos? a 
Using y = H,x =d anda = 45° 


H=4a (1-85) (1) 


If the collision of the ball with the wall is perfectly elastic then at P, the 
horizontal component of the velocity (u‘,) will be reversed, the magnitude 
remaining constant, while both the direction and magnitude of the vertical 
component v’, are unaltered. If the time taken for the ball to bounce back from 
P to A is t¢ and the range BA = R 


1 
al 2 

y — ut — 58! (2) 

R R 
Using t = ———— = = (3) 

u cos 45° u 
y e an) (4) 

d u gd 

't = usin 45° — g——_ = —~ — /22— 5 
ee 8 u cos 45° Ja u ©) 


Using (3), (4) and (5) in (2), we get a quadratic equation in R which has the 
acceptable solution 


2 2 
Re bH 
2g 4g? 
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1.3.4 Force and Torque 


1.39 Resolve the force into x- and y-components: 


F, — —80cos 35° + 60 + 40 cos 45° = 22.75 N 
Fy = 80sin 35° + 0 — 40 sin 45° = 17.6 N 


@) Fret = ,/ F? + F? = v (22.75)? + (17.6)? = 28.76N 
F 


y 17.6 3 
tang = — = —— = 0.7736 — 6 = 37.7 
P 22-13 


The vector Fe makes an angle of 37.7? with the x-axis. 
F 28.76 N 
(ii) a — —E — = 7.568 m/s” 
m 3.8 kg 
(iii) F4 of magnitude 28.76 N must be applied in the opposite direction to 


F net 








1.40 (a) (i) t=rxF 
t =r F sin = (0.4m)(50N) sin90° = 20N — m 


(ii) t = Io 


20 
a= Le 1.0 rad/s? 
I 20 


(ii) œ = œo 4- ot 2 0 4- 1 x 3 — 3rad/s 
(iv) o? — ed -- 200,0 — $ = 4.5 rad 


(b) (i) c — 0.4 x 50 x sin(90 4- 20) 2 18.794N m 


18.794 
Desc 





= 0.9597 rad/s? 





1.41 Force applied to the container F = ma 
Frictional force = F, = u mg 


P ex 
| mg = ma 


1.5 
pee ei 53 
g 
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Fig. 1.23 





1.42 Taking torque about D, the corner of the obstacle, (F)CD = (W)BD 


(Fig. 1.23) 
BD OD? — OR? 
F= W =] 
CD CE — DE 


B r? —(r — hy? | Ah Qr — h) 
D r—h 7 r—h 


1.3.5 Centre of Mass 


1.43 Let A be the linear mass density (mass per unit length) of the wire. Consider an 
infinitesimal line element ds = R dé on the wire, Fig. 1.24. The corresponding 
mass element will be dm = Ads = AR dé. Then 








Fig. 1.24 
fydm — fy (Rsin@)(AR dé) 
YCM = = aÁ ————MÀ8 
f dm fo AR dO 
| ARt[y sinódó 2R 
|». AR ot 


1.44 Letthe x-axis lie along the diameter of the semicircle. The centre of mass must 
lie on y-axis perpendicular to the flat base of the semicircle and through O, 
the centre of the base, Fig. 1.25. 
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Fig. 1.25 y 


dA - rd0 dr 





For continuous mass distribution 


1 
= — d 
YCM y [ van 


Let o be the surface density (mass per unit area), so that 


l 2 
M = -r Ro 
2 
In polar coordinates dm = o dA = or dé dr 
where dA is the element of area. Let the centre of mass be located at a distance 
ycm from O along y-axis for reasons of symmetry: 


1 ff 2 ar 4R 
CM — 1——— (r sin@)(or dé dr) = — | r | sind dé = — 
f 51 R20 J, J, r R? 0 0 37 


1.45 Let O be the origin, the centre of the base of the hemisphere, the z-axis being 
perpendicular to the base. From symmetry the CM must lie on the z-axis, 
Fig. 1.26. If p is the density, the mass element, dm = p dV, where dV is the 
volume element: 


l 1 
Zem = 5g | Zam = 7 | Zpav (1) 
In polar coordinates, Z = r cos 6 (2) 
dV =r’ sin@dédddr (3) 
0<r<R0<0< 5; O<¢@ <2 


The mass of the hemisphere 
2 3 
M=p zT R (4) 


Using (2), (3) and (4) in (1) 


38 


Fig. 1.26 


1.46 


1.47 
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z Z1 r^dr f? sin@ cos 6 dé i dọ 3R 
8 l M 


27 R? g 
3 


The mass of any portion of the disc will be proportional to its surface area. 
The area of the original disc is z R?, that corresponding to the hole is inR? 


-" "P 2 
and that of the remaining portion is z R? — TA = am R*. 


Let the centre of the original disc be at O, Fig. 1.10. The hole touches the 
circumference of the disc at A, the centre of the hole being at C. When this 
hole is cut, let the centre of mass of the remaining part be at G, such that 


OG = x or AG = AO +OG = R +x 


If we put back the cut portion of the hole and fill it up then the centre of the 
mass of this small disc (C) and that of the remaining portion (G) must be 
located at the centre of the original disc at O 


m ACz(R?/4) -- AG R? R 3 pay) 
^7 ORRÜMALGRRÜMA | 8 4 57 


x = — 
6 

Thus the C:M of the remaining portion of the disc is located at distance R/6 
from O on the left side. 


Let m4 be the mass of the earth and m» that of the moon. Let the centre of 
mass of the earth-moon system be located at distance rı from the centre of 
the earth and at distance r» from the centre of the moon, so that r = rı +r2 
is the distance between the centres of earth and moon, Fig. 1.27. Taking the 
origin at the centre of mass 
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Fig. 1.27 


1.48 


1.49 





Earth 


mir| 4- maro E 
m1 m» 
mırı — mr = Q 
moro mo(r — ri) 60R — ri 
"hes m] 7 Slim E Sl 
rı = 0.7317 R = 0.7317 x 6400 = 4683 km 





along the line joining the earth and moon; thus, the centre of mass of the 
earth-moon system lies within the earth. 


Let the centre of mass be located at a distance re from the carbon atom and at 
ro from the oxygen atom along the line joining carbon and oxygen atoms. If 
r is the distance between the two atoms, m, and m, the mass of carbon and 
oxygen atoms, respectively 


mcle — moro — mo(r — rc) 
mol 16 x 1.13 


ro = ——— = ——— =0.646A 
mo + Mo 12+ 16 


Let C be the centroid of the equilateral triangle formed by the three H atoms in 
the xy-plane, Fig. 1.28. The N-atom lies vertically above C, along the z-axis. 
The distance rcy between C and N is 


a 2 
FCN — y INH; — CH; 


2 
ee a E 
JB 0X7 —— 


(1.014)? — (0.94)? — 0.38 À 





FCN 


Now, the centre of mass of the three H atoms 3my lies at C. The centre of 
mass of the NH3 molecule must lie along the line of symmetry joining N and 
C and is located below N atom at a distance 
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Fig. 1.28 Centre of mass of Z y 
NH3 molecule NN n | 
| NON E 
| N H4 
| v 
Ni | 600A 
Ht | / —eH,—>X 
ZCM — LEM X FCN = Da x 0.38 = 0.067 Å 
3my + MN 3my + 14mg 


1.50 Take the origin at A at the left end of the boat, Fig. 1.29. Let the boy of mass 
m be initially at B, the other end of the boat. The boat of mass M and length 
L has its centre of mass at C. Let the centre of mass of the boat + boy system 
be located at G, at a distance x from the origin. Obviously AC — 1.5 m: 


jai a] 


A H C G B 


I-L——— 15m mm 
Fig. 1.29 


M AC 4- mAB 
AG = x —- —————— 
M +m 
100 x 1.5 +50 x3 
= — > — 2m 
100 + 50 


Thus CG = AG — AC 
=2.0—150 05m 


When the boy reaches A, from symmetry the CM of boat + boy system would 
have moved to H by a distance of 0.5m on the left side of C. Now, in the 
absence of external forces, the centre of mass should not move, and so to 
restore the original position of the CM the boat moves towards right so that the 
point H is brought back to the original mark G. Since HG = 0.5 + 0.5 = 1.0, 
the boat in the mean time moves through 1.0 m toward right. 
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1.51 If the rod is to move with pure translation without rotation, then it should be 
struck at C, the centre of mass of the loaded rod. Let C be located at distance 
x from A so that 
GC = iL — x, Fig. 1.30. Let M be the mass of the rod and 2M be attached 
at A. Take torques about C 


Fig. 1.30 | 
A C G B 
k— x —9 
2M M 


L L 
2Mx—MÍ—-x “f= = 
(a) 3 


Thus the rod should be struck at a distance 5 from the loaded end. 


1.52 Volume of the cone, V = bn R?h where R is the radius of the base and h 
is its height, Fig. 1.31. The volume element at a depth z below the apex is 
dV = zr?dz, the mass element dm = pdV = nr^dzf 





Fig. 1.31 


dm — pdv — pzrr?dz 


h ij 
[ea uou d 
r R R 


For reasons of symmetry, the centre of mass must lie on the axis of the cone. 
Take the origin at O, the apex of the cone: 


(x) err? (pdr) 


f dm 7 x7 R2hp 4 


OS by 
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Thus the CM is located at a height h — i h = 1 h above the centre of the base 
of the cone. 


1.53 Take the origin at O, Fig. 1.32. Let the mass of the wire be M. Consider mass 
element dm at angles 0 and 6 + dé 

















Fig. 1.32 
MRdO Mdo 
dm = = (1) 
2a R 20 
From symmetry the CM of the wire must be on the y-axis. 
The y-coordinate of dm is y — R sinO 
90+a 
o l | E | Rsnédé  Rsino 
YCM = M Ydm >= 26 = d 
90—ao 
Note that the results of prob. (1.43) follow fora = 3T. 
»mivi 4mvo 4- (m)(0)  4vo 
1.54 Vow = — = — z— 
Ms =m; 5m 5 
1.55 p = cx(c = constant); dm = p dx = cx dx 
f x dm i vtd 2 
XCM = = 4b o. = S 
[dm Jo edx 3 
»mixi mL -4- (2m) (2L) + (m) (3L) 4- --- 4- (nm)(nL) 
1.56 XCM = FO llls 
xm; m+2m+3m+---+nm 
E (bd 350 descend E (sum of squares of natural numbers) L 
Peery sum of natural numbers 


_ an +I@n+ DL/6 _ (n 4 pL 
n(n 4- 1)/2 3 
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1.57 The diagram is the same as for prob. (1.44) 





y=rsndg 
dA =r dédr 
dm = r dódro — rdódrcr? — cr? dr do 
R T 
3 mc R4 
Total mass m= |am=c fr ar | a = 1 (1) 


YCM 


0 0 
l 1 3 
— [| y dm = — (r sin@)cr~ drdé 
M M 


C R T 
x] rar | sin 0 dó 
M Jo 0 


6-2 8 
no es ce (2) 
M 5 In 


where we have used (1). 


1.58 The CM of the two H atoms will be at G the midpoint joining the atoms, 
Fig. 1.33. The bisector of HOH 


O 
P T 
| Gb XL 
H P WEIT EE EN" b 
Fig. 1.33 e G 


o 





10 o 
OG = (OH) cos ( ) = 1.77 x 0.06088 = 1.0775 A 


Let the CM of the O atom and the two H atoms be located at C at distance 
ycm from O on the bisector of angle HOH 


2Mu og = 7! x 1.0775 =0.1349A 
— ———— X = x l. = U. 
YCM Mo 16 





1.59 The CM coordinates of three individual laminas are 
a a Ja a 3a 3a 
cM) - (5, 2), cM 2 (7. 5, CM S (m. — 
2. 2 2. 72 2 2 
The CM coordinates of the system of these three laminas will be 


roy = mem Et me Je mp tm time _ 5a 
m--m--m 6 m--m--m 6 
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1.3.6 Equilibrium 


1.60 


1.61 


1.62 





U (x) 2 kx? — 5x* + 4x) (1) 
EOM ee dodi (2) 
dx 
dU (x) 


lxi — K(6x? — 10x - 4) |, —0 





dx 


which is the condition for maximum or minimum. For stable equilibrium posi- 
tion of the particle it should be a minimum. To this end we differentiate (2) 
again: 


d?U (x) 
dx2 





— k(12x — 10) 


d^U (x) 


"de (cc 


This is positive because k is positive, and so it is minimum corresponding to 
a Stable equilibrium. 








U(x) = k(x? — 4x1) (1) 
EEUU ates con (2) 
dx 
ccr BEA Ln (3) 
dx 


Differentiating (2) again 


dU | 


a 


which is positive. Hence it is a minimum corresponding to a stable equilib- 
rium. Force 


dU 
F = —— = —2k(x — 2l) 
dx 
Put X = x — 21, X = ï 
ë ee F 2k 2 
acceleration X = — = ——X = —w*X 
m m 
B 1 /2k 
ED AN 


Let ‘a’ be the side of the cube and a force F be applied on the top surface 
of the cube, Fig. 1.34. Take torques about the left-hand side of the edge. The 
condition that the cube would topple is 
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Fig. 1.34 





Counterclockwise torque > clockwise torque 


a 
Fa > W — 
Z 


or 

F > 0.5W (1) 
Condition for sliding is 

F > uW (2) 


Comparing (1) and (2), we conclude that the cube will topple if u > 0.5 and 
will slide if u < 0.5. 


1.63 In Fig. 1.35 let the ladder AB have length L, its weight mg acting at G, the 
CM of the ladder (middle point). The weight mg produces a clockwise torque 
tı about B: 


wall 





Fig. 1.35 
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BD L 
T, = (mg)(BD) = (mg) (F289) = mE COS Q (1) 


The friction with the ground, which acts toward right produces a counterclock- 
wise torque T2: 


AC 
T2 = (umg)AC = umg pP = umgL sina (2) 
For limiting equilibrium t, — T2 


L 
mg cosa = umgL sina 


= — cota 
"7 


Chapter 2 
Particle Dynamics 


Abstract Chapter 2 is concerned with motion of blocks on horizontal and inclined 
planes with and without friction, work, power and energy. Elastic, inelastic and 
partially elastic collisions in both one dimension and two dimensions are treated. 
Problems on variable mass cover rocket motion, falling of rain drops, etc. 


2.1 Basic Concepts and Formulae 


Internal and External Forces 


Forces acting upon a system due to external agencies are called external forces. As 
an example a body placed on a surface is acted by earth’s gravitation which is an 
external force. 

Forces that act between pairs of particles which constitute the body or a system 
are all internal to the system and are called internal forces. The size of a system 
is entirely arbitrary and is defined by the convenience of the situation. If a system 
is made sufficiently extensive then all forces become internal forces. By Newton’s 
third law of motion internal forces between pairs of particles get cancelled. Hence 
net internal force is zero. Internal forces cannot cause motion. 


Inertial and Gravitational Mass 


If mass is determined by Newton’s second law, that is, m = F’/a, then it is called 
inertial mass. 

If the mass is determined by the gravitational force exerted on it by another body, 
say the earth of mass M, that is, m’ = F r? /GM, then it is called the gravitational 
mass. It turns out that m = m’. 


Frames of Reference 


A frame of reference (coordinate system) is necessary in order to measure the 
motion of particles. A reference frame is called an inertial frame if Newton’s laws 
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are found to be valid in that frame. It is found that inertial frames move with constant 
velocity with respect to one another. 


Conservation Laws 


(1) If the total force F is zero, then linear momentum p is conserved. 
(11) If the total external torque is zero, then the angular momentum J is conserved. 
(iii) If the forces acting on a particle are conservative, then the total mechanical 
energy (kinetic + potential) of the particle is conserved. 


Conservative Force 


If the force field is such that the work done around a closed orbit is zero, 1.e. 
$ F-.ds =0 (2.1) 


then the force and the system are said to be conservative. A system cannot be con- 
servative if a dissipative force like friction is present. Since the quantity Fds due to 
friction will always be negative and the integrand cannot vanish, by Stokes theorem 
the condition for conservative forces given by (2.1) becomes 


VxF=0 (2.2) 


Since the curl of a gradient always vanishes, it follows that F must be the gradient 
of the scalar quantity V, i.e. 


FL-—VV (2.3) 


V is called the potential energy. 


Centre of Mass 


|o 
ro = Wu Dy mili (2.4) 


where re is the position vector of the centre of mass from the origin and M = Xm; 
is the total mass. The centre of mass moves as if it were a single particle of mass 
equal to the total mass of the system, acted upon by the total external force and 
independent of the nature of the internal forces. 
The reduced mass (j4) of two bodies of mass m, and m» is given by 
mm» 


————— 2.5 
H pda (2.5) 
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A two-body problem is reduced to a one-body problem through the introduction 
of the reduced mass u. 


Motion of a Body of a Variable Mass 


It is well known that in relativistic mechanics the mass of a particle increases with 
increasing velocity. However, in Newtonian mechanics too one can give meaning 
to variable mass as in the following example. Consider an open wagon moving on 
rails on a horizontal plane under steady heavy shower. As rain is collected the mass 
of the wagon increases at constant rate. Other examples are rocket, motion of jet 
propelled vehicles, an engine taking water on the run. 


dv 
F = — = — (mv) = m— + v— (2.6) 


Motion of a Rocket 


If m is the mass of the rocket plus fuel at any time f and v, the velocity of the ejected 
gases relative to the rocket then 
Resultant force on rocket = (upward thrust on rocket) — (weight of the rocket) 


du dm (2.7) 
— =v;— -m 
ae ae e 


Therefore, acceleration of the rocket 


dv v, dm 
ES ————-—9 (2.8) 


d = — 
dt m dt 


Assuming that v, and g remain constant and at t = 0, v = 0 and m = mo, 


mo 
vg = vr ln (=) — gt (2.9) 
m 


B 


where mo is the initial mass of the system and mp the mass at burn-out velocity vg 
(the velocity at which all the fuel is burnt out is called the burn-out velocity). 
Now 


m = moe ?/" (2.10) 


Time taken for the rocket to reach the burn-out velocity is given by 


mo — m 
t = ft) = ——— (2:3) 
Q! 


where œ = —dm /dt is a positive constant. 
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Elastic Collisions (One-Dimensional Head-On) 


By definition total kinetic energy is conserved. If u; and w2 be the respective initial 
velocities of m; and m», v4 and v» being the corresponding final velocities, then 


Ui — U? = V2 — V] (2.12) 


Thus, the relative velocity of approach before the collision is equal to the relative 
velocity of separation after the collision: 


— 2 
es m se A 2.13) 
m; m» m|j 4m» 


(2.14) 


2m|u| m2 — mı 
Ve r5 


m; 4m» m; 4 m» 


Inelastic Collisions, Direct Impact 


The bodies stick together in the course of collision and are unable to separate 
out. After the collision they travel as one body with common velocity v given by 


v= es (2.15) 
mı + m2 


l 
Energy wasted = 5H — wy (2.16) 


where u is the reduced mass. 

Ballistic pendulum is a device for measuring the velocity of a bullet. The pen- 
dulum consists of a large wooden block of mass M which is supported vertically 
by two cords. A bullet of mass m hits the block horizontally with velocity v and 
is lodged within it. As a result of collision the block is raised through maximum 
height h (see prob. 2.44). Applying momentum conservation for the initial collision 
process, and energy conservation for the subsequent motion, it can be shown that 


t= (1 + ~) yv 2gh (2.17) 


Partially elastic collisions are collisions which fall in between perfectly elas- 
tic collisions and totally inelastic collisions. The coefficient of restitution e which 
defines the degree of inelasticity is given by 


relative velocity of separation — v4 — v2 (2.18) 
fu T E LI 
relative velocity of approach u2 — u1 





For perfectly elastic collisions e = 1, for totally inelastic collisions e = O and for 
partially elastic collisions 0 < e < 1. 
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Relations of Quantities in the Lab System (LS) and Centre of Mass System 
(CMS) 


Quantities that are unprimed refer to LS and primed refer to CMS. 
Lab system CM system 


m»u| 
m; :uj; i; mm—— —— 2.19) 
mue : mı + m2 i 
muy 
witb =O0 u, = 2.20) 
E : mı + m2 i 
Scattering Angle 
Because of elastic scattering 
vu =i Vy = UZ 
The centre of mass velocity 
m1u| " 
= ————— = - 4 2521] 
Uc "TIPS 5 ( ) 
sin 0* 
tan 9 — ——— — — — — (2:22) 
cos 0* -- m1/m» 
: sin 0 
tan 9^ 2 ————————— (2:23) 


cos 0 — m/m» 


If m, « m», all scattering angles for m; in LS are possible. 
If m, — m», scattering only in the forward hemisphere (6 < 90°) is possible. 
If m, > m2, the maximum scattering angle is possible, Onax, being given by 


Omax = sin™' (m2/m1) (2.24) 
Recoil Angle 
sin y* i 
tan ọ = Eo PEN tan E (2.25) 
cos o* + 1 2 
1 
Or d= ~ (2.26) 


Recoiling angle is limited to g < 90°. 
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2.2 Problems 


2.2.1 Motion of Blocks on a Plane 


2.1 Three blocks of mass m, m» and ma interconnected by cords are pulled by a 
constant force F on a frictionless horizontal table, Fig. 2.1. Find 


(a) Common acceleration ‘a’ 
(b) Tensions T; and T> 


Fig. 2.1 





2.2 A block of mass M on a rough horizontal table is driven by another block of 
mass m connected by a thread passing over a frictionless pulley. Assuming 
that the coefficient of friction between the mass M and the table is u, find 
(a) acceleration of the masses (b) tension in the thread (Fig. 2.2). 


Fig. 2.2 





2.3 A block of mass m sits on a block of mass m», which rests on a smooth table, 
Fig. 2.3. If the coefficient of friction between the blocks is u, find the maximum 
force that can be applied to mz so that mı may not slide. 


Fig. 2.3 





2.4 Two blocks m and m» are 1n contact on a frictionless table. A horizontal force 
F is applied to the block m, Fig. 2.4. (a) Find the force of contact between 
the blocks. (b) Find the force of contact between the blocks if the same force is 
applied to 72 rather than to m, Fig. 2.5. 
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Fig. 2.5 m. m- F 


2.5 A box of weight mg is dragged with force F at an angle 0 above the horizontal. 
(a) Find the force exerted by the floor on the box. (b) Find the acceleration 
of the box if the coefficient of friction with the floor is u. (c) How would the 
results be altered if the box is pushed with the same force? 


2.6 A uniform chain of length L lies on a table. If the coefficient of friction is u, 
what is the maximum length of the part of the chain hanging over the table such 
that the chain does not slide? 


2.7 Auniform chain of length L and mass M is lying on a smooth table and one- 
third of its length is hanging vertically down over the edge of the table. Find 
the work required to pull the hanging part on the table. 


2.8 A block of metal of mass 2 kg on a horizontal table is attached to a mass of 
0.45 kg by a light string passing over a frictionless pulley at the edge of the 
table. The block is subjected to a horizontal force by allowing the 0.45 kg mass 
to fall. The coefficient of sliding friction between the block and table is 0.2. 
Calculate (a) the initial acceleration, (b) the tension in the string, (c) the distance 
the block would continue to move if, after 2 s of motion, the string should break 
(Fig. 2.6). 

[University of New Castle] 


Fig. 2.6 





m=0.45 kg 


2.2.2 Motion on Incline 


2.9 A block of mass of 2 kg slides on an inclined plane that makes an angle of 
30° with the horizontal. The coefficient of friction between the block and the 
surface is 3/2. 


(a) What force should be applied to the block so that it moves down without 
any acceleration? 
(b) What force should be applied to the block so that it moves up without any 
acceleration? 
[Indian Institute of Technology 1976] 


54 2 Particle Dynamics 


2.10 A block is placed on a ramp of parabolic shape given by the equation y = 
x*/20, Fig. 2.7. If ws = 0.5, what is the maximum height above the ground at 
which the block can be placed without slipping? 


Fig. 2.7 


2.11 A block slides with constant velocity down an inclined plane that has slope 
angle 0 — 30". 


(a) Find the coefficient of kinetic friction between the block and the plane. 

(b) If the block is projected up the same plane with initial speed vo — 
2.5 m/s, how far up the plane will it move before coming to rest? What 
fraction of the initial kinetic energy is transformed into potential energy? 
What happens to the remaining energy? 

(c) After the block comes to rest, will it slide down the plane again? Justify 
your answer. 


2.12 Consider a fixed inclined plane at angle 0. Two blocks of mass M, and M» are 
attached by a string passing over a pulley of radius r and moment of inertia 7j 
as in Fig. 2.8: 


(a) Find the net torque acting on the system comprising the two masses, pul- 
ley and the string. 

(b) Find the total angular momentum of the system about the centre of the 
pulley when the blocks are moving with speed v. 

(c) Calculate the acceleration of the blocks. 


Fig. 2.8 





2.13 A box of mass 1 kg rests on a frictionless inclined plane which is at an angle 
of 30? to the horizontal plane. Find the constant force that needs to be applied 
parallel to the incline to move the box 


(a) up the incline with an acceleration of 1 m/s? 
(b) down the incline with an acceleration of 1 m/s? 
[University of Aberystwyth, Wales 2008] 
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2.14 A wedge of mass M is placed on a horizontal floor. Another mass m is placed 
on the incline of the wedge. Assume that all surfaces are frictionless, and the 
incline makes an angle 0 with the horizontal. The mass m 1s released from rest 
on mass M, which is also initially at rest. Find the accelerations of M and m 
(Fig. 2.9). 


Fig. 2.9 





2.15 Two smooth inclined planes of angles 45? and hinged together back to back. 
Two masses m and 3m connected by a fine string passing over a light pul- 
ley move on the planes. Show that the acceleration of their centre of mass is 
V 5/8 g at an angle tan^! V^ to the horizon (Fig. 2.10). 


Fig. 2.10 [5 





2.16 Two blocks of masses m and m» are connected by a string of negligible mass 
which passes over a pulley of mass M and radius r mounted on a frictionless 
axle. The blocks move with an acceleration of magnitude a and direction as 
shown in the diagram. The string does not slip on the pulley, so the tensions 
Tı and Tə are different. You can assume that the surfaces of the inclines are 
frictionless. The moment of inertia of the pulley is given by 1 = ⁄2Mr?: 


(a) Draw free body diagrams for the two blocks and the pulley. 

(b) Write down the equations for the translational motion of the two blocks 
and the rotational motion of the pulley. 

(c) Show that the magnitude of the acceleration of the blocks is given by 


| g(V3m» — mi) 
—. M c 2(m» 4 mi) 


2.17 Two masses in an Atwood machine are 1.9 and 2.1 kg, the vertical distance of 
the heavier body being 20 cm above the lighter one. After what time would the 
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Fig. 2.11 


2.18 


2.19 


2.20 


2.21 


Fig. 2.12 


2 Particle Dynamics 


lighter body be above the heavier one by the same vertical distance? Neglect 
the mass of the pulley and the cord (Fig. 2.11). 





A body takes 4/3 times as much time to slide down a rough inclined plane as it 
takes to slide down an identical but smooth inclined plane. Find the coefficient 
of friction if the angle of incline is 45°. 


A body slides down an incline which has coefficient of friction u = 0.5. 
Find the angle @ if the incline of the normal reaction is twice the resultant 
downward force along the incline. 


Two masses m and m» are connected by a light inextensible string which 
passes over a smooth massless pulley. Find the acceleration of the centre of 
mass of the system. 


Two blocks with masses m4 and m» are attached by an unstretchable string 
around a frictionless pulley of radius r and moment of inertia 7. Assume that 
there is no slipping of the string over the pulley and that the coefficient of 
kinetic friction between the two blocks and between the lower one and the 
floor is identical. If a horizontal force F is applied to my, calculate the accel- 
eration of m, (Fig. 2.12). 





2.2.3 Work, Power, Energy 


2.22 


The constant forces F; = î + 2j --3k N and F; — 4i — 5 7 — 2k N act together 

on a particle during a displacement from position r2 = 7k cm to position 

rj — 20i 4- 15 j cm. Determine the total work done on the particle. 
[University of Manchester 2008] 
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2.23 The potential energy of an object is given by 
U(x) = 5x* — 4x? 


where U is in joules and x is in metres. 


(i) What is the force, F (x), acting on the object? 
(ii) Determine the positions where the object is in equilibrium and state 
whether they are stable or unstable. 


2.24 A body slides down a rough plane inclined to the horizontal at 30°. If 70% of 
the initial potential energy is dissipated during the descent, find the coefficient 
of sliding friction. 

[University of Bristol] 


2.25 A ramp in an amusement park is frictionless. A smooth object slides down 
the ramp and comes down through a height h, Fig. 2.13. What distance d 
is necessary to stop the object on the flat track if the coefficient of friction 
IS JL. 


Fig. 2.13 i 

















2.26 A spring is used to stop a crate of mass 50 kg which is sliding on a horizontal 
surface. The spring has a spring constant k = 20kN/m and is initially in its 
equilibrium state. In position A shown in the top diagram the crate has a veloc- 
ity of 3.0 m/s. The compression of the spring when the crate is instantaneously 
at rest (position B in the bottom diagram) is 120 mm. 


(i) What is the work done by the spring as the crate is brought to a stop? 
(ii) Write an expression for the work done by friction during the stopping of 
the crate (1n terms of the coefficient of kinetic friction). 
(iii) Determine the coefficient of friction between the crate and the surface. 
(iv) What will be the velocity of the crate as it passes again through position 
A after rebounding off the spring (Fig. 2.14a, b)? 
[University of Manchester 2007] 
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Fig. 2.14a v=3.0 ms? 


Fig. 2.14b 





2.2.4 Collisions 


2.27 


2.28 


2.29 


Observed in the laboratory frame, a body of mass m, moving at speed v col- 
lides elastically with a stationary mass m». After the collision, the bodies move 
at angles 6; and 0» relative to the original direction of motion of m. Find the 
velocity of the centre of mass (CM) frame of m, and m». 

Hence show that before the collision in the CM frame m, and m» are 
approaching each other, 74 with speed ma2v/(m 4- m2) and m» with speed 
mqv/(m| 4- m»). 

In the CM frame after the collision m4 moves off with speed m»v/(m 4- m2) 
at an angle 0 to its original direction. Draw a diagram showing the direction 
and speed of m» in the CM frame after the collision. 

Find an expression for the speed m after the collision in the laboratory frame 


in terms of m1, m2, v and the angle 0. 
[University of Durham 2002] 


Consider an off-centre elastic scattering of two objects of equal mass when 
one is initially at rest. 


(a) Show that the final velocity vectors of the two objects are orthogonal. 
(b) Show that neither ball can be scattered in the backward direction. 


A small ball of mass m is projected horizontally with velocity v. It hits a 
spring of spring constant Kk attached inside an opening of a block resting on a 
frictionless horizontal surface. Find the compression of the spring noting that 
the block will slide due to the impact (Fig. 2.15). 
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Fig. 2.15 M 







‘i MNT ! 
UMA A w UJ = 


2.30 Two equal spheres of mass 4m are at rest and another sphere of mass m is 
moving along their lines of centres between them. How many collisions will 
there be if the spheres are perfectly elastic (Fig. 2.16)? 


Fig. 2.16 3 2 


2.31 Two particles of mass m, and m» and velocities u; and au2(a > 0) make an 
elastic collision. If the initial kinetic energies of the two particles are equal, 
what should be the ratios u,/u» and m/m» so that m, will be at rest after the 
collision? 


2.32 Two bodies A and B, having masses ma and mp, respectively, collide in a 
totally inelastic collision. 


(i) If body A has initial velocity va and B has initial velocity vp, write down 
an expression for the common velocity of the merged bodies after the 
collision, assuming there are no external forces. 

(ii) If va = 5i + 3j m/s and vg = —i + 4j m/s and ma = 3mp/2, show 
that the common velocity after the collision is 


v = 2.61 + 3.4) m/s 


(iii) Given that the mass of body A is 1200 kg and that the collision lasts for 
0.2 s, determine the average force vectors acting on each body during the 
collision. 

(iv) Determine the total kinetic energy after the collision. 


2.33 A particle has an initial speed vo. It makes a glancing collision with a second 
particle of equal mass that is stationary. After the collision the speed of the 
first particle is v and it has been deflected through an angle 0. The velocity 
of the second particle makes an angle 6 with the initial direction of the first 
particle. 

Using the conservation of linear momentum principle in the x- and y- 
directions, respectively, show that tan 6 = v sin/(vo — v cos 0) and show 
that if the collision is elastic, v = vg cos 6 (Fig. 2.17a,b). 
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Fig. 2.17a Vo 


Fig. 2.17b 


2.34 


2.35 


2.36 


2.37 


Before collision 





After collision 


A carbon-14 nucleus which is radioactive decays into a beta particle, a neu- 
trino and N-14 nucleus. In a particular decay, the beta particle has momentum 
p and the nitrogen nucleus has momentum of magnitude 4p/3 at an angle of 
90? to p. In what direction do you expect the neutrino to be emitted and what 
would be its momentum? 


If a particle of mass m collides elastically with one of mass m at rest, and 
if the former is scattered at an angle 6 and the latter recoils at an angle o 


with respect to the line of motion of the incident particle, then show that 
m sin(29 4- 0) 

M |  sinü ` 

A body of mass M rests on a smooth table and another of mass m moving 
with a velocity u collides with it. Both are perfectly elastic and smooth and 
no rotations are set up by this collision. The body M is driven in a direction at 
angle @ to the initial line of motion of the body m. Show that the velocity of 


2m 
M 1s 
M+ 





U COS Q. 
m 


A nucleus A of mass 2 m moving with velocity u collides inelastically with a 
stationary nucleus B of mass 10 m. After collision the nucleus A travels at 90° 
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2.38 


2.39 


2.40 


2.41 


2.42 


2.43 


2.44 


2.45 


2.46 


with the incident direction while B proceeds at an angle 37° with the incident 
direction. 


(a) Find the speeds of A and B after the collision. 
(b) What fraction of the initial kinetic energy is gained or lost due to the 
collision. 


A neutron moving with velocity vo collides head-on with carbon nucleus of 
mass number 12. Assuming that the collision is elastic 


(a) calculate the fraction of neutron’s kinetic energy transferred to the carbon 
nucleus and 

(b) calculate the velocities of the neutron and the carbon nucleus after the 
collision. 


Show that in an elastic collision between a very light body and a heavy body 
proceeds with twice the initial velocity of the heavy body. 


A moving body makes a completely inelastic collision with a stationary body 
of equal mass at rest. Show that half of the original kinetic energy is lost. 


A bullet weighing 5 g is fired horizontally into a 2 kg wooden block resting on 
a horizontal table. The bullet is arrested within the block which moves 2 m. If 
the coefficient of kinetic friction between the block and surface of the table is 
0.2, find the speed of the bullet. 


A particle of mass m with initial velocity u makes an elastic collision with a 
particle of mass M initially at rest. After the collision the particles have equal 
and opposite velocities. Find (a) the ratio M/m; (b) the velocity of centre of 
mass; (c) the total kinetic energy of the two particles in the centre of mass; 
and (d) the final kinetic energy of m in the laboratory system. 


Consider an elastic collision between an incident particle of mass m with M 
initially at rest (n > M). Show that the largest possible scattering angle Omax = 
sin (M /m). 


The ballistic pendulum is a device for measuring the velocity v of a bullet 
of mass m. It consists of a large wooden block of mass M which is sup- 
ported by two vertical cords. When the bullet is fired at the block, it is dis- 
lodged and the block is set in motion reaching maximum height A. Show that 


v=(14+M/m)/2gh 


A fire engine directs a water jet onto a wall at an angle 0 with the wall. Cal- 
culate the pressure exerted by the jet on the wall assuming that the collision 
with the wall is elastic, in terms of p, the density of water, A the area of the 
nozzle, and v the jet velocity. 


Repeat the calculation of (2.45) assuming normal incidence and completely 
inelastic collision. 
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A ball moving with a speed of 9 m/s strikes an identical stationary ball such 
that after collision, the direction of each ball makes an angle 30? with the 
original line of motion (see Fig. 2.18). Find the speeds of the two balls after 
the collision. Is the kinetic energy conserved in the collision process? 

[Indian Institute of Technology 1975] 


——— d. — Ü 
2.48 A ball is dropped from a height A onto a fixed horizontal plane. If the coeffi- 


2.49 
2.50 


2.51 


2:92 


2.53 


2.54 


2492 


2.56 


cient of restitution 1s e, calculate the total time before the ball comes to rest. 
In prob. (2.48), calculate the total distance travelled. 


In prob. (2.48), calculate the height to which the ball goes up after it rebounds 
for the nth time. 


In the case of completely inelastic collision of two bodies of mass m, and m» 
travelling with velocities u; and u» show that the energy that is imparted is 
proportional to the square of the relative velocity of approach. 


A projectile is fired with momentum p at an angle 0 with the horizontal on a 
plain ground at the point A. It reaches the point B. Calculate the magnitude of 
change in momentum at A and B. 


A shell is fired from a cannon with a velocity v at angle 0 with the horizontal. 
At the highest point in its path, it explodes into two pieces of equal masses. 
One of the pieces retraces its path towards the cannon. Find the speed of the 
other fragment immediately after the explosion. 


A helicopter of mass 500 kg hovers when its rotating blades move through 
an area of 45 m^. Find the average speed imparted to air (density of air — 
1.3 kg/m? and g — 9.8 m/s?) 


A machine gun fires 100 g bullets at a speed of 1000 m/s. The gunman holding 
the machine gun in his hands can exert an average force of 150 N against the 
gun. Find the maximum number of bullets that can be fired per minute. 


The scale of balance pan is adjusted to read zero. Particles fall from a height 
of 1.6 m before colliding with the balance. If each particle has a mass of 0.1 kg 
and collisions occur at 441 particles/min, what would be the scale reading in 
kilogram weight if the collisions of the particles are perfectly elastic? 
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297 


2.58 


2,39 


In prob. (2.56), assume that the collisions are completely inelastic. In this case, 
what would be the scale reading after time t? 


A smooth sphere of mass m moving with speed v on a smooth horizontal 
surface collides directly with a second sphere of the same size but of half the 
mass that is initially at rest. The coefficient of restitution is e. 

mv? 
(i) Show that the total kinetic energy after collision is "e (2 + e’). 


(ii) Find the kinetic energy lost during the collision. 
[University of Aberystwyth, Wales 2008] 


A car of mass m — 1200 kg and length / = 4m is positioned such that its rear 
end is at the end of a flat-top boat of mass M — 8000 kg and length L — 18 m. 
Both the car and the boat are initially at rest and can be approximated as 
uniform in their mass distributions and the boat can slide through the water 
without significant resistance. 


(a) Assuming the car accelerates with a constant acceleration a = 4 m/s? 
relative to the boat, how long does it take before the centre of mass of the 
car reaches the other end of the boat (and therefore falls off)? 

(b) What distance has the boat travelled relative to the water during this time? 

(c) Use momentum conservation to find a relation between the velocity of the 
car relative to the boat and the velocity of the boat relative to the water. 
Hence show that the distance travelled by the boat, until the car falls off, 
is independent of the acceleration of the car. 

[University of Durham 2005] 


2.2.5 Variable Mass 


2.60 


2.61 


2.62 


A rocket has an initial mass of m and a burn rate of 
a = —dm/dt 


(a) What is the minimum exhaust velocity that will allow the rocket to lift off 
immediately after firing? Obtain an expression for (b) the burn-out velocity; 
(c) the time the rocket takes to attain the burn-out velocity ignoring g; and 
(d) the mass of the rocket as a function of rocket velocity. 


A rocket of mass 1000 t has an upward acceleration equal to 0.5 g. How many 
kilograms of fuel must be ejected per second at a relative speed of 2000 m/s 
to produce the desired acceleration. 


For the Centaur rocket use the data given below: 
Initial mass mo — 2.72 x 109 kg 

Mass at burn-out velocity, mp = 2.52 x 109 kg 
Relative velocity of exhaust gases v; = 55 km/s 
Rate of change of mass, dm/dt = 1290 kg/s. 
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2.63 


2.64 


2.65 


2.66 


2.67 
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Find 

(a) the rocket thrust, 

(b) net acceleration at the beginning, 
(c) time to reach the burn-out velocity, 
(d) the burn-out velocity. 


A 5000 kg rocket is to be fired vertically. Calculate the rate of ejection of gas 
at exhaust speed 100 m/s in order to provide necessary thrust to 


(a) support the weight of the rocket and 
(b) impart an initial upward acceleration of 2 g. 


A flexible rope of length L and mass per unit length ju slides over the edge 
of a frictionless table. Initially let a length yo of it be hanging at rest over the 
edge and at time f£ let a length y moving with a velocity dy/dt be over the 
edge. Obtain the equation of motion and discuss its solution. 


An open railway car of mass W is running on smooth horizontal rails under 

rain falling vertically down which it catches and retains in the car. If vo is the 

initial velocity of the car and k the mass of rain falling into the car per unit 
time, show that the distance travelled in time t is (W vo/Kk) In(1 4- kt/ W). 

[with courtesy from R.W. Norris and W. Seymour, Mechanics via 

Calculus, Longmans, Green and Co., 1923] 


A heavy uniform chain of length L and mass M hangs vertically above a 

horizontal table, its lower end just touching the table. When it falls freely, 

show that the pressure on the table at any instant during the fall is three times 
the weight of the portion on the table. 

[with courtesy from R.W. Norris and W. Seymour, Mechanics via 

Calculus, Longmans, Green and Co., 1923] 


A spherical rain drop of radius R cm falls freely from rest. As it falls it accu- 

mulates condensed vapour proportional to its surface. Find its velocity when 
it has fallen for t s. 

[with courtesy from R.W. Norris and W. Seymour, Mechanics via 

Calculus, Longmans, Green and Co., 1923] 


2.3 Solutions 


2.3.1 Motion of Blocks on a Plane 


2.1 (a) Acceleration — 


Force 
Total mass 


F 
uL ES us 
(mı + m2 + ma) 


(1) 
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(b) Tension Tı = Force acting on mı 


2.2 (a) 


mı F 
T? — mia — ———————— (2) 
(mı + m + m3) 


where we have used (1). 
Applying Newton’s second law to m2 
ma = h — T; 


or T = moa Tj — (mj 4- m2)a 





| Qni E m2)F (3) 
(mı + m2 + m3) 
where we have used (1) and (2). 
The equations of motion are 
ma — mg —T (1) 
Ma — T — uMg (2) 
Solving (1) and (2) 
J= (m — uM)g (3) 
m+ M 
Ta qus (4) 
| Mm PHP 


Thus with the introduction of friction, the acceleration 1s reduced and ten- 
sion is increased compared to the motion on a smooth surface (u = OQ). 


2.3 Fmax = (mı + m2)a (1) 


The condition that mı may not slide is 


a = ug (2) 


Using (2) in (1) 


Fmax = (m1 - m3)ug 
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2.4 (a) 


(b) 


2.5 (a) 


Fig. 2.19 


(b) 


(c) 


2 Particle Dynamics 


The force of contact Fe between the blocks is equal to the force exerted on 
m»: 


F, = ma (1) 


where the acceleration of the whole system is 


F 


d e = (2) 
mı +m2 
m F 
Fe — 2 
m, +m 
Here the contact force F! is given by 
; mı F 
B Hg me———— 
m; 4m» 


Notice that F! ~ F, simply because m, z m. 


When the box is dragged, the horizontal component of F is F cos 0 and the 
vertical component (upward) is F sin @ as in Fig. 2.19. The reaction force 
N on the box by the floor will be 





N = mg — F sin (1) 
The equation of motion will be 
ma = F cos — uN = F cos0 — u(mg — F sin) 


F 
a = — (cos 0 + u sin 0) — ug (2) 
m 


When the box is pushed the horizontal component of F will be F cos 6 and 
the vertical component F sin 0 (downwards), Fig. 2.20. The reaction force 
exerted by the floor on the box will be 


N’ = mg + F sin0 (3) 


which is seen to be greater than N (the previous case). 


2.3 Solutions 67 
The equation of motion will be 


ma’ = F cos0 — tN’ = F cos@ — u(mg -- F sinO) 


/ — 


F 
a' = — (cos 0 — u sin f) — ug (4) 
m 


a value which is less than a (the previous case). It therefore pays to pull 
rather than push at an angle with the horizontal. The difference arises due 
to the smaller value of the reaction in pulling than in pushing. This fact 
is exploited in handling a manual road roller or mopping a floor, which is 
pulled rather than pushed. 














Fig. 2.20 7 
MM LA 
o "ai | 
| p S | 
a = 
T l MEN Y F sin 
—— 
| 
| 
- 


2.6 Let x be the length of the chain hanging over the table. The length of the chain 
resting on the table will be L — x. For equilibrium, gravitational force on the 
hanging part of the chain — frictional force on the part of the chain resting on 
the table. If M is the mass of the entire chain then 


Mgx | M(L — x) 
L - T UE 
uL 


= 
wt) 


2.7 First method: The centre of mass of the hanging part of the chain is located at 
a distance L/6 below the edge of the table, Fig. 2.21. The mass of the hanging 
part of the chain is M/3. The work done to pull the hanging part on the table 


| Mg L MgL 

= 36 18 
Second method: We can obtain the same result by calculus. Consider an element 
of length dx of the hanging part at a distance x below the edge. The mass of the 


length dx is mi, The work required to lift the element of length dx through a 
distance x is 


_ Mdx 
© L 


dW 





8X 
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Fig. 2.21 
L 
d 
Work required to lift the entire hanging part is 
L/3 
M MeL 
w= | aw = | ie 
L 18 
O 
2.8 (a) The equations of motion are 
Ma-mg-—T (1) 
ma = T — Mgu (2) 
Solving (1) and (2) 
— uM 0.45 — 0.2 x 2)9.8 
ds (m — uM)g = Ur 0o OCTO — 0.2 m/s? 
M +m 2 +0.45 


(b) T = m(g — a) = 0.45(9.8 — 0.2) = 4.32 N 


(c) After 2 s, the velocity will be 


— 


vı = 0 +at = 0.2 x 2 = 0.4m/s! 


When the string breaks, the acceleration will be aj = — ug = — 0.2x9.8 = 
— 1.96 m/s? and final velocity v, — 0: 


v—v 0- (0.4)? 
S= = ———_ = 0.0408 m = 4.1 cm 
2a (2)(—1.96) 





2.3.2 Motion on Incline 


2.9 (a) Gravitational force down the incline is Mgsin@. Frictional force up the 
incline is umg cos 0. Net force 


69 


2.3 Solutions 


F — uMgcos0 — MgsinO — Mg(u cos0 — sin) 


3 
—2x9.8 ($ cos 30° — sin J — 4.0N 


(b) p = Mg sin + u Mg cos = Mg(sinð + u cos 0) 


3 
—2x9.8 (s 30° + zi COS o) — 24.5N 


x? dy x 


EL d pues. 
20 dx 10 
For equilibrium, mg sin — umg cos 0 = 0 
tan = u = 0.5 
x= 10t = I0 x053 s5 
NE 
y = — = — = 1.25m 
20 20 
2.11 (a) u = tan 0 = tan 30° = 0.577 


(b) ma = —(mg sin + u mg cos) 


a = —g(sinf + u cos) = —g (sin 0 + tan 0 cos 0) 
= —9.8(2 sin 30°) = —9.8 





2 2 
2.5 
pale = aa 
= 24 2x 9.8 


Initial kinetic energy 
] 

K = 2mvg 
J 0 

Potential energy U = mgh = mgs sin 0 
U  2mgssin 2x98 x 0.319 x sin30° 0.5 
K mug 7 (2.5)* s 

The remaining energy goes into heat due to friction. 
(c) It will not slide down as the coefficient of static friction is larger than the 


coefficient of kinetic friction. 
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2.12 (a) The torque due to the external gravitational force on M, will be Mj gr, 
and the torque due to the external gravitational force on M» will be the 
component of M»g along the string times r, i.e. (Mog sin0)gr. Now, 
these two torques act in opposite directions. Taking the counterclockwise 
rotation of the pulley as positive and assuming that the mass M; is falling 
down, the net torque is 


t = Migr — (Mog sin0)r — (Mi, — Mə sin 0)gr (1) 


and pointing out of the page. 
(b) When the string is moving with speed v, the pulley will be rotating with 
angular velocity œ = v/r, so that its angular momentum is 


Iv 
Lpulley = lw = p 


and that of the two blocks will be 


Ly, —rMiv Lyw, —rM»v 


All the angular momenta point in the same direction, positive if Mı is 
assumed to fall. The total angular momentum is then given by 


I 
Ltotal = V (an + M2)r + J (2) 


(c) Using (1) and (2) 


= dL du 


T = — = — 
dt dt 


1 
[o + M2)r+ -| — [Mi — M5sin6] gr 


dv [M, — M2 sin@] g 
The acceleration a — — — — — — — —- 
dt (Mı + M5) + a 
2.13 (i) ma = F — mgsinO (equation of motion, up the incline) 
F = ma + mg sin = m(a + g sin 0) 
= (1.0)(1 + 9.8 x 0.5) = 5.9N (6 = 30°) 


(Gi) ma — F 4- mgsinO — (equation of motion, down the incline) 


F = ma — mg sin 0 — m(a — g sinO) 
= (1.0)(1 — 9.8 x 0.5) = —3.9 N 
The negative sign implies that the force F is to be applied up the incline. 


2.14 The displacement on the edge is measured by s while that on the floor by x. As 
the mass m goes down the wedge the wedge itself would start moving towards 


2.3 Solutions TI 


Fig. 2.22 


2.15 


left, Fig. 2.22. Since the external force in the horizontal direction is zero, the 
component of momentum along the x-direction must be conserved: 





























Gi Se 0 (1) 
m)— — m — COSdad = 
dt dt 


Since the wedge is smooth, the only force acting down the plane is mg sin a 


ds dx 
— — — cosg | = mgsing (2) 


Differentiating (1) 


d? x d?s 
OE) m TE on (3) 


Solving (2) and (3) 


ds (M+m)gsina i 
-5 = >~ (acceleration of m) 
dt M + m siní g 


dx mgsinacosa i 

— = ——— (acceleration of M) 

d? M-+msin? a 

The lighter body of mass mı = m moves up the plane with acceleration a; and 
the heavier one of mass m2 = 3m moves down the plane with acceleration 
a2. Assuming that the string is taut, the acceleration of the two masses must 
be numerically equal, i.e. 

d) = a, = a. Let the tension in the string be T. 

The equations of motion of the two masses are 


F; = m;a; = ma = T — mg sin 0 (1) 
Fy = m2a2 = 3ma = 3mg sind — T (2) 
Adding (1) and (2) 

8 


S. 3 
des (3) 
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mı ay +m2a2 a +3a2 
aM = = — (4) 
mı + m2 4 


In Fig. 2.23 BA represents a; and AC represents 3a2. Therefore, BC the third 
side of the AABC represents |a; + 3a2|. Obviously BAC is a right angle so 
that 


la, + 3a2| = BC = ,/a? + Gan)? = V10a 


J/10 V5 
acM = {Va = 1 T IAT 38 (5) 


In Fig. 2.23, BD is parallel to the base so that ABD = 45°. Let CBD = a. 


t tan 45° t 1 
Newnes ase E (6) 
1 — tana tan 45° 1 — tana 


Further, in the right angle triangle ABC, 


AC 


tan ABC =t i 7 

an an(a + 45°) P. (7) 
uu l zd 

Combining (6) and (7) tano — 5 or & = tan jl] 


1 
Thus acy is at an angle tan™! (G) to the horizon. 


Fig. 2.23 





2.16 (a) Free body diagram (Fig. 2.24) 
(b) mia = Tı — mı g sin 30° (1) 


m5a — m» sin 60? — T5 (2) 


1 
Grae (zme) (=) (3) 


r 
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m,g cos 60° 






mg sin30? 
A m,g cos30° 


m4g 


60° À m,g sin 60° 


mg 
Fig. 2.24 
(c) Combining (1), (2) and (3) and simplifying 
§ (3m ES mı) 
— M «2m» 4 mi) 


a 


2.17 Let mı = 2.1 kg and m» — 1.9kg, Fig. 2.25. As the pulley is weightless the 
tension is the same on either side of the pulley. Equations of motion are as 


follows: 
Fig. 2.25 
T T 
m4 
ma=mg—T (1) 
ma = T — mg (2) 
Adding (1) and (2) 


(mı + m2)a = (mı — m2)8& 


— 2.1 — 1.9)9.8 
a e E 
mı + m2 2.1+1.9 
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2.18 


2.19 


2.20 


2 Particle Dynamics 


Distance travelled by either mass, s — 40 cm. Time taken 


| às [2 x 0.4 
a 0.49 


Equations of motion are 





ma, = mg sind — umg cos dé (rough incline) 
maz = mg sind (smooth incline) 


a, = (sind — wcosé)g 


a = g sin 0 
As As ti 4 
V a1 V a» {> 3 
sin Ó B sin 45? 





sin — ucosÓ V sin45? — u cos 45° E 


H = 6 


The normal reaction N = mg cos 0 
Resultant downward force F = mg sin@ — umg cos 0 
Given that N = 2F 


mg cosé = 2 mg (sind — 0.5 cos 0) 
tanü —1—0-—45* 


By prob. (2.17), each mass will have acceleration 


2 (m, — m2)g 
mı + m2 


The heaver mass m, will have acceleration a, vertically down while the lighter 
mass mz will have acceleration az vertically up: 


ang = —d] 


The acceleration of the centre of mass of the system will be 


mı a; +m a? (mı — m)ai 
om = a 
mı +m mı + m2 
(mı — m2)°g 


acM = ————— 
(mı + m2)? 
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2.21 Free body diagrams for the two blocks and the pulley are shown in Fig. 2.26. 
The forces acting on mz are tension 75 due to the string, gravity, frictional 
force f» due to the movement of m; and the normal force which m exerts on 
it to prevent if from moving vertically. The forces on m due to m» are equal 
and opposite to those of m; on m»5. By Newton's third law the tensions T; and 
T» in the thread are not equal as the pulley has mass. The equations of motion 
for m1, m» and the pulley are 


ma =F =m] mi (1) 
moa - T,-— f (2) 
uim I =) (3) 


Balancing the vertical forces 
N2 = mg 
Nı = M + m18 = (mı + m)g 


Frictional forces are 
f2 = UN2 = umg (4) 
fi = uN, = umi mo)g (5) 


Combining (1), (2), (3), (4) and (5), eliminating fi, f? and T 


n F — u(mı + 3m2)g 
mi 4 ma 





N, 
T2 
T5 Is T 
i 7, 
mg mg 
(a) (b) (c) 


Fig. 2.26 


2.3.3 Work, Power, Energy 


222 Netforce F = F; + Fz = (îi + 2j 43k) 4 (4i — 5j — 2k) 
= 5i —3j +k 
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Displacement rj; — ri — r2 — 7k — (20i 4- 15j) — (—20i — 15j — 7k) cm 
Work done W = F -ri = (5i — 3j + k) - (—0.20i — 0.157 + 0.07k) 


= — 0.48 J. 


223 (i) U(x) 2 5x? — Ax? 


(ii) 


dU 
F(x) = -7 = —(10x — 12x?) 2 12x? — 10x 
X 


For equilibrium F(x) — 0 


x(12x —10) 20 or x-—5/6morO 


dF 

— — 24x — 10 

dx 

dF 

T eo — (24x — 10], — -10 


The position x = O is stable: 


dF 


my k=; = C4-10) 


_ = +10 


6 


The position x = 5/6 is unstable. 


2.24 Let the body travel a distance s on the incline and come down through a 


2.25 


height h. 
Potential energy lost — mg — mgs sin. 
Work down against friction W = fs = umgcosé-s. 


70 
By problem u mg cos 0s = 109/785 sin 0 


u = 0.7 tan 0 = 0.7 tan 30° = 0.404 


At the bottom of the ramp the kinetic energy K available is equal to the loss 
of potential energy, mgh: 


K = mgh 


On the flat track the entire kinetic energy is used up in the work done against 
friction 


W = fd = umgd 


umgd = mgh 


u=- 


d 


2.3 Solutions dd 


1 1 
2.206 (i) Work done by the spring W; = "LH E 20 x 10? x (0.12)? — 144J 


(ii) Work done by friction We = Imv? — W, = Ł x 50 x 3? — 144 = 81J 
2 2 
(iil) We = umes 


B We 81 


= CO: (2). 2:96 
mgs 50x 9.8 x (0.60 + 0.12) 


(iv) If vı is the velocity of the crate as it passes position A after rebonding 
1 2 
27 = W, — umes 


1 
5 x 50v: = 144 — 0.2296 x 50 x 9.8 x (0.60 + .012) = 63 


vy = 1.587 m/s 


2.3.4 Collisions 


2.27 In the CMS the velocity of m; will be vj = v — v, and that of m» will be 
Us = —U¢, Fig. 2.27. By definition in the CMS total momentum is zero: 


Fig. 2.27 w-————- - 


mv; + mv — 


mj(v — ve) — move; = 0 


i mv 
epp (1) 
m|; 4 m» 
mv 
Uj — V — yg — ———— (2) 
mı + m2 


Note that as the collision is elastic, the velocities of m4 and m» after the colli- 
sion in the CMS remain unchanged. The lab velocity vı of mı is obtained by 
the vectorial addition of v? and v7. From the triangle ABC, Fig. 2.28. After 
collision 


v? — vf + v — 2v*ř ve cos(180° — 0) (3) 
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Fig. 2.28 
Using (1) and (2) and simplifying 


Dy ses — LL dm? 4 m2 4e 2mim3 cos 6 (4) 


mı + m2 


2.28 (a) Let the initial momentum of one object be p. After scattering let the 
momenta be p, and p>, with the angle 0 between them, Fig. 2.29. 


P = p, p» (momentum conservation) 


(p-p)— p^ — (pi + P2): (Pi + P2) 








— pii pit Pas Pat Pic Pot Pos Pi — PL P39 +271 + po (1) 
2 2 2 
P _ Pi + P2 (energy conservation) or p = p + Ds (2) 
2m 2m 2m 
Combining (1) and (2), 2p, - po = 0 
p; and p» are orthogonal 
Fig. 2.29a 
P, 
p 9 
P, 
Fig. 2.29b p 
NX | 
N S y 
p 2 N S ^ p, 
NS 0 / 
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Fig. 2.30 


2.29 


2.30 





(b) Suppose one of the objects (say 2) is scattered in the backward direction 
then the momenta would appear as in Fig. 2.30, and because by (a) the angle 
between p, and p» has to bea right angle, both the objects will be scattered on 
the same side of the incident direction (x-axis). In that case, the y-component 
of momentum cannot be conserved as initially 5 ; p, — 0. Both the objects 
cannot be scattered in the backward direction. In that case the x-component 
of momentum cannot be conserved. 


We work out in the CM system. The total kinetic energy available in the 
CMS is 





1 
— K* = uy? 1 
zn (1) 
h mM (2) 
where — 
P m+ M 


is the reduced mass. i 
If the compression of the spring is x then the spring energy would be 5 kx?. 


Equating the total kinetic energy available in the CM-system to the spring 
energy 
1 


— su 
,"" 73 


'E | mM 
x =v, |= = v, | —— 
k k(m + M) 


After the first collision (head-on) with the sphere 2 on the right-hand side, 
sphere 1 moves with a velocity 


2 


_ 2mou» + u1(m4 — m») E 0 4- u1(m — 4m) B 


U — —0.6 1 
i mı +m? m + 4m A (2) 
and the sphere 2 moves with a velocity 
2miu, 4- ug(mo —m 2 +0 
py 2miui + u2(m2 — mı) T 0.4u1 (2) 


mı +m? m + 4m 
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where u and v with appropriate subscripts refer to the initial and final 
velocities. 

The negative sign shows that the ball 1 moves toward left after the collision 
and hits ball 3. After the second collision with ball 3, ball 2 acquires a velocity 
v2 and moves toward right 


2 — = =a 
je a E ed UE 3) 


But v, « v». Therefore ball 1 will not undergo the third collision with ball 2. 
Thus in all there will be only two collisions. 


Momentum conservation gives mj u4 4- m» u» — m» v» (1) 


Conservation of kinetic energy in elastic collision gives 


l 2,1 2 1 2 
rss + 1245 ES 72V) (2) 
l 2_ | 2 
By the problem mu, z 5 mu, (3) 
U2 = QU] (4) 
a? = 6) 
m» 
Using (3) in (2) 
l 
maus = sav, 
v2 = V 2u2 (6) 
Using (4) and (6) in (1) 


miui + m&u] = /2m3u» = /2m3au 


or mı + mQ = /2am» 


Dividing by m» and using (5) and rearranging 


v |a - (V2—1)| «0 
sincea £0,a = V2—1 


iS A 
uj 


— = — /2--1 
Hs goel 
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From (5) 


2i cab-(Vi-i) 23-22 


m» 


2.32 (i) If the common velocity of the merged bodies is v then momentum con- 
servation gives 


(mA 4- mpg)v — mAVA 4- mpgvpg 
_ MAVA + MBUB 
ma mg 


3 ^ 5 A A 
ee amend + 47) . . 
(i) v = — = 26i + 3.4j 


-mg +m 
nB B 


(iii) Ap, =ma(v — vA) 2 mA |2.6i +347 — (34 3/)| 
Hin | -24i + 0.47 | 


Apa = 1200 /(—2.4)2 + (0.4)2 = 2920N m 
Apa 2920 
Fa ——— OO 
At 0.2 


App = mp(0 — BR) = mp 2.61 131 (i 4 4j) 


= 14,600 N 


=n [3.6 — 0.6) | 


2 2 

mpg = 371A = 3 x 1200 = 800 kg 

Apg — 800 / (3.6)? + (—0.6)2 = 2920N m 
App 2920 

ha = — = = 14,600N 
At 0.2 


1 1 
(iv) K' = (ma + mp)v* = 5 (1200 + 800) [(2.6) + G.4?] — 18,3201 


2.33 Let the velocity of the particle moving below the x-axis be v’. Momentum 
conservation along x- and y-axis gives 


muvo — mv cos 0 4- mv' cos D (1) 


0 2 mvsinO0 — mv' sin p (2) 
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2.34 


Fig. 2.31 Decay of ^C at 


rest 


Cancelling m and reorganizing (1) and (2) 


/ 
v cos B = vo —vcosO 


v' sin B — vsinO 
Dividing (4) by (3) 


ene v sind 
an — —————— 
Up — UCOSO 
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(3) 
(4) 


(5) 


If the collision is elastic, kinetic energy must be conserved: 


1 1 1 
mvo ES zmo’ dE simu" 


or uS v v 
Squaring (3) and (4) and adding 
v? -2w 4 ve — 2vgv cos 0 


Eliminating v’ between (7) and (8) and simplifying 


v = vo cos 0 


(6) 


(7) 


(8) 


The momenta of 6 and !^N are indicated in both magnitude and direction 


in Fig. 2.31. The resultant R of these momenta is given 


from the diagonal 


AC of the rectangle (parallelogram law). The momentum of u is obtained by 


protruding CA to E such that AE = AC: 
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2.35 


2.36 


5 
R = VAB? + BC? = ,/ p? + (4p/3)? = E 


3 
BC 4p/3 4 
tan@ = —- = ——_ = - 
AB p 3 
U= 


Thus the neutrino is emitted with momentum 5p/3 at an angle (180 — 53°) or 
127° with respect to the B particle. 


Denoting the angles with (*) for the CM system transformation of angles for 
CMS to LS is given by 


tand = E (1) 
cos 0* + m 
M 
But 0* =x — ġ* =n — 2o 
sin ĝ* = sin(x — 2¢) = sin 2¢ 
cos 0* = cos(mx — 29) = — cos 2ġ 


(i) becomes 


sin 29 
— — cos 2 
M h 
sin 0 sin 29 


Furthermore = 
cos0 __ _ cos 2¢ 
M 


tan = 





Cross-multiplying and rearranging 


T sinÓ — sinÓ cos 29 4- cosÓ sin 29 — sin(0 -- 24) 
m sin(2ġ + 0) 


M sin 0 


In the lab system let M be projected at an angle @ with velocity v. In the 
CMS the velocity v* for the struck nucleus will be numerically equal to v¢, 


the centre of mass velocity. Therefore, M is projected at an angle 29 with 
mv 





velocity v* = 





mv 
. The CM system velocity ve = . The velocities 
m 


v* and v, must be combined vectorially to yield v, Fig. 2.32. Since ve = v* 
the velocity triangle ABC is an isosceles triangle. If BD is perpendicular on 
AC, then 
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AC = 2AD = 2AB cos @ 


Fig. 2.32 


2mu Cos o 


y — 2v* cos ó = 
M+m 





B Ve C 


l 
2.37 (a) Kinetic energy of A before collision KA = —(2m)u? — mu?. Since B 


Fig. 2.33 


is initially stationary, its kinetic energy Kg — 0. Hence before collision, 
total kinetic energy Ko = mu” +0 = mu’. 

Let A and B move with velocity va and ug, respectively, after the colli- 
sion, Fig. 2.33. Total kinetic energy after the collision, 





/ pl E l 2 l 2 > 2 2 
K = Ki + Kg = a AMUA + 3 Um) — mv -F5mup 


If an energy Q is lost in the collision process, conservation of total energy 
gives 


mu’ = mux 4 5mv -Q (1) 


Applying momentum conservation along the incident direction and per- 
pendicular to it 


2mu = 10mvp cos 37° = 8mup (2) 
2mvupg — lO0mvg sin 37^ — 6mvug (3) 


From (2) and (3) we find 
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3u 
UA c —; WS 
4 


BOE 


(b) From (1), Q 2 m(u? — v? — 5vg) 


2 9u? 5u? mu? 
= m — —— — SO — 
-e 6 8 


Q mu2/® 


ka mu2 





1 
8 
Since Q is positive, energy is lost in the collision process. 


2.38 (a) In the elastic collision (head-on) of a particle of mass mı and kinetic 


energy K, with a particle of mass m» initially at rest, the fraction of 
kinetic energy imparted to rn» is 


K2 4mm» |. 4x1x12.— 48 
Ko (mim? (1-12? 169 


jm»v? 12v 48 





2 
v = ru 
Ki Ko Ko = Kn S Ky AK 
] 0 22> 0 169 0 — 169 0 
1 > I2 1 
— U X — U 
3 9"L— a T 
1 
V1 139 


Negative sign is introduced because neutron being lighter then the carbon 
nucleus will bounce back. 


2.39 Let the heavy body of mass M with momentum P) collide elastically with a 
very light body of mass m be initially at rest. After the collision both the bodies 
will be moving in the direction of incidence, the heavier one with velocity vg 
and the lighter one with velocity vz. 

Momentum conservation gives 


po = PL + PH (1) 


Energy conservation gives 


Pó PL, Ph 


= Fy (2) 
2M 2m 2M 
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Eliminating py between (1) and (2) and simplifying 








2 
p — pom 
M+m 
2Mum 
mv, = 
M+m 
2uM 
or vL = —2u (.m<< M) 
Mim 


2.40 Let a body of mass m, moving with velocity u make a completely inelastic 
collision with the body of mass m» initially at rest. Let the combined mass 
moves with a velocity v. given by 


miu u 
Uc — UEM = 5 C. mj — m») 
Energy lost = d — Aon (5) = i = | ko 
2 2 2 4 2 


where Ko — imu? is the initial kinetic energy. 


2.41 Let the speed of the bullet be u. Let the block 4- bullet system be travelling 
with initial speed v. If m and M are the masses of the bullet and the block, 
respectively, then momentum conservation gives 





mu = (M + m)v (1) 
mu 
oe (2) 


The initial kinetic energy of the block + bullet system 


Work done to bring the block + bullet system to rest in distance s is 


w ea 1 mu 
= m)gs = —-————— 
2 (M +m) 
M 2.000 4- 0.005 
u = SR T Dye Meu ul D x02 % 9.8 35€2 
m 0.005 
= 1123m/s 


2.42 (a) Let mı = m with velocity u collide with m2 = M, initially at rest. For 
elastic collision the final velocities will be 
(mp —m2)  (m-—M) 


— lU SS m< M 1 
a ( ) (1) 


2.3 Solutions 


(b) 


(d) 


2m| amu 
Uo — ——— 4 = 
mı +m? m+ M 





By problem — vı = v2 


Combining (1), (2) and (3) 














2 2 
: Mu àmu 3u 
But v“ = = = — 
M +m 3m +m 4 
u 
U2 te 
. Bu\* 1, ,íu2 3 
K* = -m | — + 53m (=) — —mu 
4 2 4 8 


l 2 l 2 
Kı (final) = 2t = at 


where we have used (1) and (4). 
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(2) 


(3) 


(4) 


(5) 


2.43 We can work out this problem in the lab system. But we prefer to use the 


centre of mass system. The CMS and LS scattering angles are related by 


sin 0* 


tan? = 


M 
cos 6* + — 
m 


Omax 1S obtained from the condition 


dtan 0 E 
do* 


es m 
This gives cosĝ* = — 


M2 — m? 
M 


sin ĝ* = 


(1) 


(2) 


(3) 


(4) 
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Use (3) and (4) in (1) to get 


M2 
1+ cot? 0 — cosec?0 — a 
m 
m 
sin O maz — M 


Ln 
OF Du sin io 


2.44 Momentum of the bullet before collision = momentum of the block + bullet 
system immediately after collision, Fig. 2.34: 


Fig. 2.34 





mv = (m + M)V (1) 


where V is the initial speed of the block + bullet system. The kinetic energy 
of the system immediately after the impact is 


K = 50n + MV? (2) 


Due to the impact, the pendulum would swing to the right and would be raised 
through the maximum height h vertically above the rest position of the pen- 
dulum, Fig. 2.34. At this point, the kinetic energy of the pendulum is entirely 
converted into gravitational potential energy: 


=(m + MV? — (m 4- M)gh (3) 
V = y2gh (4) 
Using (4) in (1) 


v= ( d | J2eh (5) 
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By measuring h and knowing m and M, the original velocity of the bullet can 
be calculated. 


2.45 Let the area of the nozzle through where the jet comes be A m^. The mass of 
water in the jet per second is oA v, where p is the density of water and v the 
get velocity. 

The momentum associated with this volume of water is 


p = (pAv)v = pAv” (1) 
The momentum after hitting the wall will also be equal to pAv~ since the 
collision is assumed to be elastic. Resolve the momentum along the x-axis 


and y-axis, Fig. 2.35. 


Fig. 2.35 y-axis 


x-axis 


Wall 





The change of the x-component of momentum is 
Ap, — psinO — (—psin0) — 2psinO (2) 
The change in the y-component of momentum is 
Ap, — pcos0 — pcos0 — 0 (3) 
Then Ap = Ap, = 2p sin = 2pAv? sin 0 (4) 
Pressure exerted on the wall will be 

_ Ap 


P = — =2pv’ sin@ 2 
A pv* sin (5) 


For normal incidence, 0 = 90° and 


p= "n (6) 


90 


2.46 


2.47 
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For completely inelastic collision there is no rebounding of the jet. The pres- 
sure on the wall is given by 


pe pv? sin 0 (1) 


For normal incidence, 0 = 90° and 


P pv? (2) 


Resolve the momentum mv; and mv» along the original line of motion and 
in a direction perpendicular to it. Along the original line of motion, the initial 
momentum must be equal to the sum of the components of momentum after 
the collision: 


muvo — mv; cos30* + mv? cos 30° (1) 


In the direction perpendicular to the original direction of motion, the sum of 
components of momentum after the collision must be equal to zero because 
before collision the balls do not have any component of momentum in the 
perpendicular direction: 


mv, sin 30° — mv sin 30° = 0 


or vj =0v2 (2) 


This result could have been anticipated from symmetry. 
Using (2) in (1) 


v9 — 2v cos 30° = J/3v, 


vo 9 
— = — = 5,19 m/s 
4/3. J/3 / 


or v =v = 
Total kinetic energy of the two balls before collision 


g.-l 2 _l 2 
j= 2p epe 5 V9 (3) 


Total kinetic energy after the collision 


] 1 
K'= ;mvi + =v; = mv? = zn (4) 


On comparing (3) and (4) we conclude that kinetic energy is not conserved. 
The collision is said to be inelastic. 


2.3 Solutions 9] 


2.48 


2.49 


2.50 


Time taken for the ball to reach the plane in the initial fall 


2h 
to = | — (1) 
§ 


Velocity with which it reaches the plane 

“ = f2gh (2) 
The velocity with which it rebounds from the plane 

I REPE T (3) 


Time to reach the plane again 


Z 2h 
ti = EMT — 2e |— = 2eto 
8 8 


If this process is repeated indefinitely the total time 


T= +i toto th = 2c $26 He 
=w[l1+2e1+ete?+::-)] 


| 2e | /2hit+e 
= fto | 1 + =) == 
]1—e gl-—e 


where we have used the formula for the sum of infinite number of terms of a 
geometric series. 








Total distance traversed 


S—h-42hp 2h34. —h-2eh 4 2e^h 4 2e8h 4... 


2e? (1 4- e?) 
—h|l14-——|2h——— 
| ur =| 1—e? 
On the first bounce, v; — ey2gh 
On the second bounce, v2 = e^ 2gh 
On the nth bounce, v, — e" J2gh 
ve e^" h 


h = á- 
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2.51 Let the two bodies of mass m and m» be travelling with the velocities u; and 
uz before the impact, and the combined body of mass m, 4- m» with velocity 
v after the impact is 


mz miu; -- m»u» (1) 


mı +m 


Energy wasted = total kinetic energy before the collision minus total kinetic 
energy after the collision 


W : Sum : 2 F 4 mj? 
m = — m — — (m Mmo)v 
5n 2 2Uu2 2 1 2 


] 1 ] (miu1 4- mou» 2 ] mimo 
= -mjuj^ T -muz = I (miu + mau)" E 


oe) Nee 2. 2 
2 2 2 mı + m2 miaa u2) 


2.52 Resolve the momentum along x- and y-axes at points A and B, Fig. 2.36. Take 
the downward direction as positive: 


px(A) = pcos  p,(B) — pcosO 

D,(À) —- —psinO p,(B) = psiné 

Then Ap, = p(B) — px(A) = pcos — pcos = 0 

Ap, — p,(B) — p,(A) — psin0 — (—psin0) = 2p sin 0 
Ap — Ap, — 2psin0 


Fig. 2.36 


y 
l 
l 
l 
l 
l 
l 
l 
l 
l 
l 





2.53 Let the shell of mass 2m explode into two pieces each of mass m. At the 
highest point the entire velocity consists of the horizontal component (v cos 0) 
alone. Since one of the components retraces its path, it follows that it has 
velocity — v cos 0, and therefore a momentum —mv cos 0. Let the momentum 
of the other pieces be p. Now, the momentum of the shell just before the 
explosion was 2mv cos 0 momentum conservation gives 
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p — mv cos = 2mv cos 0 


p = 3mv cos 0 


velocity = Ee 3v cos 0 
m 


2.54 Volume of air moving down per second = Av, where v is the air velocity 


2.55 


2.56 


moving down through an area A. 
Mass of air moving down per second = p Av 





A mass 
Fa =( 


— 2 
= = ) (Av) — pAv 


SCC 


Reaction force upward — Helicopter's weight 


p Av? — Mg 


Mg 500 x 9.8 
v = | — =,/ ———_ = 9.15 m/s 
pA 1.3 x 45 


If v is the velocity of each bullet of mass m and n the number of bullets that 
can be fired per second then rate of change of momentum will be 


Ap 
Em 1 
x mnu (1) 
A 
ed — F — mnv (2) 
At 
F 150 
n= — = 1.5/8 


mv (0.1)(1000) 
Thus the number of bullets that can be fired per minute will be 60 x 1.5 = 90. 


If v is the velocity with which a particle of mass m falls on the balance pan, 
momentum before impact is mv and after impact —mv so that 


Ap = —mv — mv — —2mv (1) 
If height of fall is ^ then 


v= y/2gh — 2 x 9.8 x 1.6 — 5.6 m/s (2) 
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If n particles fall per second, the force exerted on the pan is 


441 
F = +2mnv = (2)(0.1) (=) (5.6) — 8232N 


6.232 


In this case, the particles will stick to the pan. Therefore the scale reading will 
increase due to the weight of the particles that get accumulated in the pan. 
For complete inelastic collision Ap — mv as the final momentum is zero. Net 
force on the scale = weight of the particle + force of impact. At time f, scale 
reading (in newtons) 


— mngt 4- mn4/ 2gh 
2h 
= mng |i F S 
8 
p 2h 
Scale reading in kg wt = mn | t + | — 
8 


Let a sphere of mass m, travelling with velocity u; collide with the second 
sphere of mass m» at rest, with their centres in straight line. After the collision 
let the final velocities be v, and v2, respectively, for m, and m». By definition 
the coefficient of restitution e is given by the ratio 


Relative velocity of separation — v? — vj (1) 


. Relative velocity of approach U| 





Momentum conservation requires that total momentum before collision — 
total momentum after collision: 


muy = Mvi + mv (2) 


Eliminating v2 between (1) and (2), 


| (n, — emo)ui 


Uj — ——————— 3 
1 ns (3) 
1 
"E Teu; (4) 
m, 4 m» 


i : m 
(i) Putting u; =u, mı =m and m = 2 
u 


Up (5) 


2u 
v2 = TOM T e) (6) 
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Total energy after the collision 


K' = K1 + Ka = omi = (2) 5 (7) 
2 2 V4 


Using (5) and (6) in (7) and simplifying 
mu? 2 
K'— Pu +e’) (8) 
(ii) Kinetic energy lost during the collision 


AK E E T E L TE = 
= Ko = ^e tejs g | e^) 


2.59 (a) Distance traversed by the car before it falls off, 5 — 18 — 2 = 16m: 


2 2 x 16 
a ex E — 2/25 
a 4 


(b) By Newton’s third law, the force exerted by the car is equal to that by 
boat + car 





(M + m)ag = ma 


where M = 8000 kg, m = 1200, a = 4 m/s? 
The acceleration of the boat ag = 4777 — 0.26 m/ s? 
The distance travelled by the boat in the opposite direction 





1 l 2 
SB = jd = 5 x 0.26 x (2/2) — 104m 


(c) Momentum conservation gives 


mv, = (M + m)vg 
ug èë m 1200 


SS eee 
uc M+m 800041200 


which is independent of the car's acceleration. 


2.3.5 Variable Mass 


2.60 (a) Resultant force on rocket — (upward thrust on rocket) — (weight of 
rocket) 


dv dm 


E M ri. 1 
m wy S (1) 
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dm du uu 
Setting & — — — and — -— 0, minimum exhaust velocity 


dt dt 


8 
Ur — — 
Qa 


(b) Dividing (1) by m 


dv v, dm 
D meer iei. E 2 
dt m dt (2) 
d 
dws amp 


Assuming that vr; and g remain constant, and at t = 0, v — 0 and m — mp, 
UB mpg dm t 
| dw = =v f Tagja 
0 my m 0 
m 
Up — —v In (=) — gt (3) 
MB 


where mo 1s the initial mass of the system and mp the mass at burn-out 
velocity vp 
(c) Setting g = 0 in (2) 


d d 
LUPA (4) 
dt m dt 
dm - 
— —— =a = Positive constant 
m 
dm = —adt 


| an=- f a+c 


where C is the constant of integration 
m = —at + C 
When t = 0, m = mo. Therefore, C = mọ 


m(t) = mo — at (5) 
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Using (5) in (4) 
dv _ Œ Vr 
d è m-at 
(vræ/mo)dt 
dv = ——_,— 
] — —t 
nq 


Integrating between v — 0 and v 


at 
v = —vy In (1 — z) (6) 
n 
A at m, ! 
Writing (1 — =| = — in (6) with the aid of (5), the rocket equation 
mo mo 
simplifies to 
m 
v = —v, ln — 
n 
orm = moe?!" (7) 


(d) Time taken for the rocket to reach the burn-out velocity is given by (5): 


mo —m 
t = tg = ———_ (8) 
Q 
Noc. 
m dt 
d 1.5 x 109 x 9.8 
ee hh ee esis 
di v, 2000 


d 
2.62 (a) Rocket thrust = uc — 55 x 10? x 1290 5 71 x 106 N. 


v; dm 71 x 10° 


b) Net acceleration a = —— — g = ———_— — 98 = 16.3 m/2?. 
(b) Net acceleration a mie g 23772 x 108 m/s 


(c) Time to reach the burn-out velocity t = UTE 
_ 2.72 x 10° — 2.52 x 10° 
7 1290 5 
(d) Burn-out velocity vg = v; + vr In iia gt 
mg 
2.72 x 10° 


0455. 000 in = ee 1s a e Em de 
T ua E f 


= 155s. 


2.63 (a) Weight of the rocket 


Mog = 5000 x 9.8 = 49, 000 N 
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let x kg of gas be ejected per second. Then 








XVe = Mog 
Mog 49,000 
eee e — 40 kg/s 
ve 1000 


(b) Upward acceleration required, a — 2g. Upward thrust required 
F = Moa = (Mo)O8) — 2 Mog 
Weight of the rocket W — Mog 
Total force required = F + W = 2 Mog + Mog — 3 Mog 
Let x’ kg gas be ejected per second with ve = 1000 m/s 
1000x’ = 147,000 x’ = 147 kg/s 


2.64 At any time, the total kinetic energy of the system is 
KE l uL) ayy’ 2 
Tg dt 


Let the potential energy at the surface of the table be zero. The potential energy 
of the portion of the rope hanging down is 


U =—(uy)e (5) = T gy (2) 


Total mechanical energy 
E = K + U = constant 


MA m E tant 
= Em ii — constan 
JuL ;^ 8 y 


Differentiating with respect to time 


1 d?y dy 1 dy 
Splay SÀ 
2l "^ a8 d DP gi 


Cancelling the common factors, 


o 


g 
o oae (3) 
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Calling 8? = g/L, (3) becomes 


d'y 
<2 py =0 (4) 


which has the solution 
y = Ce”! + De” (5) 
where C and D are constants. When t = 0, y = yo 


yo = C + D (6) 
dy pt —ft 
Further ram p (Ce — De ) 


dy — 


When t = 0, zs 
df 
0—-C-D 
YO 
C = D = — J 
5 (7) 
Using (7) in (5) 
j= 5 (ef te) (8) 


Thus the complete solution is 


y — yo cosh(Pt) (9) 


Note that initially both the terms in the parenthesis of (8) are important. As t 
increases, the second term becomes vanishingly small and the first term alone 
dominates. Thus y (length of the rope hanging down) increases exponentially 
with time. 

From (3) the acceleration 


dy g 


d2 I 


Thus acceleration continuously increases with increasing value of y. This then 
is the case of non-uniform acceleration. 
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2.65 Consider the equation for the variable mass 


dv dm 
U— = 
dt dt 


| 
ES 
| 


S mes 
m — v= 
dt 
Integrating (2) 


m= | an= | kar = kr +c) 


where C, — constant. 


At t=0,m=W 





m — kt --W 
Using (4) in (3) 
dv k _ kdt 
vo è m  k+W 
dv 





_ | kdt 
vo kt + W 


In v = —In(kt +W)+ Cod 
where C» — constant. 


At t=0Q0,v = v, C2 = ln vo + In W 


In (>) = İn (1 + =) 





kt 
ee 
U 
ds vo 
V= < 
dt kt 
bd 
W 


The distance travelled in time f 


5 € dt W kt 
0 Era W 
W 
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(1) 
(2) 
(3) 


(4) 


(5) 
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2.66 


2.67 


The pressure on the table consists of two parts: 


(a) The weight of the coil on the table producing the pressure and 
(b) the destruction of momentum producing the pressure. 


First consider part (b). 

Let a length x be coiled up on the table. Since the chain is falling freely under 
gravity, the velocity of the chain will be ,/2¢x. In a small time interval 87, the 
length which reaches the table is 8t,/2g¢x. 

.. The momentum destroyed in time 8r is 


M M 
ip = òt T V 2BXy 28K = A 


, The rate of destruction of momentum is 


. Mg 
Pressure due to part (a) will be x s 
Mgx | 3Mgx 
"m 


— three times the 








M 
.. Total pressure on the table = T 8x + 
weight of the coil on the table. 


Measuring x vertically down, the equation of motion is 


d dx 
zy (m=) = mg (1) 


where m is the mass of the rain drop after time ft and x the distance through 
which the drop has fallen. If p is the density and r the radius after time t: 


4 3 
m = t p (2) 
d dm d d 
EI Az pr? — (3) 
dt dr dt dt 
d 
By problem a = kpAnr? (4) 
dr 
Comparing (3) and (4) a =k (5) 
Integrating r = kt + Ci (6) 


where C, — constant. 
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Att=0,r =R 
Ci =R 
r=kt+ R (7) 


Using (2) and (7) in (1) 


d [4 dx 4 
— EZ -- eE] = <mp(R+kt)>g 


dt 3 
; dx  (R+kt)*g 
Int t Roe gs ae 
ntegrating (R + kt) Y AL T Co 
M EE NES 
— = en t = 0. C2 = — — 
"d 27 Ak? 


The velocity after time f is therefore 


g R^ 


Chapter 3 
Rotational Kinematics 


Abstract Chapter 3 is devoted to rotational motion on horizontal and vertical 
planes and on loop-the-loop. 


3.1 Basic Concepts and Formulae 


If s be the length of the arc and r the radius of the circle, the angle in radians is 
given by 


0 = s/r (3.1) 


If the angular displacement A@ = 6) — 0; in the time interval At = t2 — t1, then 
the average angular velocity 


05 — 04 HN A0 
DH At 





(5:2) 


DE 


The instantaneous angular velocity c is defined as the limiting value of the ratio 
as At approaches zero. 


_ dé 


( — E (3.3) 


In case the angular speed is not constant a particle would undergo an angular 
acceleration œ. If œ and œ are the angular speeds at time tı and t2, respectively, 
then the average acceleration of the particle is defined as 


(2 — 0 AW 


cud 3.4 
to — ty At pe 


a= 
The instantaneous angular acceleration is the limiting value of the ratio as At 


approaches zero. 


_ dw 


a= a (3:5) 
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Rotation with Constant Angular Acceleration 


w= co T at (3.6) 
o = w -- 200 (3.7) 
I 2 
9 = wot + Sa (3.8) 
t 
9 = otor (3.9) 


Linear and angular variables for circular motion, scalar form 


s erg (3.10) 
v = ot (3.11) 
aT = Qr (3.12) 


where ar is the tangential component of acceleration. The radial component of 
acceleration is 


ag — v^/R —- o? R (3.13) 


Total acceleration 


a — az ag (3.14) 


Vector form: 


UVU—oxr (3.15) 


a=axrt+oxv (3.16) 


Motion in a Horizontal Plane 


Typical problems are as follows: 


(1) A coin is placed at a distance r from the centre of a gramophone record rotating 
with angular frequency « — 27 f. Find the maximum frequency for which the 
coin will not slip if jz is the coefficient of friction. 

This problem is solved by equating the centripetal force to the frictional force. 
(i) An object of mass m attached to a string is whirled around in a horizontal circle 

of radius r with a constant speed v. Find the tension in the string. 

The problem is solved by equating the centripetal force to the tension in the 

string. 

T — mv fr 


al 


(iii) 


(iv) 


(v) 


(vi) 
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An elastic cord of length Lo and elastic constant k is attached to an object 
of mass m. If it is swung around with a constant frequency f, find the new 
length L. 

Solution: Equate the centripetal force to the stretching force 


mor = m(2rf)*L = (L — Lo)k 


Solve for k. 

Find the difference in the level of the bob of a conical pendulum when the 
number of steady revolutions per second is increased from 71, to 715. 

Solution: A conical pendulum is a simple pendulum which is allowed to exe- 
cute rotations about the vertical axis. Equating the horizontal and vertical com- 
ponents of the tension T in the thread 


T sina — mo*R 


T cosa = mg 


whence tang = R/H — o? R/g 
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Substitute c — 2z: n, and e» — 2zt n5. 
Find the maximum speed of a vehicle that can safely negotiate a circular curve 
on a banked road. 


Solution : Umax = y gr tan 0 


where r is the radius of curvature of the curve. 

Find the condition that a carriage speeding with v negotiating a circular curve 
of radius r on a level road may not overturn. Assume that a is half of the 
distance between the wheels and A is the height of the centre of gravity (CG) 
of the carriage above the ground. 

Solution: The centripetal force mv?/r produces a torque on the inner rear 
wheel tending to overturn the vehicle. This is countered by an opposite torque 
caused by the weight of the carriage acting vertically down through the centre 
of gravity. The condition for the maximum safe speed is given by equating 
these two torques: 


mv? 


r 


gra 
O üna = ,/ —— 


h 
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Motion in a Vertical Plane 


Typical problems are of the following type: 


(1) 


Gi) 


Gii 


An object of mass m tied to a string is whirled in a vertical plane such that at 
the top (A) of the circular path its speed is va and at the bottom (B) it is vp. 
Calculate va and vg given the tension Tg = x7, where x is a number. 
Solution: At the top the weight acts down while the centrifugal force acts up. 
Therefore, 


2 
Ta = — -mg 
r 


while at the bottom both weight and centrifugal force act downwards. There- 
fore, 


2 
MUp 


Ig = — + mg 
r 


We get one another equation from the conservation of mechanical energy: 


mg2r = mvg = Vo mus 


Finally, by problem 
Tp — xTA 


The four equations can be solved to permit the determination of v4 and vp. 
The bob of a simple pendulum of length L is drawn on one side such that it 
makes an angle 0 with the vertical passing through the equilibrium position. 
If the bob is released from rest it passes through the equilibrium position with 
velocity v. Find v. 

Here we use the principle gain in kinetic energy — loss in potential energy 


l 
jv — mgL(1 — cos0) 


whence v = ./2gL(1 — cos @) 

A particle of mass m is placed at A, the highest point of a smooth sphere of 
radius R with the centre at O. If it is gently pushed, it will slide down along the 
arc of a great circle and leave the surface at B, at depth / below A, Fig. 3.16. 
Determine the position where the particle leaves the sphere. 

Here we balance the radial component of g at B with the centripetal force. 


mg cos 0 = mv^/R 
Energy conservation gives another equation: 


mgh — Vo mv^ 
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Eliminating v between the two equations and noting that 
cos = 1 — h/R 


we find h = R/3. 

A motorcyclist goes around in a vertical circle inside a spherical cage. Find the 
minimum speed at the top so that he may successfully complete the circular 
ride. 

Here we equate the reaction on the cage to the total weight of the rider plus 
motorcycle 


mg — mv^/R 
or v = y g R 


Loop-the-Loop is a track which consists of a frictionless slide connected to a 
vertical loop of radius R, Fig. 3.1. Let a particle start at a height A on the slide 
and acquire a velocity v at the bottom of the loop. 

If v < /2¢R, the particle will not be able to climb up beyond the point B. It 
will oscillate in the lower semicircle about the point D. 


If /2gR « v « y5gR 


the particle will be able to climb up the arc BC and leave at some point E and 
describe a parabolic path. If v > /5gR, the particle will be able to execute a 
complete circle. This corresponds to a height A — 2.5 R. 


j> \R SE 
how ^| 779 7 
Fig. 3.1 Loop-the-loop B Y MERC O U 


Problems 


3.2.1 Motion in a Horizontal Plane 


3.1 


Show that a particle with coordinates x = a cost, y = a sint and z = tf traces 
a path in time which is a helix. 
[Adapted from Hyderabad Central University 1988] 
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3.2 A particle of mass m is moving in a circular path of constant radius r such 
that its centripetal acceleration a varies with time t as a = k*rt*, where k is a 
constant. Show that the power delivered to the particle by the forces acting on 
it is mk*r2t? /3 

[Adapted from Indian Institute of Technology 1994] 


3.3 A particle is moving in a plane with constant radial velocity of magnitude r = 
5 m/s and a constant angular velocity of magnitude 6 = 4rad/s. Determine 
the magnitude of the velocity when the particle is 3 m from the origin. 


3.4 A point moves along a circle of radius 40 cm with a constant tangential accel- 
eration of 10 cm/s?. What time is needed after the motion begins for the nor- 
mal acceleration of the point to be equal to the tangential acceleration? 


3.5 A point moves along a circle of radius 4 cm. The distance x is related to time f 
by x = ct?, where c — 0.3 cm/s?. Find the normal and tangential acceleration 
of the point at the instant when its linear velocity is v — 0.4 m/s. 


3.6 (a) Using the unit vectors i and j write down an expression for the position 
vector in the polar form. (b) Show that the acceleration is directed towards the 
centre of the circular motion. 


3.7 Find the angular acceleration of a wheel if the vector of the total acceleration 
of a point on the rim forms an angle 30° with the direction of linear velocity 
of the point in 1.0s after uniformly accelerated motion begins. 


3.8 A wheel rotates with a constant angular acceleration a = 3rad/s*. At time 
t = 1.0s after the motion begins the total acceleration of the wheel becomes 
a — 12/10 cm/s?. Determine the radius of the wheel. 


3.9 A car travels around a horizontal bend of radius R at constant speed V. 
(i) If the road surface has a coefficient of friction zs, what is the maximum 
speed, Vmax, at which the car can travel without sliding? 
(ii) Given ps = 0.85 and R = 150m, what is Vinax? 
(iii) What is the magnitude and direction of the car’s acceleration at this 
speed? 
(iv) If us = 0, at what angle would the bend need to be banked in order for 
the car to still be able to round it at the same maximum speed found in 
part (11)? 
[University of Durham 2000] 


3.10 The conical pendulum consists of a bob of mass m attached to the end of 
an inflexible light string tied to a fixed point O and swung around so that it 
describes a circle in a horizontal plane; while revolving the string generates 
a conical surface around the vertical axis ON, the height of the cone being 
ON = H, the projection of OP on the vertical axis (Fig. 3.2). Show that the 
angular velocity of the bob is given by w = ./g/H, where g is the acceleration 
due to gravity. 
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Fig. 3.2 Conical pendulum 


3.11 


3.12 


3.13 


3.14 


3.15 


3.16 





If the number of steady revolutions per minute of a conical pendulum is 
increased from 70 to 80, what would be the difference in the level of the bob? 


A central wheel can rotate about its central axis, which is vertical. From a 
point on the rim hangs a simple pendulum. When the wheel is caused to rotate 
uniformly, the angle of inclination of the pendulum to the vertical is 6. If the 
radius of the wheel is R cm and the length of the pendulum is 1 cm, obtain an 
expression for the number of rotations of the wheel per second. 

[University of Newcastle] 


A coin is placed at a distance r from the centre of a gramophone record rotat- 
ing with angular frequency m = 27. Find the maximum frequency for which 
the coin will not slip if ju is the coefficient of friction. 


A particle of mass m is attached to a spring of initial length Lo and spring 
constant k and rotated in a horizontal plane with an angular velocity œ. What 
is the new length of the spring and the tension in the spring? 


A hollow cylinder drum of radius r is placed with its axis vertical. It is rotated 
about an axis passing through its centre and perpendicular to the face and a 
coin is placed on the inside surface of the drum. If the coefficient of friction is 
u, what is the frequency of rotation so that the coin does not fall down? 


A bead B is threaded on a smooth circular wire frame of radius r, the radius 

vector r making an angle 0 with the negative z-axis (see Fig. 3.3). If the frame 

is rotated with angular velocity c about the z-axis then show that the bead will 
$ 

r cos 0 





be in equilibrium if @ = 
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Fig. 3.3 





3.17 A wire bent in the form ABC passes through a ring B as in Fig. 3.4. The ring 
rotates with constant speed in a horizontal circle of radius r. Show that the 
speed of rotation is ./gr if the wires are to maintain the form. 


Fig. 3.4 A 
C 
60 
7 - = 
ll — B 
/ 
* ~ r 


3.18 A small cube placed on the inside of a funnel rotates about a vertical axis at 
a constant rate of f rev/s. The wall of the funnel makes an angle 0 with the 
horizontal (Fig. 3.5). If the coefficient of static friction is jz and the centre 
of the cube is at a distance r from the axis of rotation, show that the largest 
frequency for which the block will not move with respect to the funnel is 


1 /g(sin@ + wcosé@) 
fmax a ae a 
2z V r(cos0 — usinO) 





Fig. 3.5 
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3.19 


3.20 


Fig. 3.6 


3.21 


3.22 


3.23 


3.24 


3.25 


In prob. (3.18), show that the minimum frequency for which the block will not 
move with respect to the funnel will be 


1 /g(sind — ucosO) 
fmin E ae, 2 
27z V r(cos0 + wsing) 


A large mass M and a small mass m hang at the two ends of a string that 
passes through a smooth tube as in Fig. 3.6. The mass m moves around in a 
circular path which lies in a horizontal plane. The length of the string from the 
mass m to the top of the tube is L, and 0 is the angle this length makes with 
the vertical. What should be the frequency of rotation of the mass m so that 
the mass M remains stationary? 

[Indian Institute of Technology 1978] 





An object is being weighed on a spring balance going around a curve of radius 
100 m at a speed of 7 m/s. The object has a weight of 50 kg wt. What reading 
is registered on the spring balance? 


A railway carriage has its centre of gravity at a height of 1 m above the rails, 
which are 1.5 m apart. Find the maximum safe speed at which it could travel 
round the unbanked curve of radius 100 m. 


A curve on a highway has a radius of curvature r. The curved road is banked 
at 0 with the horizontal. If the coefficient of static friction is u, 


(a) Obtain an expression for the maximum speed v with which a car can go 
over the curve without skidding. 
(b) Find v ifr = 100m, 6 = 30°, g 2 9.8 m/s?, u = 0.25 


Determine the linear velocity of rotation of points on the earth’s surface at 
latitude of 60°. 


With what speed an aeroplane on the equator must fly towards west so that the 
passenger in the plane may see the sun motionless? 
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3.2.2 Motion in a Vertical Plane 


3.26 


3.27 


3.28 


3.29 


3.30 


3.31 


3.32 


3.33 


A particle is placed at the highest point of a smooth sphere of radius R and is 


given an infinitesimal displacement. At what point will it leave the sphere? 
[University of Cambridge] 


A small sphere is attached to a fixed point by a string of length 30cm and 
whirls round in a vertical circle under the action of gravity at such a speed that 
the tension in the string when the sphere is at the lowest point is three times 
the tension when the sphere is at its highest point. Find the speed of the sphere 
at the highest point. 

[University of Cambridge] 


A light rigid rod of length L has a mass m attached to its end, forming a simple 
pendulum. The pendulum is put in the horizontal position and released from 
rest. Show that the tension in the suspension will be equal to the magnitude of 
weight at an angle 0 — cos ^! (1/3) with the vertical. 


In a hollow sphere of diameter 20 m in a circus, a motorcyclist rides with 
sufficient speed in the vertical plane to prevent him from sliding down. If the 
coefficient of friction is 0.8, find the minimum speed of the motorcyclist. 


The bob of a pendulum of mass m and length L is displaced 90° from the 
vertical and gently released. What should be the minimum strength of the 
string in order that it may not break upon passing through the lowest point? 


The bob of a simple pendulum of length L is deflected through a small arc s 
from the equilibrium position and released. Show that when it passes through 
the equilibrium position its velocity will be s./g/L, where g is the accelera- 
tion due to gravity. 


A simple pendulum of length 1.0 metre with a bob of mass m swings with an 
angular amplitude of 60°. What would be the tension in the string when its 
angular displacement is 45°? 


The bob of a pendulum is displaced through an angle 0 with the vertical line 
and is gently released so that it begins to swing in a vertical circle. When 
it passes through the lowest point, the string experiences a tension equal to 
double the weight of the bob. Determine 0. 


3.2.3 Loop-the-Loop 


3.34 


The bob of a simple pendulum of length 1.0 m has a velocity of 6 m/s when 
it is at the lowest point. At what height above the centre of the vertical circle 
will the bob leave the path? 
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3.35 


3.36 


3.37 


A block of 2 g when released on an inclined plane describes a circle of radius 
12cm in the vertical plane on reaching the bottom. What is the minimum 
height of the incline? 


A particle slides down an incline from rest and enters the loop-the-loop. If the 
particle starts from a point that is level with the highest point on the circular 
track then find the point where the particle leaves the circular groove above 
the lowest point. 


A small block of mass m slides along the frictionless loop-the-loop track as 
in Fig. 3.7. If it starts at A at height h = 5R from the bottom of the track 
then show that the resultant force acting on the track at B at height R will be 


/ 65 mg. 





Fig. 3.7 | 
SR 
3.38 In prob. (3.37), the block is released from a height h above the bottom of the 


3.39 


loop such that the force it exerts against the track at the top of the loop is equal 
to its weight. Show that h = 3R. 


A particle of mass m is moving in a vertical circle of radius R. When mn is 
at the lowest position, its speed is 0.89444/5g R. The particle will move up 
the track to some point p at which it will lose contact with the track and travel 
along a path shown by the dotted line (Fig. 3.8). Show that the angular position 
of 8 will be 30°. 


Fig. 3.8 
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3.40 


3.41 


3.42 


3.43 
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A block is allowed to slide down a frictionless track freely under gravity. The 
track ends in a circular loop of radius R. Show that the minimum height from 
which the block must start is 2.5R so that it completes the circular track. 


A nail is located at a certain distance vertically below the point of suspension 
of a simple pendulum. The pendulum bob is released from a position where the 
string makes an angle 60* with the vertical. Calculate the distance of the nail 
from the point of suspension such that the bob will just perform revolutions 
with the nail as centre. Assume the length of the pendulum to be 1 m. 

[Indian Institute of Technology 1975] 


A test tube of mass 10 g closed with a cork of mass 1 g contains some ether. 
When the test tube is heated, the cork flies out under the pressure of the ether 
gas. The test tube is suspended by a weightless rigid bar of length 5 cm. What 
is the minimum velocity with which the cork would fly out of the test tube so 
that the test tube describes a full vertical circle about the point of suspension? 
Neglect the mass of ether. 

[Indian Institute of Technology 1969] 


A car travels at a constant speed of 14.0m/s round a level circular bend of 
radius 45m. What is the minimum coefficient of static friction between the 
tyres and the road in order for the car to go round the bend without skidding? 

[University of Manchester 2008] 


3.3 Solutions 


3.3.1 Motion in a Horizontal Plane 


3.1 x =acost (1) 
y=asint (2) 
z=t (3) 


3.2 


Squaring (1) and (2) and adding 


X 


Pu y^ = a^ (cos? t + sin? = a? 


which is the equation of a circle. 
Since z — f, the circular path drifts along the z-axis so that the path is a helix. 


a 


U 


Power, P = Fv = mav = mk°rt a 


= 2 = k*rt? 
dt 


rte 
-[ aer [gu - ; 





kor p mk*r?t? 
3 


5.9 


3.3 
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v—4J GY 4 (r8)? 
= y 52 + (3 x 4)? = 13 m/s 


3.4 an = œr = ar = 10 


3.5 


3.6 


/10 
w = ,| — = 0.5 rad/s 
40 





att 
O= 05> a1 = 0 5-— 
r 
cr 0.5 x 40 
t = — = ——— =2s 
aT 10 
x=ct? 
dx 
v= = 3ct? =3 x 0.3 x 107% = 04 
20 
|= =S 
3 
2 2 
U (0.4) ) 
= —4 
a 74 
d 20 
üp es 6ct = 6 x 0.3 x 107? x == 0.12 m/s? 
dt 3 
(a) x =r cos 


y=rsing 
P—ix4 jy 
0 — ot 


where 0 is the angle which the radius vector makes with the x-axis and w 
is the angular speed. 


r =i(r cos ot) -- j(r sin ct) 


(b) ; = —i(or sin wt) + ilor COS o) 
áü—i--i(or cos ot) — Jlar sin æt) 
— —or (i cos wt + j sin wt) 
— —o ix 4 jy) 
å = -WTF 
where we have used the expression for the position vector 7. The last rela- 
tion shows that by virtue of minus sign a is oppositely directed to F, i.e. a 


is directed radially inwards. 
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3.7 a= ak +a? (Fig. 3.9) 


A ae 
— = tan — —_ 
aT Va 
aT 
b (1) 
ap —oR (2) 
w = at (3) 
2 aT aR 
an = wo R = — = — 
43: 4/3 
Qo 
A/3 
2:9 a 
& “t” = — 
v3 
l : 0.577 rad/s? 
SS i ——————ÉÁ— ` ra S 
J3t2 3.12 


Fig. 3.9 





3.8 d= Ja + a? 
124/10 = y (o? R* -- a? R? 2 V (a?t? R -- a? R? 
—aR yVa?t*^ --1—23R/3? x 124-1 
R = 4cm 


3.9 (i) Equating the centripetal force to the frictional force 


2 
MV ax 
——^ —um 

R i mg 


Umax — /JL, gR 
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(il) Umax = V0.85 x 9.8 x 150 = 35.35 m/s 


2 2 
35.35 
(ill) ay = = = a = 8.33 m/s towards the centre of the circle 
2 2 

: 35.35 
i top es 

gR 98x150 

0 — 40.36* 


3.10 Equating the horizontal component of the tension to the centripetal force 
T sing = mœ? R (1) 


Furthermore, the bob has no acceleration in the vertical direction. 


T cosa = mg (2) 
R œR 
tang = — = — 
H g 
§ 
w = ,| — 
H 


3.11 Using the results of prob. (3.10), the difference in the level of the bob 


1 ] 
An- Hoe s (1) 
oy | 95 
on f 140 (2) 
0] — ZT = iT 
1 1 60 
160 
—2 — 3 
Q2 — 2n f «o 7 (3) 


Using (2) and (3) in (1) and g = 980 cm, AH = 31.95 cm. 


3.12 The centripetal force acting on the bob of the pendulum = mæ?r, where r is 
the distance of the bob from the axis of rotation, Fig. 3.10. For equilibrium, the 
vertical component of the tension in the string of the pendulum must balance 
the weight of the bob 

T cos 69 = ma r (1) 


Further, the horizontal component of the tension in the string must be equal to 
the centripetal force. 


T sin 0o = mær (2) 


Dividing (2) by (1) 
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3.13 


3.14 
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2 Doge 
wW r A4n-n“r 

oes (3) 
D g 





tan 09 — 


where n = number of rotations per second. From the geometry of Fig. 3.10, 


r = R + L sinbo 
1 g tan 0p 
n = — | — 
2m \ R + L sino 


The equilibrium condition requires that the centripetal force = the frictional 


force, mo?r — u mg 


f = œ l [ug 
DC Om nV r 


Let the spring length be stretched by x. Equating the centripetal force to the 
spring force 
mo" (Lo +x)=kx 

mw Lo 


SS ——————— 
k —mo2 


Therefore, the new length L will be 


kLo 


L = Lo +x = —-—~ 
4 k — mo? 


and the tension in the spring will be 


2 
mo-kLl 
mæ? L = mn 
k — mo? 
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3.15 As the drum rotates with angular velocity œ, the normal reaction on the coin 
acting horizontally would be equal to mwr, (Fig. 3.11). As the coin tends to 
slip down under gravity a frictional force would act vertically up. 

If the coin is not to fall, the minimum frequency of rotation is given by the 
condition 
Frictional force = weight of the coin 


umor = mg 


E d$ 
æ = — | — 
27 V ur 


Fig. 3.11 





3.16 The bead is to be in equilibrium by the application of three forces, the weight 
mg acting down, the centrifugal force mo? R acting horizontally and the nor- 
mal force acting radially along NO. Balancing the x- and z-components of 
forces (Fig. 3.12) 


N sinÓ — mo? R 


N cos0 — mg 


— N 
e — 


"i 
Xx —» 


Fig. 3.12 mg 


120 


3.17 


3.18 


Fig. 3.13 
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Dividing the two equations 


wR Qr sin 0 





Since the wire is continuous, tension in the parts AB and BC will be identical. 
Equating the horizontal and vertical components of forces separately 


2 
ET sin 30° + T sin 60° (1) 
r 
mg = T cos 30° + T cos 60° (2) 


As the right-hand sides of (1) and (2) are identical 


mv? 


— = mg 
r 


OF v=, /8r 

Resolve the centripetal force along and normal to the funnel surface, Fig. 3.13. 
When the funnel rotates with maximum frequency, the cube tends to move up 
the funnel, and both the weight (mg) and the frictional force (uN) will act 
down the funnel surface, Fig. 3.13. Now 

N = mg cos + mor sin 


Taking the upward direction as positive, equation of motion is 


mor cos@ — mg sinO — u(mg cos 0 + mar sind) — 0 


w 1 /g (sinf + ucos®) 
fmax = 7 = 2, |] O A 
27 27 V r (cos0 — u sin 0) 
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3.19 


3.20 


3.21 


3.22 


At the minimum frequency of rotation, the cube tends to go down the surface 
and therefore the frictional force acts up the funnel. The equation of motion 
becomes 


mwr cos — mg sinO 4- u(mg cos 0 + mo^r sin) — 0 
w 1 Jg (sinf — u cos) 

fmin EE Mt Ts 
2x  2xWVr (cos0 4- usinO) 


Tension is provided by the weight Mg 
T — Mg (1) 


Three forces, weight (Mg), tension (T) and normal reaction (mw2r), are to be 
balanced: 


T sin = mær (2) 
Further r = L sin@ (3) 


Combining (1), (2) and (3) 


, Mg 
a) = = 
mL 


Frequency of rotation 


ye o 1 [Mg 
2n On NV mL 

The two forces acting at right angles are (1) weight (mg) and (i1) reaction 

(mv? Tr): 


F = J (mg)? + (mv?/r)? = mgy/1 + (v*/gr)? 


Using v = 7m/s, g = 9.8 m/s?, r = 100m and m = 60kg, 
F = 60.075 kg wt. 


Figure 3.14 shows the rear of the carriage speeding with v, negotiating a cir- 
cular curve of radius r. ʻa’ is half of the distance between the wheels and A 
is the height of the centre of gravity (CG) of the carriage above the ground. 
The centripetal force mv?/r produces a counterclockwise torque about the 
left wheel at A. The weight of the carriage acting vertically down through the 
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Fig. 3.14 





centre of gravity produces a clockwise torque. The condition for the maximum 
speed Umax 1S given by equating these two torques: 


mv? 


— h = mga 
r 
gra 9.8 x 100 x 0.75 
or Umax = Eg = ^. 10 ~ = 27.11 m/s 


3.23 (a) When a vehicle takes a turn on a level road, the necessary centripetal force 
is provided by the friction between the tyres and the road. However, this 
results in a lot of wear and tear of tyres. Further, the frictional force may 
not be large enough to cause a sharp turn on a smooth road. 

If the road is constructed so that it is tilted from the horizontal, the road 
is said to be banked. Figure 3.15 shows the profile of a banked road at an 
angle @ with the horizontal. The necessary centripetal force is provided 
by the horizontal component of the normal reaction N and the horizontal 
component of frictional force. 

Three external forces act on the vehicle, and they are not balanced, the 
weight W, the normal reaction N, and the frictional force. Balancing the 
horizontal components 


mv? 


— = u mg cos? 0 + N sind 
j 


mv? 2 
or N sind = —— — ju mg cos^ 0 (1) 
r 


Balancing the vertical components 


mg = N cos 0 — umg cos 0 sind 
or N cos? = mg + mg cos@ sind (2) 
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Fig. 3.15 


EN 





Dividing (1) by (2) 


v^/r — |. g cos? 0 
tanð = ———— 
g +g cosé sind 


Umax = y 8r (u + tan0) 
(b) For 0 = 30°, u = 0.25, g = 9.8 m/s? andr = 100 m, Vmax = 28.47 m/s. 


3.24 At latitude A the distance r of a point from the axis of rotation will be r = 
R cos À 
where R is the radius of the earth. 
The angular velocity, however, is the same as for earth’s rotation 


20 27 
w = — 


T 86,400 





= 7.27 x 10? rad/s 


The linear velocity 
v = or — oR cosA — 7.27 x 10? x 6.4 x 109 x cos 60? 
— 232.64 m/s 


3.25 The speed of the plane must be equal to the linear velocity of a point on the 
surface of the earth. Suppose the plane is flying close to the earth's surface, 
w = 7.27 x 107? rad/s (see prob. 3.24) 


v —oR 2121 x 10? x 64 x 10? — 465.28 m/s 
— 1675 km/h. 


3.3.2 Motion in a Vertical Plane 


3.26 Let a particle of mass m be placed at A, the highest point on the sphere of 
radius R with the centre of O. Let it slide down from rest along the arc of 
the great circle and leave the surface at B, at depth h below A, Fig. 3.16. 
Let the radius OB make an angle 0 with the vertical line OA. The centripetal 
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Fig. 3.16 





force experienced by the particle at B is mv?/ R, where v is the velocity of the 
particle at this point. Now the weight mg of the particle acts vertically down 
so that its component along the radius BO is mg cos 0. So long as mg cos 0 > 
mv?/R the particle will stick to the surface. The condition that the particle 
will leave the surface is 


2 
mv 

0 = — l 

mg cos * (1) 
2 

0 = — 2 

or cos T (2) 


Now, in descending from A to B, the potential energy is converted into kinetic 


energy 
l 2 
mgh = 209 (3) 
2 
or — — 2h (4) 
8 
using (4) in (2) 
2h 
0 = — 5 
COS R (5) 


Drop a perpendicular BC on AO. 


OC R—h 
Now cos@ = — — ——— (6) 
OB R 


R 
Combining (5) and (6), h = e 


Thus the particle will leave the sphere at a point whose vertical distance below 


R 
the highest point is 3 
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3.27 


3.28 


At the highest point A the tension TA acts vertically up, the centrifugal force 
also acts vertically up but the weight acts vertically down. We can then write 


2 
TA — —— —mg (1) 


where m is the mass of the sphere, va is its speed at the point A and r is the 
radius of the vertical circle. 

At the lowest point B both the centrifugal force and the weight act vertically 
down and both add up to give the tension Tp. If vg is the speed at B, then we 
can write 


E mg 
Peer s E (2) 
By problem 
Tg = 3TA (3) 


Combining (1), (2) and (3), we get 
vg — 3v — Agr (4) 


Conservation of mechanical energy requires that loss in potential energy — 
gain in kinetic energy. Therefore, in descending from A to B, 


mg2r — mi — m. (5) 
2 2 
Or va = Us + 4er (6) 


From (4) and (6) we get 

va = /4er = V4 x 980 x 30 = 343 cm/s 

Measure potential energy from the equilibrium position B, Fig. 3.17. At A the 
total mechanical energy E = mg L as the pendulum is at rest. As it passes 
through C let its speed be v. The potential energy will be mgh, where h = BD 
and CD is perpendicular on the vertical OB. Now 


h = L — L cos = L(1 — cos 0) (1) 


Energy conservation gives 


1 
mgL = mgL (1 — cos 0) + jmv (2) 
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Fig. 3.17 





The tension in the string at C will be 


mv? 
Te spem cos 0 (3) 


By problem, T — mg (4) 
1 1 
Combining (2), (3) and (4) we get cos 0 — 3 orÓ — cos! (3) 
3.29 At the top of the sphere, v is in the horizontal direction and the frictional force 


acts upwards. The condition that the motorcyclist may not fall is 
Friction force = Weight 


3.30 At the lowest point A, Fig. 3.18, the tension in the string is 


mux 
Ta = EN T mg (1) 


where va is the velocity at point A. 








Fig, 3.18 


3.3 Solutions 127 


Measure potential energy with respect to A, the equilibrium position. At the 
point B, at height L the mechanical energy is entirely potential energy as the 
bob is at rest. As the vertical height is L, the potential energy will be mgL. 

When the bob is released, at the point A, the energy is entirely kinetic, poten- 
tial energy being zero, and is equal to SMU. 


Conservation of mechanical energy requires that 


l 2 
-mv = mgL 


2 
or v, —2gL (2) 
Using (2) in (1) 


Ta = 2mg + mg = 3mg 


Thus the minimum strength of the string that it may not break upon passing 
through the lowest point is three times the weight of the bob. 








3.31 Let the ball be deflected through a small angle 0 from the equilibrium 
position A, Fig. 3.19. 
= - (1) 
o L 
abe 
ON 
NC 
F C 1—_§_ B 
i a 
Fig. 3.19 ——"s 


where s is the corresponding arc. Drop a perpendicular BC on AO, so that the 
height through which the bob is raised is AC = h. 
Now, h = AC = OA — OC = L — L cos 0 = L(l —cos0) 


0? 
=1[1-1+54--,| 


2. JL i 


where we have used (1). 
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3.32 


3.33 
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From energy conservation, mgh = jmv 


i Sa/ 20h = i 


In coming down from angular displacement of 60° to 45°, loss of potential 
energy is given by 


mg(h, — h2) = mg L(1 — cos 60°) — mg L(1 — cos 45°) 
= 0.207 mg L 


Gain in kinetic energy = zmo’ 


1 

jmv = 0.207 mg L = 0.207 mg Co L=l1m) 
or v=2.014m/s 
The tension in the string would be 


mv? 
T= a + mg cos 45° 


4.056 
= mg a N=1.12mg N 
8 


When the bob is displaced through angle 0, the potential energy is mgL(1 — 
cos 0). At the lowest position the energy is entirely kinetic 


1 
zmo = mg L (1 — cos 0) (1) 


The tension in the string will be 


mv? 
fos ae ODE OS) (2) 


where we have used (1) 
By problem 


T = 2mg (3) 


1 
From (2) and (3) we find cos 0 = 5 or 0 — 60? 
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3.3.3 Loop-the-Loop 


3.34 Ifthe bob of the pendulum has velocity u at B, the bottom of the vertical circle 
of radius r such that 


af 2OP = = ear (1) 


then the bob would leave some point P on the are DA (Fig. 3.20). Here 


J2er=Vv2x 9.8 x 1 = 4.427 m/s and y 5gr = v5 x 9.8 x 1 =7m/s 


Fig. 3.20 





Therefore (1) is satisfied for u = 6 m/s. 

Drop a perpendicular PE on the horizontal CD. Let PE = h and PO make an 
angle 0 with OD. When the bob leaves the point P, the normal reaction must 
vanish. 


mv? 


—— —mgsind = 0 (2) 
r 


Loss in kinetic energy = gain in potential energy 


l l 

2 u^ 5 mv? = mg(h +r) (3) 
h 

sind = — (4) 
r 


Eliminating v? between (2) and (3) and using (3), with u = 6m/s and 
r = 1.0m, 


1 2 
em [- 2r| — 0.558m 
31. 8 
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3.35 


3.36 


3.37 


3 Rotational Kinematics 


Let the height of the incline be A. Then the velocity of the block at the bottom 
of the vertical circle will be v = ./2gh. Minimum height is given by the 
condition that v = ./5gr which is barely needed for the completion of the 
loop. 


af LON = 4) Sor 


or h = -r = — x 12 = 30 cm 
2 2 


The analysis is similar to that of prob. (2.34). The velocity of the particle at 
the bottom of the circular groove will be given by 


v = y (28)(2r) = y 4gr (1) 
which satisfies the condition 
V/2gr <u < /5egr 


The particle leaves the circular groove at a height h above the centre of the 
circle, Fig. 3.20. 


1 fu? 
h = —|—-—2r (2) 
Le 
Butu? =4gr (1) 
2 
h = -r 
3 


5 
Thus, the particle leaves the circular groove at a height of h + r = zu above 


the lowest point. 


Let the velocity at B be v. 
Kinetic energy gained — potential energy lost 


] 2 
p — mg(5R — R) 
v? o 
m— =8m 
R 8 


which is the centrifugal force acting on the track horizontally. The weight acts 
vertically down. Hence the resultant force 


F = ,/ (8 mg)? + (mg)? = V65 mg 
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3.38 


3.39 


3.40 


Gain in kinetic energy = loss of potential energy 


l 2 
2m — mg(h — 2R) 


v^ = 2g (h — 2R) (1) 


The force exerted on the track at the top 


py mv? (2) 
— —— —m 
R 8 

By problem 
F —mg (3) 

mv? 

—— —mg —m 

R 8 8 

or v= 2gR (4) 


Using (4) in (1) we find h = 3R. 


Let the particle velocity at the lowest position be u — 0.89444/59 R and v at 
point P. 
Loss in kinetic energy — gain in potential energy 


Il 5 l 5 
—mu* — —-mv^ — mg(R - RsinO) 
2 2 
2 
or v= (0.8944 /SgR) — 2g R(1 -- sin) (1) 


The particle would leave at P (Fig. 3.7) when 


mv? " 
— — — mg sin 
R 8 
or v= gRsind (2) 


Using (2) in (1) and solving 
sind = 2/3 or 0 = 41.8° 


Let the minimum height be h. The velocity of the block at the beginning of 
the circular track will be 


v= /2gh (1) 
For completing the circular track 


ma (2) 
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From (1) and (2) 
j| eR 

3.41 Let the nail be located at D at distance x vertically below A, the point of 
suspension, Fig. 3.21. Initially the bob of the pendulum is positioned at B at 


height A above the equilibrium position C. 


1 
h = L(1 — cos 0) = L(1 — cos 60°) = 5b (1) 


Fig. 3.21 





where L = | mis the length of the pendulum. When the pendulum is released 
its velocity at C will be 


v = Izh = Jal Q) 


The velocity needed at C to make complete revolution in the vertical circle 
centred at the nail and radius r is 


V =4/ der (3) 
From (2) and (3) 

= z (4) 
n: 


L 
Therefore x = AD = AC — DC = L — 5 = 0.8 L 
= 0.8 x 1 m = 80cm 


3.42 If M and m are the mass of the test tube and cork, respectively, and their 
velocity V and v respectively, momentum conservation gives 
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3.43 


MV —mv (1) 
M 10 

or v= —V = —V = 10V (2) 
m 1 


Condition for describing a full vertical circle is that the minimum velocity of 
the test tube should be 


V =J5er = V5 x 980 x 5 = 156.5cm/s 


Therefore the minimum velocity of the cork which flies out ought to be 
v = 10 V = 1565 cm/s = 15.65 m/s 


Equating centripetal force to frictional force 


mv? 


2 = umg 
v? (14)? 4 


gr 98x45 9 


Chapter 4 


Rotational Dynamics 


Abstract Chapter 4 is concerned with the moment of inertia and rotational motion 
on horizontal and inclined planes and Coriolis acceleration. 


4.1 Basic Concepts and Formulae 


Moment of Inertia/Rotational Inertia (M.I.) or (I) 


Table 4.1 Moments of inertia (M.I.) of some regular bodies 


Body 
Thin rod of length L 


Thin rectangular sheet of sides 
a and b 


Thin hoop 


Thin circular disc 

Solid sphere of radius r 

Thin spherical shell 

Right cone of radius of base r 


Circular cylinder of length L 
and radius R 


Axis 
Perpendicular to length through centre 


Perpendicular to length at one end 
Through centre parallel to side 5 


Through centre perpendicular to sheet 

Through centre perpendicular to plane 
of ring 

Through centre along diameter 

Through centre perpendicular to disc 

About any diameter 

About any diameter 

Along axis of cone 


Through centre perpendicular to axis 


Table 4.2 Translational and rotational analogues 


MLL. 
mL? [12 
mL? /3 

ma? /12 


m(a? 4- b?)/12. 
mr? 


mr? /A 
mr? [2 
2mr? [5 
2mr? /3 
3mr?/10 


R? L? 
"(P 8) 


Quantity Translation Rotation 
Displacement S 0 

Velocity v — ds/dt w = d0/dt 
Acceleration a = dv/dt o — do/dt 
Mass/inertia m I 
Momentum p = mv J = lw 
Impulse J= Ft Jp 
Work W=Fs W =e 
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Quantity 


Kinetic energy 

Power 

Newton’s second law 
Equilibrium condition 
Kinematics 


Table 4.2 (continued) 


Translation 

K = jmv? 

P = Fv 

F = ma 

Y Fea zx) 
v—u-rat 

v? = u? + 2as 
SSW lar? 
= 5 (u d vt 
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Rotation 


K = 4510” 

P = t% 

t = lQ 

> Text = 0 

w = wo + &t 

a? — wo? 4- 200 
6 = Oot + jar? 
= (wo + @)t 


The Perpendicular Axes Theorem 


The sum of the moments of inertia of a plane lamina about any two perpendicular 
axes in its plane is equal to its moment of inertia about an axis perpendicular to its 
plane and passing through the point of intersection of the first two axes: 


Loa (4.1) 


The theorem is valid for plane lamina only. 


The Parallel Axes Theorem 


The M.I. of a body about any axis is equal to the sum of its M.I. about a parallel axis 
through the centre of mass and the product of its mass and the square of the distance 
between the two axes. 

Conservation of angular momentum (J) implies 


J =o, = hao (4.2) 
Motion of a body rolling down an incline of angle 6: 
sin 0 
poem (4.3) 
14-5 
r 
where Z = Mk? and k is known as the radius of gyration. 
Zs 
t=,/— (4.4) 
a 
i k? 
Ktotal = Ktrans + Krot = ge Ls 22 (4.5) 
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Table 4.3 &?/r? values for various bodies 
Hollow cylinder Hollow sphere Solid cylinder Solid sphere 
k? fr? 1 2/3 1/2 2/5 


The smaller the value of &? / r?, the greater will be the acceleration and smaller 
the travelling time. 


Coriolis Force 


The Coriolis force arises because of the motion of the particle in the rotating frame 
of reference (non-inertial frame) and is given by the term 271€ x vg. It vanishes if 
vr = Q. It is directed at right angles to the axis of rotation, similar to the centrifugal 
force. Note that the Coriolis force would reverse if the direction of œ is reversed. 
However, the direction of the centrifugal force remains unchanged. 


(1) Cyclonic motion is affected by the Coriolis force resulting from the earth’s 
rotation. The cyclonic motion is found to be mostly in the counterclockwise 
direction in the northern hemisphere and clockwise direction in the southern 
hemisphere. The radius of curvature r for mass of air moving north or south is 
approximately given by 


r = v/(2æ sin à) (4.6) 


where v is the wind velocity, œ is the earth’s angular velocity and à is the 
latitude. 

(ii) Free fall on the rotating earth: 
A body in its free fall through a height / in the northern hemisphere undergoes 
an eastward deviation through a distance 


l 8h? 
d = ~w cos à, | — (4.7) 
8 g 


(i1) Foucault's pendulum: 
Foucault's pendulum is a simple pendulum suspended by a long string from 
a high ceiling. The effect of Coriolis force on the motion of the pendulum is 
to produce a precession or rotation of the plane of oscillation with time. The 
plane of oscillation rotates clockwise in the northern hemisphere and counter- 
clockwise in the southern hemisphere. The period of rotation of the plane of 
oscillation T’ is given by 


T' — 2z [o sin À — 24/ sin A hours (4.8) 
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4.2 Problems 


4.2.1 Moment of Inertia 


4.1 


4.2 


4.3 


4.4 


4.5 


4.6 


4.7 


4.8 


Calculate the moment of inertia of a solid sphere about an axis through its 
centre. 


Two particles of masses m, and m2 are connected by a rigid massless rod of 
length r to constitute a dumbbell which is free to move in a plane. Show that 
the moment of inertia of the dumbbell about an axis perpendicular to the plane 
passing through the centre of mass is ur? where ju is the reduced mass. 


Show that the moment of inertia of a right circular cone of mass M, height h 
and radius ‘a’ about its axis is 3Ma7/10. 


Calculate the moment of inertia of a right circular cylinder of radius R and 
length h about a line at right angles to its axis and passing through the middle 
point. 


Show that the radius of gyration about an axis through the centre of a hollow 





2 Ka ep? 
cylinder of external radius ‘a’ and internal radius ‘b’ is 5 ( à 5) 
a — 
Calculate the moment of inertia of a thin rod (a) about an axis passing through 
its centre and perpendicular to its length (b) about an end perpendicular to the 
rod. 


Show that the moment of inertia of a rectangular plate of mass m and sides 2a 


eaae iode a 
an about the diagonal is 2 —;———- 

i 3 (a? + b?) 
Lengths of sides of a right angle triangular lamina are 3, 4 and 5cm, and the 
moment of inertia of the lamina about the sides 7j, /» and 7/5, respectively 
(Fig. 4.1). Show that /; > h > h. 


Fig. 4.1 3 


4.9 


A circular disc of radius R and thickness R/6 has moment of inertia J about 
the axis perpendicular to the plane and passing through its centre. The disc is 
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melted and recasted into a solid sphere. Show that the moment of inertia of the 
sphere about its diameter is 7/5. 


4.10 Calculate the moment of inertia of a hollow sphere of mass M and radius R 
about its diameter. 


4.11 Use the formula for moment of inertia of a uniform sphere about its diameter 
2 
(1 = jum) to deduce the moment of inertia of a thin hollow sphere about 


the axis passing through the centre. 


4.2.2 Rotational Motion 


4.12 A solid cylinder of mass m and radius R rolls down an inclined plane of height 
h without slipping. Find the speed of its centre of mass when the cylinder 
reaches the bottom. 


4.13 A star has initially a radius of 6 x 10? m and a period of rotation about its 
axis of 30 days. Eventually it evolves into a neutron star with a radius of only 
10^ m and a period of 0.1 s. Assuming that the mass has not changed, find the 
ratio of initial and final (a) angular momentum and (b) kinetic energy. 


4.14 A uniform solid ball rolls down a slope. If the ball has a diameter of 0.5 m and 
a mass of 0.1 kg, find the following: 


(a) The equation which describes the velocity of the ball at any time, given 
that it starts from rest. Clearly state any assumptions you make. 

(b) If the slope has an incline of 30? to the horizontal, what is the speed of 
the ball after it travels 3 m? 

(c) At this point, what is the angular momentum of the ball? 

(d) If the coefficient of friction between the ball and the slope is 0.26, what is 
the maximum angle of inclination the slope could have which still allows 
the ball to roll? 


[University of Durham 2000] 


4.15 (a) Show that the least coefficient of friction for an inclined plane of angle 0 in 


1 
order that a solid cylinder will roll down without slipping is 3 tan 0. (b) Show 
2 
that for a hoop the least coefficient of friction is 3 tan 0. 


4.16 A small mass m tied to a non-stretchable thread moves over a smooth horizon- 
tal plane. The other end of the thread is drawn through a hole with constant 
velocity, Fig. 4.2. Show that the tension in the thread is inversely proportional 
to the cube of the distance from the hole. 

[Osmania University] 
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Fig. 4.2 


4.17 


4.18 


4.19 


Fig. 4.3 


4.20 


= 


F 


An ice skater spins at 477 rad/s with her arms extended. 


(a) If her moment of inertia with arms folded is 80% of that with arms 
extended, what is her angular velocity when she folds her arms’? 
(b) Find the fractional change in kinetic energy. 


A sphere of radius R and mass M rolls down a horizontal plane. When it 
reaches the bottom of an incline of angle 0 it has velocity vo. Assuming that 
it rolls without slipping, how far up the incline would it travel? 


A body of mass m is attached to a light string wound around a pulley of mass 
M and radius R mounted on an axis supported by fixed frictionless bearings 
(Fig. 4.3). Find the linear acceleration ‘a’ of m and the tension T in the string. 





A light string is wound several times around a spool of mass M and radius R. 
The free end of the string is attached to a fixed point and the spool is held so 
that the part of the string not in contact with it is vertical (see Fig. 4.4). If the 
spool is let go, find the acceleration and the tension of the string. 
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Mg 


4.21 Two unequal masses m; and m5(m| — m») are suspended by a light string over 
a pulley of mass M and radius R as in Fig. 4.5. Assuming that slipping does 
not occur and the friction of the axle is negligible, (a) find the acceleration 
with which the masses move; (b) angular acceleration of the pulley; (c) ratio 
of tensions T| / T» in the process of motion. 


Fig. 4.5 





dl 


T, 
m. 
m» | 


4.22 Two wheels of moment of inertia 7; and h are set in rotation with angu- 
lar speed c, and «». When they are coupled face to face they rotate with a 
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4.23 


4.24 


4.25 


4.26 


4.27 


4.28 


4.29 


4.30 
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common angular speed œ due to frictional forces. Find (a) œ and (b) work 
done by the frictional forces. 


Consider a uniform, thin rod of length / and mass M. 


(a) The rod is held vertically with one end on the floor and is then allowed to 
fall. Use energy conservation to find the speed of the other end just before 
it hits the floor, assuming the end on the floor does not slip. 

(b) You have an additional point mass m that you have to attach to the rod. 
Where do you have to attach it, in order to make sure that the speed of the 
falling end is not altered if the experiment in (a) is repeated? 

[University of Durham 2005] 


A thin circular disc of mass M and radius R is rotated with a constant angular 
velocity c in the horizontal plane. Two particles each of mass m are gently 
attached at the opposite end of the diameter of the disc. What is the new 
angular velocity of the disc? 


If the velocity is v — 2i 3j + k and the position vector is r = id 2j — 3k, 
find the angular momentum for a particle of mass m. 


A ball of mass 0.2 kg and radius 0.5 m starting from rest rolls down a 30? 
inclined plane. (a) Find the time it would take to cover 7 m. (b) Calculate the 
torque acting at the end of 7 m. 


A string is wrapped around a cylinder of mass m and radius R. The string 
is pulled vertically upwards to prevent the centre of mass from falling as the 
cylinder unwinds the string. Find 


(a) the tension in the string. 
(b) the work done on the cylinder when it acquires angular velocity c. 
(c) the length of the string unwound in the time the angular speed reaches w. 


Two cords are wrapped around the cylinder, one near each end and the cord 
ends which are vertical are attached to hooks on the ceiling (Fig. 4.6). The 
cylinder which is held horizontally has length L, radius R and weight W. If 
the cylinder is released find 


(a) the tension in the cords. 
(b) acceleration of the cylinder. 
[Osmania University | 


A body of radius R and mass M is initially rolling on a level surface with 
speed u. It then rolls up an incline to a maximum height h. If h = 3u7/4g, 
figure out the geometrical shape of the body. 


A solid cylinder, a hollow cylinder, a solid sphere and a hollow sphere of the 
same mass and radius are placed on an incline and are released simultaneously 
from the same height. In which order would these bodies reach the bottom of 
the incline? 
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Fig. 4.6 


4.31 A tube of length L is filled with an incompressible liquid of mass M and 
closed at both the ends. The tube is then rotated in a horizontal plane about 
one of its ends with a uniform angular velocity c. Show that the force exerted 
by the liquid at the other end is F — jmo?L. 


4.32 A uniform bar of length 6a and mass 8m lies on a smooth horizontal table. 
Two point masses m and 2m moving in the same horizontal plane with speed 
2v and v, respectively, strike the bar and stick to the bar (Fig. 4.7). The bar is 
set in rotation. Show that 


(a) the centre of mass velocity ve = 0 
(b) the angular momentum J = 6mva 
(c) the angular velocity w = v/Sa 

(d) the rotational energy E = 3mv7/5 


Fig. 4.7 m 


f. 


«—. 3a ——» 
4— 28 —» 
gm CW.) 


a—> 
| 


2m 


4.33 A thin rod of negligible weight and of length 2d carries two point masses of m 
each separated by distance d, Fig. 4.8. If the rod 1s released from a horizontal 
position show that the speed of the lower mass when the rod is in the vertical 


- 24 gd 
position will be v = —— 


4.34 If the radius of the earth suddenly decreases to half its present value, the mass 
remaining constant, what would be the duration of day? 
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Fig. 4.8 


4.35 


4.36 


4.37 


4.38 


Fig. 4.9 
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A tall pole cracks and falls over. If 0 is the angle made by the pole with the 


vertical, show that the radial acceleration of the top of the pole is ag — 5 g(1— 


E o 
cos 0) and its tangential acceleration is ar = 5 g sin. 


The angular momentum of a particle of a point varies with time as J — at?i 4- 
bj, where a and b are constants. When the angle between the torque about 
the point and the angular momentum is 45°, show that the magnitude of the 
torque and angular momentum will be 24/ab and 4/2b, respectively. 


A uniform disc of radius R is spun about the vertical axis and placed on a 
horizontal surface. If the initial angular speed is c and the coefficient of fric- 
tion u show that the time before which the disc comes to rest is given by 
t — 3oR/Aug. 


A small homogeneous solid sphere of mass m and radius r rolls without slip- 
ping along the loop-the-loop track, Fig. 4.9. If the radius of the circular part 
of the track is R and the sphere starts from rest at a height h = 6R above the 
bottom, find the horizontal component of the force acting on the track at Q at 
a height R from the bottom. 
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4.39 A particle is projected horizontally along the interior of a smooth hemispher- 


Fig. 4.10 


ical bowl of radius r. If the initial angular position of the particle is 00, find 
the initial velocity required by the particle just to reach the top of the bowl 
(Fig. 4.10). 





4.40 A spool of mass m, with a thread wound on it, is placed on an incline of 30° to 


the horizontal. The free end of the thread is attached to a nail, Fig. 4.11. Find 
the acceleration of the spool. 


Fig. 4.11 


4.41 


4.42 


4.43 


Ə 


A flywheel with initial angular velocity wọ undergoes deceleration due to fric- 
tional forces, with the torque on the axle being proportional to the square 
root of its angular velocity. Calculate the mean angular velocity of the wheel 
averaged over the total deceleration time. 


A conical pendulum consisting of a thin uniform rod of length L and mass m 
with the upper end of the rod freely hanging rotates about a vertical axis with 
angular velocity c. Find the angle which the rod makes with the vertical. 


A billiard ball is initially struck such that it slides across the snooker table 
with a linear velocity Vo. The coefficient of friction between the ball and table 
is u. At the instant the ball begins to roll without sliding calculate 


(a) its linear velocity 
(b) the time elapsed after being struck 
(c) the distance travelled by the ball 


State clearly what assumptions you have made about the forces acting on the 
ball throughout. 
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4.44 


4.45 


4.46 


4.47 
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Consider a point mass m with momentum p rotating at a distance r about an 
axis. Starting from the definition of the angular momentum L = r x p of this 
point mass, show that 


dL 
—— = T; 
dt 


where T is the torque. 

A uniform rod of length l and mass M rests on a frictionless horizontal surface. 
The rod pivots about a fixed frictionless axis at one end. The rod is initially 
at rest. A bullet of mass m travelling parallel to the horizontal surface and 
perpendicular to the rod with speed v strikes the rod at its centre and becomes 
embedded in it. Using the result above, show that the angular momentum of 
the rod after the collision is given by 


1 
IL| = -lv 
2 


Is L = (I/2)mv also correct? 

What is the final angular speed of the rod? 

Assuming M = 5m, what is the ratio of the kinetic energy of the system after 

the collision to the kinetic energy of the bullet before the collision? 
[University of Durham 2008] 


A uniform sphere of radius r initially at rest rolls without slipping down from 
the top of a sphere of radius R. Find the angular velocity of the ball at the 
instant it breaks off the sphere and show that the angle 0 — cos^! (10/17) 
with the vertical. 


A uniform rod of mass m and length 2a is placed vertically with one end in 
contact with a smooth horizontal floor. When it is given a small displacement, 
it falls. Show that when the rod is about to strike, the reaction is equal to mg/4. 
[courtesy from R.W. Norris and W. Seymour, Mechanics via Calculus, 
Longmans & Co.] 


The double pulley shown in Fig. 4.12 consists of two wheels which are fixed 
together and turn at the same rate on a frictionless axle. A rope connected 
to mass mj is wound round the circumference of the larger wheel and a 
second rope connected to mass m» is wound round the circumference of the 
smaller wheel. Both ropes are of negligible mass. The moment of inertia, Z, 
of the double pulley is 38 kg m?. The radii of the wheels are R} = 1.2m and 
R5 = 0.5m. 


(a) If m, — 25 kg, what should the value of m» be so that there is no angular 
acceleration of the double pulley? 
(b) The mass m is now increased to 35 kg and the system released from rest. 
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Fig. 4.12 


4.48 


4.49 


4.50 


4.51 


4.52 


4.53 


4.54 


(i) For each mass, write down the relationship between its linear acceleration 
and the angular acceleration of the pulley. Which mass has the greater 
linear acceleration? 

(ii) Determine the angular acceleration of the double pulley and the tensions 
in both ropes. 


[University of Manchester 2008] 





Two particles, each of mass m and speed v, travel in opposite directions along 
parallel lines separated by a distance d. Show that the vector angular momen- 
tum of this system of particles 1s independent of origin. 


A small sphere of mass m and radius r rolls without slipping on the inside of 
a large hemisphere of radius R, the axis of symmetry being vertical. It starts 
from rest. When it arrives at the bottom show that 


(a) the fraction K (rot)/K (total) = 2/7 
(b) the normal force exerted by the small sphere is given by N = 17mg/7 


A solid sphere, a hollow sphere, a solid disc and a hoop with the same mass 
and radius are spinning freely about a diameter with the same angular speed 
on a table. For which object maximum work will have to be done to stop it? 


In prob. (4.50) the four objects have the same angular momentum. For which 
object maximum work will have to be done to stop it? 


In prob. (4.50) the four objects have the same angular speed and same angular 
momentum. Compare the work to be done to stop them. 


A solid sphere, a hollow sphere, a solid cylinder and a hollow cylinder roll 
down an incline. For which object the torque will be least? 


A particle moves with the position vector given by r — 3ti + 2j. Show that 
the angular momentum about the origin is constant. 
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4.55 A metre stick of length / and mass M is placed on a frictionless horizontal 


table. A hockey ball of mass m sliding along the table perpendicular to the 
stick with speed v strikes the stick elastically at distance d from the centre of 
the metre stick. Find d if the ball is to be brought to rest immediately after the 
collision (Fig. 4.13). 





Fig. 4.13 
M 
ST — C 
d 
m V 
4.56 A uniform solid cylinder of mass m and radius R is set in rotation about its 


4.57 


axis and lowered with the lateral surface on to the horizontal plane with initial 
centre of mass velocity vo. If the coefficient of friction between the cylinder 
and the plane is u, find 


(a) how long the cylinder will move with sliding friction. 
(b) the total work done by the sliding friction force on the cylinder. 


Two identical cylinders, each of mass m, on which light threads are wound 
symmetrically are arranged as in Fig. 4.14. Find the tension of each thread in 
the process of motion. Neglect the friction in the axle of the upper cylinder. 


Fig. 4.14 


4.58 


A uniform circular disc of radius r and mass m is spinning with uniform 
angular velocity w in its own plane about its centre. Suddenly a point on its 
circumference is fixed. Find the new angular speed w’ and the impulse of the 
blow at the fixed point. 
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4.59 A uniform thin rod of mass m and length L is rotating on a smooth horizontal 
surface with one end fixed. Initially it has an angular velocity €2 and the motion 
slows down only because of air resistance which is k dx times the square of 
the velocity on each element of the rod of length dx. Find the angular velocity 
c) after time f. 


4.60 A sphere of radius a oscillates at the bottom of a hollow cylinder of radius 5 
in a plane at right angles to the axis which is horizontal. If the cylinder is fixed 
and the sphere does not slide, find T, the time period of oscillations in terms 
ofa, b and g, the acceleration due to gravity. 


4.61 (a) Show that the moment of inertia of a disc of radius R and mass M about 
an axis through the centre perpendicular to its plane is 
1 
I = -MR* 
2 
(b) A disc rolls without slipping along a horizontal surface with velocity u. 
The disc then encounters a smooth drop of height h, after which it con- 


tinues to move with velocity v. At all times the disc remains in a vertical 
plane (Fig. 4.15). 


4gh 


Show that v = ,/u2 + ] 


[University of Manchester 2008] 


Fig. 4.15 





4.62 A circular ring of mass m and radius r lies on a smooth horizontal surface. An 
insect of mass m sits on it and crawls round the ring with a uniform speed v 
relative to the ring. Obtain an expression for the angular velocity of the ring. 

[With courtesy from R.W. Norris and W. Seymour, Longmans, 
Green and Co., 1923] 


4.2.3 Coriolis Acceleration 


4.63 (a) Given that earth rotates once every 23 h 56 min around the axis from the 
North to South Pole, calculate the angular velocity, w, of the earth. When 
viewed from above the North Pole, the earth rotates counterclockwise 
(west to east). Which way does w point? 
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4.64 


4.65 


4.66 


4.67 


4.68 


4.69 


4.70 


4.71 


4.72 


4.73 
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(b) Foucault's pendulum is a simple pendulum suspended by a long string 
from a high ceiling. The effect of Coriolis force on the motion of the 
pendulum is to produce a precession or rotation of the plane of oscillation 
with time. Find the time for one rotation for the plane of oscillation of the 
Foucault pendulum at 30? latitude. 


An object is dropped at the equator from a height of 400 m. How far does it 
hit the earth’s surface from a point vertically below? 


An object at the equator is projected upwards with a speed of 20 m/s. How far 
from its initial position will it land? 


With what speed must an object be thrown vertically upwards from the surface 
of the earth on the equator so that it returns to the earth 1 m away from its 
original position? 


A body is dropped from a height at latitude A in the northern hemisphere. 


Í EU 
Show that it strikes the ground a distance d = 3° cos A,/ —— to the west, 
$ 


where o is the earth's angular velocity. 


An iceberg of mass 5 x 10? tons near the North Pole moves west at the rate 
of 8 km/day. Neglecting the curvature of the earth, find the magnitude and 
direction of the Coriolis force. 


A tidal current is running due north in the northern latitude X with velocity 
v in a channel of width b. Prove that the level of water on the east coast is 
raised above that on the western coast by (2bvæ sin A)g where o is the earth's 
angular velocity. 


If an object is dropped on the earth’s surface, prove that its path is a semicu- 
bical parabola, y? — z?. 


A train of mass 1000 tons moves in the latitude 60° north. Find the magnitude 
and direction of the lateral force that the train exerts on the rails if it moves 
with a velocity of 15 m/s. 


A train of mass m is travelling with a uniform velocity v along a parallel 
latitude. Show that the difference between the lateral force on the rails when 
it travels towards east and when it travels towards west 1s 4mvo cos ^, where 
À 1s latitude and o is the angular velocity of the earth. 


A body is thrown vertically upwards with a velocity of 100 m/s at a 60° lati- 
tude. Calculate the displacement from the vertical in 10 s. 
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4.3 Solutions 
4.3.1 Moment of Inertia 


4.1 Imagine the sphere of mass M and radius R to be made of a series of circu- 
lar discs, a typical one being of thickness dx at distance x from the centre, 
Fig. 4.16. The area of the disc is z (R^ — x?), and if the density of the sphere is 
p, the mass of the disc is p zx (R? — x?) dx. The elementary moment of inertia 


of the disc about the axis OX is 5 (mass)(radius)? 


l 
d/ = 5 TP (R? — x^)dx(R? — x?) 


Hence the moment of inertia of the sphere is 


R 
8 2 
[= Ja z | MP (R? — x?)?ax = Z£ R5 = EMR? 
2 15 5 
0 
3M 


as ——— 
4r R? 


Fig. 4.16 p" 





4.2 Let the mass m, and m» be at distance r, and rz, respectively, from the centre 
of mass. Then 
mr mir 


ri = ———; r = 
mı + m2 mitma 


Moment of inertia of the masses about the centre of mass is given by 


2 2 
I = miri + mr; 


» ( mor ) zs ( mir ) mmo E up 
mı + m2 mı + m2 mı + m2 


mn 
where jJ — ———— — 
m; m» 
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4.3 Consider the cone to be made up of a series of discs, a typical one of radius r 
and of thickness dz at distance z from the apex. Volume of the disc is dV — 
mrdz. Its mass will be dm = pdV = mpr?dz, where p is the mass density 
of the cone. The moment of inertia d/ of the disc about the z-axis is given by 
(Fig. 4.17) 


1 
dI = —r*dm = —pr‘d 
2 m 5 Pr Z 
r 4, 
But - = 5 (from the geometry of the figure) 
a 
az 
or r= — 
h 








4 
JU a 
dh o ztd 
3m ~ 
h 
i= far=4 ME TE 4h 
~ “a m] Tp 
0 
But au 
u 
k zrah 
3 Ma? 
f= 
10 
Fig. 4.17 





4.4 Consider a slice of the cylinder of thickness dz at distance z from the centre of 
mass of cylinder O. The moment of inertia about an axis passing through the 
centre of the slice and perpendicular to z-axis will be 


1 2 
dI = — dm R 
4 
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Fig. 4.18 





Then the moment of inertia about an axis parallel to the slice and passing 
through the centre of mass is given by the parallel axis theorem, Fig. 4.18. 


l 2 2 
d/c = JIR + dm z 
R2 
= Rp (> +2) dz 


where dm = r R? pdz is the mass of the slice and p is the density. 


—h/2 
s [R A 
=n R?p| —h+ — 
7 o|" z 
But a 
u —— M 
P= x RR 
M 
Ic = = (3k? +17) 
C 12 + 


4.5 The moment of inertia of the larger solid sphere of mass M 
I, = = Ma? (1) 


The moment of inertia of the smaller solid sphere of mass m, which is removed 
to hollow the sphere, is 


2 
h = mb? 


5 (2) 
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As the axis about which the moment of inertia is calculated is common to both 
the spheres, the moment of inertia of the hollow sphere will be 


2 2 2 2 
ee dU — mb*) = (M — m)k (3) 
where (M — m) is the mass of the hollow sphere and k is the radius of gyration. 
T 3 a 2 
Now A Qungm cc wep (4) 


Using (4) in (3) and simplifying we get 


E 2 (à? — P?) 
WV 5 (a3 — b3) 


4.6 (a) Let AB represent a thin rod of length L and mass M, Fig. 4.19. Choose the 
x-axis along length of the rod and y-axis perpendicular to it and passing 
through its centre of mass O. Consider a differential element of length dx 
at a distance x from O. The mass associated with it is M (dx/L). The 
contribution to moment of inertia about the y-axis by this element of length 
will be M (dx/L) x?. The moment of inertia of the rod about y-axis passing 
through the centre of mass is 


+L /2 
I Ja | ue 2 _ ML’ 
= = — yl = ———— 
T E L 12 
1/2 


(b) Moment of inertia about y-axis passing through the end of the rod (A or B) 
is given by the parallel axis theorem: 


LN M? 
Ia = Ig = lc +M 2? EE 





Fig. 4.19 
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4.7 The moment of inertia of the plate about x-axis is Iy = (1/3) M b? and about 
y-axis is J, = (1/3) M a^. It can be shown that the moment of inertia about the 
line BD is 


1 l 
Igp = 3 Mb? cos? 0 + 3 Ma? sin? 0 (1) 


where 0 is the angle made by BD with the x-axis. From Fig. 4.20, cos0. — 
and sin 0 = 


a 
a? 4- p? Jaz + b2 


I oI M b?a? "n. M a*b* _2 a b” 
775 3 (a2 +b?) 3 (a2+b?) 3 (a2 +?) 


Fig. 4.20 





4.8 The moment of inertia about any side of a triangle is given by the product of 
the one-sixth mass m of the triangle and the square of the distance (p) from the 
opposite vertex, i.e. Z = mp?/6. The perpendicular BD on AC is found to be 
equal to 12/5 from the geometry of Fig. 4.21. 


Fig. 4.21 
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m , m», 8m 
I, = — (AB)* = —4 = — 
6 6 3 
m m 3m 
h = — BC) = —?? = — 
a> (BC) 6 5 
m > m(12\* 24m 
Ih, = — (BD) =—[{—) = — 
6 \5 25 
Ady > Ip > h 
If the radius of the sphere is r then the volume of the sphere must be equal to 


that of the disc: 


A 
-Tr — y RĈ 
3 


The moment of inertia of the disc J = Jp = (1/2) m R? 
The moment of inertia of the sphere 


1 
x m R? = -Ip 
5 


l 
2 


4.10 Consider a strip of radius r on the surface of the sphere symmetrical about the 


Fig. 4.22 


z-axis and width Rd0, where R is the radius of the hollow sphere, Fig. 4.22. 





Area of the strip is 2zr - RdO — 2z R? sin0 d0. If o is the surface mass den- 
sity (mass per unit area) then the mass of the strip is dm — 27r R?o sin0 d 0. 
Moment of inertia of the elementary strip about the z-axis 


dl — dm r? — 2z R*o sin 0d0 


Moment of inertia contributed by the entire surface will be 
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4.11 


JU 
I = [di 22x R^o f si 0 do 
0 


4.4 
— 2m R'o- 
3 
Buto — —— 
An R? 

2 
I = -MR* 

3 


By prob. (4.5), the radius of gyration of a hollow sphere of external radius a 
and internal radius b is 


| [2 (à? — 5?) 
k= s GB (1) 


The derivation of (1) 1s based on the assumed value of moment of inertia for 

a solid sphere about its diameter (1 = smr). Squaring (1) and multiplying 

by M, the mass of the hollow cylinder is 

root d c) Q) 
5 (a? —p3) 

Leta = b + A (3) 


where A is a small quantity. Then (2) becomes 


[b -- AP? -— b] 
[b -- AP — P? 


[b> +5b°A +--+» — P] 


J 
I==M UU 
5 [b3 + 3b3A +--+ — 3] 


2 
= -M 
5 
where we have neglected higher order terms in A. Thus 


2 VA 2 a e us 
—^-M = - Mb? — -MR 
5 3bD^ 3 3 





where b — a — R is the radius of the hollow sphere. 


4.3.2 Rotational Motion 


4.12 


Potential energy at height h is mgh and kinetic energy is zero. At the bottom 
the potential energy is assumed to be zero. The kinetic energy (K ) consists of 


1 1 
translational energy ( 5m 2 + rotational energy (5 I o?) 
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1 2 3 


1 1 1 1 
K = -mv + - l@ = -mv + - x =m Ros = > mv” 


2 2 2 2 2 R? 


Gain in kinetic energy = loss of potential energy 


3 2 
= — meh 
1 Mv mg 
h 
or v4) —— 
3 
4.13 (a) Initial angular momentum 
2 7 20 
Li = hoi = -MRi => 
5 Ti 
. 2. 9 20 
Final angular momentum L2 = hæ = ; ME) T 
2 
Ly RT (6x 108\" 0.1 ae 
L; R2T| VN 104 30 x 86,400) `` 
(b) Initial kinetic energy (rotational) 
D. 2 1 € 32531* 
Ki— ho —-x-zMR5|— 
P I 2 2 Ti 
1 1 2 2n V 
Final kineti Kom R5 25-«—-MR.|-— 
inal kinetic energy K2 5 205 5 x z 5 (=) 
2 g 2 
K Ri T 6x10 0.1 
Kə R5 Ti 104 30 x 86,400 
4.14 (a) Let M be the mass of the sphere, R its radius, 0 the angle of incline. 


Let F and N be the friction and normal reaction at A, the point of con- 
tact, Fig. 4.23. Denoting the acceleration dx*/dt? by ¥, the equations of 
motion are 


Mx = Mg sinO — F (1) 
Mg cos — N —0 (2) 
Torque [a = FR (3) 
2 7a 
or —-MR^— = FR 
5 R 


2 
or F= Mi (4) 
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Fig. 4.23 


(b) 
(c) 


(d) 


4.15 (a) 





Using (4) in (1) 
e 
du cd ND (5) 


Thus the centre of the sphere moves with a constant acceleration. The 
assumption made in the derivation is that we have pure rolling without 
sliding 


| 5 
VSN 2AN SAK 7 x 9.8 x sin 30° x 3 — 4.58 m/s 


2 7 U 2 
L=TlIw=-—-MR*—=—MuvR 
5 R 5 


2 
= x 0.1 x 4.58 x 0.25 = 0.0458 kg m?/T 


Using (5) in (1) 
2 . 

= 7 Me sin@ (4.9) 
F 2 
— = — tané (4.10) 
N 7 


For no slipping F/N must be less than u, the coefficient of friction 
between the surfaces in contact. Therefore, the condition for pure rolling 
is that 42 must exceed (2/7) tan 0. 


2 
ipm 7 tan 0 (4.11) 
Zu ^ 
tan@ = T - 5x06 — 0.91 (4.12) 
or 0—42.3* (4.13) 


Equation of motion of the cylinder for sliding down the incline is 


mas = mg sin 0 — umg cos 0 (1) 


or a= g(sin — u cos 0) (2) 
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When the cylinder rolls down without slipping, the linear acceleration is 
given by 


T mg cosO R 
mcus e 


ra (1/2m RÀ = 2u g cos0 (3) 


The least coefficient of friction when the cylinder would roll down with- 
out slipping is obtained by setting 


aR — ds 
2ug cos = g (sin — u cos 0) 


o u= ane 


(b) For the loop (2) is the same for sliding. But for rolling 


Rt B piems cos 0 R) 


üg — Ios "E = u g cosé 

Setting ag — ds 

Ig cos 0 — g(sind — wcosé) (4.14) 
u = umo (4.15) 


2 


4.16 Since the thread is being drawn at constant velocity vo, angular momentum of 
the mass may be assumed to be constant. Further the particle velocities v and 
r are perpendicular. The angular momentum 


J = mur = constant 


l 
Do — 
r 


Now the tension T arises from the centripetal force 


1 
To—- or a~ 
r^r r? 


4.17 (a) Conservation of angular momentum gives 
Kho, = ha (4.16) 


I1)(4 e y 4.17 
(i) Gm) = Toe hie (4.17) 
(5 — 57m (4.18) 
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(b) AK K-K, K 


Ky Kı Ky 
1/2) ba 5x M? 1 
= OA 1 = 08) (=) d 
(1/2) IX m 4 


4.18 At the bottom of the incline translational energy is (1/2) M Us while the rota- 


4.19 


tional energy is 


l 1. 2 v 1 
-Io? 2 2x MR = -Mv 
2 2 J R? 5 

TP haud ag. ETE 
Total initial kinetic energy — 21 Up + 5M Un E o Uo 


Let the sphere reach a distance s up the incline or a height h above the bottom 
of the incline. Taking potential energy at the bottom of the incline as zero, the 
potential energy at the highest point reached is Mgh. Since the entire kinetic 
energy is converted into potential energy, conservation of energy gives 


7 


But h = s sin 0, so that 





T u 
gem 
10 g sino 


Equation of motion is 
Ma-mg-—T (1) 


The resultant torque t on the wheel is TR and the moment of inertia is 
(1/2) MR?. 


Now t= Íg 


1 7a 
TR-— -MR*— 
2 R 
1 
o T = -Ma (2) 
2 
Solving (1) and (2) 
2mg Mmg 


a — ——— T am 
M 4- 2m M 4- 2m 
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4.20 Equation of motion is 


] 7a 
Torque t = TR = Iæ = -M R^ — (2) 
2 R 
] 
Doo (3) 
: 2 Meg 
Solving (1) and (3) a = 38 T= icy 


4.21 (a) Obviously m; moves down and m» up with the same acceleration ‘a’ if 
the string is taut. Let the tension in the string be T; and 7» (Fig. 4.5). The 
equations of motion are 


mi&= mig = Ti (1) 
ma = T — mg (2) 


Taking moments about the axis of rotation O 


M R? 





TIR — DR = Ia = aL (3) 


where o is the angular acceleration of the pulley and J is the moment of 
inertia of the pulley about the axis through O. 


a 
But a=— 
R 
Ma 
ia (4) 
2 
Adding (1) and (2) 
(mi + mia = T» — Ti -- (mj — m»)g (5) 


Using (4) in (5) and solving for ‘a’, we find 


n (mj — m5)g (6) 
mı +m 4- (1/2) M 


a (mj — m25)g 
(b) eg = = = S_ 
R (mı +m 4- (1/2 M) R 
(c) Using (5) in (1) and (2), the values of Tj and T» can be obtained from 
which the ratio T1 / T» can be found. 
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Ti NH m,(4m2 + M) 
T^ m:(4mı + M) 


4.22 (a) Conservation of angular momentum gives 
hoi + ka = læ = (h + h) 


The two moments of inertia /, and /» are additive because of common 
axis of rotation. 


— hai + her 
h+h 


(b) Work done = loss of energy 


w-lg + In) : A 24.1, 5 
== w^ — | -i — [20 
5 v 2 gal 9 42 


(athe) 1, 5 1l, 5 
(I1 4- by? 2 

1 Ii Io(o1 — @2)* 

2 (h+b) 


1 
mcg 
5 i + 2) 


4.23 (a) Measure the potential energy from the bottom of the rod in the upright 
position, the height through which it falls is the distance of the centre of 
mass from the ground, i.e. (1/2) L (Fig. 4.24). When it falls on the ground 
the potential energy is converted into kinetic energy (rotational). 


1 l 1 
mg-L = -lo = = x =mL*o* = =mv* 
2 2 2 3 6 
where / 1s the moment of inertia of the rod about one end and v — oL 1s 
the linear velocity of the top end of the pole, v = /3gL. 
(b) The additional mass has to be attached at the bottom of the rod. 


Fig. 4.24 


4.24 If J; and h are the initial and final moments of inertia, œ and c» the initial 
and final angular velocity, respectively, the conservation of angular momen- 
tum gives 
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4.26 
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L= hoi = hw 
MR?^o, — (MR? -- 2m R?)o» 
wı M 


(0) — ———— 
M 4- 2" 


L-—rxp-m(ír x v) 





i j k 4 n 
—m|12 —3| -(-Ti —7j — Tk)m — —TIm(i -- j +k) 
2-3 1 
in 0 9.8 sin 30° 
(a) a= oa e 3.5 m/s? 
1 + (k?/r?) 1+ (2/5) 
P^ I 
t =,|— = = 26 
a 3.5 
2 2 2 
(b) t = Iæ = mR? = ŹmRa = x 02x 0.5 x 3.5 2 0.14 kg m? /s?. 
5 R 5 5 
(a) The equation of motion is 
ma — mg —T (1) 
] 74 
T=TR=l1a= -mR — 
2 R 
T (2) 
= -m 
5 a 
. 28 
Solving (1) and (2), a = a (3) 


(b) Work done = increase in the kinetic energy 


1 1/1 1 
W = -Io = -| -mR? | o? — 2 mR?o*? (4) 
2 22, 4 
(o) W = / tdO —r0 — mg RO (5) 


(where 0 is the angular displacement) is an alternative expression for the work 
done. Equating (4) and (5) and simplifying 


] R 
Hn (6) 
4 g 
1 2 R2 
Length of the string unwound = 0 R = 1 ° 
g 





(7) 
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4.28 


4.29 


4.30 


As there are two strings, the equation of motion is 
ma = mg — 2T (1) 
The net torque 


t—T1|d- 0t) — 2TR — Ia 


1 7a 1 
= —mR~— = —maR 
2 R 2 
ma 
I] erc 2 
1 (2) 
Solving (1) and (2) 
(ayT=—= (b) 
a — — —— a= = 
6 3° 


The total kinetic energy (translational + rotational) at the bottom of the 
incline is 


t a bee. 4d a boau I afa k 


where k is the radius of gyration. 
At the maximum height the kinetic energy is transformed into potential 
energy. 


urs E h due 
-mu —; | = mgn = mg — 
2 R? i 5 4g 


Solving we get k — R/4/2. Therefore the body can be either a disc or a solid 
cylinder. 


Time taken for a body to roll down an incline of angle 0 over a distance s is 
given by 


| 2s 
t = — 
a 


g sin 
where a = 


— 9?  —-. The quantity k?/ R? for various bodies is as follows: 
1 + (k?/R?) pue 


1 
Solid cylinder 5 hollow cylinder 1 


2 2 
Solid sphere z hollow spaa 


166 4 Rotational Dynamics 


These bodies reach the bottom of the incline in the ascending order of accel- 
eration ‘a’ or equivalently ascending order of k*/R*. Therefore the order in 
which the bodies reach is solid sphere, solid cylinder, hollow sphere and hol- 
low cylinder. The physical reason is that the larger the value of k the greater 
will be 7, and larger fraction of kinetic energy will go into rotational motion. 
Consequently less energy will be available for the translational motion and 
greater will be the travelling time. 


4.31 Consider an element of length dx at distance x from the axis of rotation 
(Fig. 4.25). The corresponding mass will be 


dm = pAdx 


where p is the liquid density and A is the area of cross-section of the tube. 
The centrifugal force arising from the rotation of dm will be 


dF = (dm)o x = w pAxdx 


The total force exerted at A, the other end of the tube, will be 


L 
1 M 
F = | dF =o"pA dx = 2o? pAL?^; p = — 
J SpA | sas mu E LA 


| 2 
F — -Mo/L 
2 


Fig. 4.25 


4.32 (a) Total initial momentum 
= (2m)v — m(2v) = 0 
Therefore the centre of mass system is the laboratory system and v, — 0 


(b) J = 2m)(v)(a) + (m)(2v)(2a) = 6bmva 
(c) J = Io (conservation of angular momentum) 


1 
6mva = | gsm + 2ma? + m(2ay c — 30ma^o 
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4.33 


4.34 


4.35 


The first term in square brackets is the M.I. of the bar, the second and the 
third terms are for the M.I. of the particles which stick to the bar. 


U 
Thus o — — 
5a 


l > 1 ,/(/vVM 3 , 
(d) E = -Iw = -30 ma (=) = -mv 
2 2 5a 


Let the potential energy be zero when the rod is in the horizontal position. In 
the vertical position the loss in potential energy of the system will be mg(d 4- 
2d) — 3mgd. The gain in rotational kinetic energy will be 


1 1 1 5 
51o? =5(h+ Ho = 5 | ma? + m(2d)°| oes sind 


Gain in kinetic energy = loss of potential energy 


5 
ymd o? = 3mgd 


6g 
5a 


The linear velocity of the lower mass in the vertical position will be 


24 
v = (w)(2d) = 5 84 


Conservation of J gives 


I101 — Do» 


2. 2m 2 (RW2mx 
TMR ==M(—) — 
5 T 5 


The moment of inertia of the pole of length L and mass M about O is 
(Fig. 4.26) 


ML? 
I= - (1) 


The torque t = Ia = Mex (2) 
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Fig. 4.26 — ——9 











XE 


where x is the projection of the centre of mass on the ground from the point 
O and o is the angular acceleration. 


L 
Now x — 2 sin (3) 
Using (1) and (3) in (2) 
3 
ee no (4) 
2L 
do . do d0 do 3g . 
a= — = —— =o— = — sind 
dt dé dt dO 2L 
Integrating 
Sg f. 
Qo do — —— | sin d0 + C 
2d 
where C = constant. 
2 
3 
a (5) 
When 0 = 0, w=0 
3g 
C= -=> 6 
2 (6) 


3 
Using (6) in (5). o? — 2S-(1— cos 6) 
2E 
3 
Radial acceleration dp = w L= 5 g(1 — cos 0) 


3 
Tangential acceleration of the top of the pole ar = «a L = 5 g sin 
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4.36 


4.37 


J -at^i 4 bj (1) 
d a 
T= an = 2ati (2) 
dt 


Take the scalar product of J and T. 
J -t = 20°? = (var + b?) (ar) cos 45° 


Simplify and solve for t. We get 


RN id (3) 
a 


Using (3) in (2), |t| = 2Vab 
Using (3) in (1), |J| = V2b 


Consider a ring of radii r and r + dr, concentric with the disc (r < R). If the 
surface density is o, the mass of the ring is dm — 2ztrdro. The moment of 
inertia of the ring about the central axis will be 


dI = (zr dro)r? 2 2zor?dr (1) 
and the corresponding torque will be 
dt =adI = 2zoar? dr (2) 


The frictional force on the ring is udm g — u(2zr dro)g and the correspond- 
ing torque will be 


dr =pCrrdrc)er = 2x0 ugr^dr (3) 


Calculating the torques from (2) and (3) for the whole disc and equating them 


R R 
IEEE = [ ossa 
0 0 


Aug 
—.— 4 
Hrs (4) 
but O=a-at 
o — 3oR 


o  4ug 
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4.38 


4.39 


4.40 


4.41 
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The horizontal component of force at Q is mv*/R. The drop in height in com- 
ing down to Q is 


(6R — R) =5R 


Gain in kinetic energy = loss in potential energy 


Em? mon 


mv? _ 50 


== m 
Hu 


Let the velocity on the top be v. Energy conservation gives 


l 2 l a 
-mv — mgr cos ĝo + 20 


5 (1) 


where r cos 0o is the height to which the particle is raised. Angular momentum 
conservation gives 


mur = mvor Sin Oo (2) 


Eliminating v between (1) and (2) and simplifying 


_ | 2gr 


COS 0p 


Equation of motion is 


ma = mg sin — T (1) 
1 7a 
Torque t = TR = Ja = =mkR*— 
2 R 
] 
T=- 2 
zma (2) 
Using (2) in (1) 
eye neue 
a = -g sin = -g sin = — 
2" ae 3 
f edt 


(1) 





where C 1s a constant. 
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æ = Ci /o 


where C, — constant 





d 
a= £ = Ci o 
do 
dt = 2 
Te (2) 
Using (2) in (1) 
ee 3 
0 Jo 


4.42 OC — L is the length of the rod with the centre of mass G at the midpoint, 
Fig. 4.27. As the rod rotates with angular velocity w it makes an angle 6 with 
the vertical OA through O. Drop a perpendicular GD = r on the vertical OA 
and a perpendicular GB on OC. 


r — — sinO 
2 


The acceleration of the rod at G at any instant is œr = œ? (L/2) sin 6, hori- 
zontally and in the plane containing the rod and OA. The component at right 
angles to OG is w* (L/2) sin @ cos @ and the angular acceleration a about O in 
the vertical plane containing the rod and OA will be w* sin@ cos 6 


L 2 
Torque m g r — mg sind = la = mo sin 0 cos 0 


mL 2L 4 
7 8 — 0 cos0 | — 0 


3 
6 =Oor cos”! 5 
202 L 





3 
If 3g — 2o? L, ie.o? « the only possible solution is 6 = 0, i.e. the rod 


1 98 
202 L 





3 
hangs vertically. If w” > then 0 = cos” 


172 


Fig. 4.27 
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O 





4.43 (a) For pure sliding equation of motion is 


(b) 


(c) 


ma = —umg 
or a=-—pg 
v= v0 — Mal 


(1) 
(2) 


At the instant pure rolling sets in 


Torque Ja = FR 


2 2 
P œ = umg R 


5 ug 

a= -— 

AR 
5 ugt 
w = qat = -—— 
2 R 

Using (5) in (2) 


2 
db um m m 


3 
vV = —U 
7v0 
v = vo — ugt 


| 00 —U vo — (3/7) vo 


tf = ——- = 
HS MS 


v? — US + 2as 


(3) 


(4) 
(5) 


2v0 


Tug 
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= Us — 2ugs 
5 2 
(2v) = US — 2ugs 
7 
12 và 
penc 
49 ug 


The assumption made is that we have either pure sliding or pure rolling. 
Actually in the transition both may be present. 


4.44 L—rxp 
Differentiating 
dL dp dr 
— = == ——rxF xv=Tt+0=T 
dt di dt uda dt TP E 


because the momentum and velocity vectors are in the same direction. 
Angular momentum conservation requires that 


l 
|Li| = |Le| = mv D 


L — (I/2)mv is not correct because L is perpendicular to v. 


L conservation gives 


= i MPo+ 7 
mvs = 3 w ey 
6mv 
o= ——__—_ (1) 
(4M + 3m)! 
K l, ame aX 3m?v? 
= jlo - | | == 
ue 2 42 2(4M + 3m) 


where we have used (1). 


Kot 3m 3 


jmv? — 4M --3m — 28 





where we have used M — 5m (by problem). 


4.45 Let the small sphere break off from the large sphere at angle 0 with the verti- 
cal, Fig. 4.28. At that point the component of (gravitational force) — (centrifu- 
gal force) — reaction — 0 


174 


Fig. 4.28 


mv? 


R +r 





mg cos = 
Loss in potential energy = gain in kinetic energy 


7 
mg(R --r)(1 —cos0) 2 —m? 


10 
Solving (1) and (2) 
17 5. 17 55 
R = — = 
ge(R +r) 10* 10? r 





/10 (R 10 
w = a uis. and 6 — cos ! [ — 
17 r? 17 
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(1) 


(2) 


4.46 Let N be the reaction of the floor and 0 the angle which the rod makes with 
the vertical after time t, Fig. 4.29. The only forces acting on the rod are the 
weight and the reaction which act vertically and consequently the centre of 


mass moves in a straight line vertically downwards. 


Equation of motion for the centre of mass is 


Fig. 4.29 
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4.47 


2 
mg — N = aoe — acos@) 
" , ( € a | at? 5 
Or —N cos | — sin 6 — 
E me dt dt? 


The work-energy theorem gives 


1 dé\7 Ta? 2.2 
mga COS i a a Ve sin^ 0 


where the square bracket has been written using the parallel axis theorem. 


(2) _ 6g(1 — cos 6) 


—|- (2) 
dt a(1 +3 sin’ 6) 
d^8 |. 3g | sin0(7 — 6cos0 —3 sin? 0) 3) 
d? a (1 + 3 sin? 0)? 


dt dt? 
obtained as a function of 0. When the rod 1s about to strike the floor, 


da\* 3 d 3 
dt 


dà V 29 
By substituting ($) and (sss) from (2) and (3) in (1), the reaction N is 


— an — 
2a di? 4a 


Thus the reaction from (1) will be 


3g 1 
N =m 8-7 Ore 


(a) For Qpet = 0, the two torques which act in the opposite sense must be 
equal (Fig. 4.30), i.e. 


T] — t5 
or mjgR; — mogR» 
mı Rı 295612 


s Ro 0.5 B 





(b) ()a;—o«Rj;, a»2—aR» (1) 
as R; > Ro, a, > ao 


(ii) Equations of motion are 
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miaj — mig — Ti (2) 
moa» — I» —m»og (3) 
T|R, — TR» — Io (4) 


Combining (1), (2), (3) and (4) and substituting m, — 35 kg, m5 — 60 kg, 
Rı = 1.2m, R = 0.5m, I = 38 kg m? and g — 9.8 m/s?, we find 
(mı Rı — m R2) R18 
es 2 2 
m,Rt t mzk Y1 
.. (99 X 12. —60 x 0.5) L22 


nl c LER Lon qu6 
35 x 1.22 +60 x 0.52 + 38 5 


R2 0439 x 92 = 0.058 
ao = d1 — = U. x — = U. 
2c. 12 5 


T, — mi(g — ai) — 35g(1 — 0.139) = 295.3 N 
T, — ma3(g + a2) = 60g (1 + 0.058) = 622.1 N 


B Ti R4 — To R5 o 295.3 x 1.2 — 622.1 x 0.5 


= 1.14 rad/s” 
I 38 


4.48 J — Ji J2 
— xi x (—mvj) + (x + d)i x (mvj) 


= mvdi x 7 = mvdk 


which is independent of x and therefore independent of the origin. 


Fig. 4.30 





1 | 2 ^ 3 
4.49 (a) Kyi = 5 fo = 2 $ smr -z = zmv 
1 1 7 
kial = zmo’ + zmo’ = mui 


Kot E (1/5) mv? 2 


Kia — (7/10 m2 7 





4.3 


4.50 


4.51 


4.52 


4.53 
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(b) In coming down to the bottom of the hemisphere loss of potential 
energy — mgh — mg R. Gain in kinetic energy — (7/10) mv. 


2 


o” = mg R 
mv? 10mg 
Of. —— = — 
R 7 


The normal force exerted by the small sphere at the bottom of the large 
sphere will be 


v? 


m 10m 17m 


7 7 


I 2 
Work done W — 10 — Ia0 — > 


Along the diameter for hoop, / — m R?/2, while for the solid sphere, hollow 
sphere and the disc, J = (2/5) mR?, (2/3) m R? and (1/4) m R?, respectively, 
maximum work will have to be done to stop the hollow sphere, w being iden- 
tical as it has the maximum moment of inertia. 


Io? J? 
Work done W — 10 — Jad = — = — 

2 ZL 
where we have used the formula J = Iœ. Maximum work will have to be 
done for the disc since Z is the least, t being identical. 


1,5 1 l 
W = -Io* — -(Io)o — -Jæ 
2 2 2 


Since J and o are the same for all the four objects, work done is the same. 


a MgR sinO 
t = la = IŻ = —-—__ 
R 1+ (R?/k?) 


For solid sphere, hollow sphere, solid cylinder and hollow cylinder the quan- 
tity 1 + (R?/k?) is 7/2, 5/2, 3, 2, respectively. Therefore t will be least for 
solid sphere. 
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4.54 


4.55 


r = 3ti +2) 
dr s 

v= — = ĝi 
dt 


L=rx p=m(r xv) =m(ti +2/) x 3i 


= 6 m(j X i) = —6mk (constant) 
Angular momentum conservation gives 
J = mvd = low 

Linear momentum conservation gives 
mv = Mw 


Energy conservation gives 


1 1 1 
zmo’ = -a + zMu 
MI? 
ia 
17 


Eliminating w and ve from (1) and (2) and using (3) 


l 3 1 m?v?d? 1 m?v? 
—mv^ — ————— -- 
2 2 I 2 M 





Simplifying and using (4) in (5) 
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(1) 


(2) 


(3) 


(4) 


(5) 


4.56 (a) Let the initial velocity be vo, then at instant t the velocity 


v= —- Ol = wy-—Jt 
Torque t = Iæ = FR 


l 2 
-mR^«œ = umg R 


2 
2ug 
a= — 
R 
o Rt wR 
gt = —— = 


2 2 


(1) 


4.3 Solutions 


4.57 


Therefore (1) becomes 


wR U 
v = vo — — = vo — —- 
E Um 
2 
v = -v 
3 0 
Using (2) in (1) 


2 
3 UO = v0 — Hgt 





vo 
or f= 
3 ug 
l a 18 3 
(b) Work done W = AK = p — nus 


= im E : d => me 
Equation of motion 1s 
ma — mg — 2T 
where ‘a’ is the linear acceleration and T the tension in each thread. 


lorque de 217» C." there are two threads) 


—-mr?^a = 2Tr 
2 


Ar 


mr 


or Q 


As both the cylinders are rotating, 


Using (4) in (1) we get 


l 
Ta 
i0 e 
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(2) 


(1) 


(2) 


(3) 
(4) 
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4.58 


Fig. 4.31 
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Note that if the lower cylinder is not wound then 


a= — and T = -mg 
m 6 


C is the centre of the disc and A the point which is fixed, Fig. 4.31. The forces 
acting at A have no torque at A, so that the angular momentum is conserved. 
Initially the moment of inertia of the disc about the axis passing through its 
centre and perpendicular to its plane is 


l 2 
k=l s= 3 (1) 


When the point A is fixed the moment of inertia about an axis parallel to the 
central axis and passing through A will be 


1 3 
Ia = kk + mr? =m (5° + s) = jmr (2) 


by parallel axis theorem. 
Angular momentum conservation requires 


Ino’ = Io (3) 
Substituting (1) and (2) in (3) we obtain 
wo -—-— (4) 


If X and Y are the impulses of the forces at A perpendicular and along 
CA, then 


X= mro = mr and Y=0 


Thus the impulse of the blow at A is mrs at right angles to CA. 
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4.59 


4.60 


The torque of the air resistance on an element dx at distance x from the fixed 
end, about this end, will be 


dt = k(@x) x dx — ko x?dx 


L 
c [aco ce? [ ijs la 
0 





ko? L* l 7 dw 
LE, = = -m ——— 
4 3 dt 
d 
-3kL?dt = 4m — 
WM 


4m 
—-3kL^t 2 —— +C 
w 
where C is the constant of integration. Initial condition: when t = 0, œ = Q. 


4 
Therefore C = mise 
Q 


1 1 
—3kL7t = 4m (s = 2) 
QQ o 


AmQ2 
w = — 
4m + 3QkL2t 


OA is the vertical radius b of the cylinder and a the radius of the sphere which 
is vertical in the lowest position and shown as CA, Fig 4.32. 
In the time the centre of mass of the sphere C has moved to C’ through an 
angle 0, the sphere has rotated through @ so that the reference lime CA has 
gone into the place of C’D. 

If there is no slipping 


a($ +0) = bo (1) 


The velocity of the centre of mass is (b — a)@ and the angular velocity of the 
sphere about its centre is 


(b — a) 


a 





de ó (2) 


Taking A as zero level, the potential energy 


U — mg(b — a)y(1l — cos 0) (3) 
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Fig. 4.32 





The kinetic energy = T (trans) + T (rot) 
T = S —d) 5^ a 1; à? 
2 2 


1 aue. d €. a4) 25 
J pu (4) 
10 


where we have used (2). 
Total energy 


y 
E=T+U=—mo- a)*6* + mg(b — a)(1 — cos@) = constant (5) 


Differentiating with respect to time and cancelling common factors 


dE 7 2. 

q; 7 QmO —4)0.0 t gsinó.0 —0 (6) 
. 5 

GE b+ a= sind =0 (7) 


For small oscillation angles sin 0 — 0. 


5g 0 


i 9t 30b —a) = 


(8) 


which is the equation for simple harmonic motion with frequency 
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E 5g 
“V74 k 


and time period 


T —2n oS) (10) 
5g 


4.61 (a) Let the disc be composed of a number of concentric rings of infinitesi- 
mal width. Consider a ring of radius r, width dr and surface density o 
(mass per unit area). Then its mass will be (2zrdr)o. The moment of 
inertia of the ring about an axis passing through the centre of the ring and 
perpendicular to its plane will be 


dI = (27r dr)or? 


Then the moment of inertial of the disc 


R 
3 l 4 
[= | dl = 2mo [US IDEE (1) 


If M is the mass of the disc, then 


E (2) 
= mR? 
l 2 
I=-MR (3) 
2 
(b) The total kinetic energy T of the disc on the horizontal surface is 
s RE 5 
T (initial) — —Mu* + -Ilw 
2 2 
1 1 1 u^ 3 
= -Mu? + - : -MR?— = “Mu? 4 
Qu mmc S 
3 n2 2 
T (final) = ri. = 2 + Mgh 


by energy conservation 


, | 4 
Solving, v = ,/u2 + 38h 


4.62 In Fig. 4.33, O is the centre of the ring, P the instantaneous position of the 
insect and G the centre of mass of the system. Suppose the insect crawls 
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Fig. 4.33 





around the ring in the counterclockwise sense. The only forces acting in a 
horizontal plane are the reactions at P which are equal and opposite. Conse- 
quently G will not move and the angular momentum about G which was zero 
initially will remain zero throughout the motion due to its conservation. 


m : PG(v — PGo) — Igo = 0 (1) 


where o is the angular velocity of the ring. 








Mr mr 
Now PG= = (2) 
M +m M +m 
2,2 
Ilo = Icm + M(OG) = Mr? + M—__—~ (3) 
E (M + m)? 
Using (2) and (3) in (1) and simplifying we obtain 
= (4) 
(M + 2m)r 


4.3.3 Coriolis Acceleration 


4.63 (a) æ points in the south to north direction along the rotational axis of the 
earth. 


25 27 


— T 86.160 





— 7.292 x 10^? rad/s 


(b) The period of rotation of the plane of oscillation is given by 


T 27 _ To _ 24 
 g! a@sind sind — sin30° 








= 48h 
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4.64 The object undergoes an eastward deviation through a distance 


4.65 


4.66 


4.67 


] E 1 8 x 400? 
d = -æ cos à. | — = — x 729 x 107? x cos0? a. — 0.1756m 
3 g 3 9.8 


-—IT560em 


, 4 u? 
y= 3 —50 COS À 





g 
4 (20? = 5 
— x 7.29 x 10 ~ cos 0“ = 0.0081 m = 8.1 mm 
3 (9.8)? 
4 3 
y =- — 0 COS À., À EST 
3g 


| 3y/g? | E 1 x (9.8)? 
uU = — = 


1/3 
— = 99.7 m/s 
4w cos À 


X eee 
4 7.27 x 10-9 


Consider two coordinate systems, one inertial system S$ and the other rotating 
one S’, which are rotating with constant angular velocity c 


Acceleration in Acceleration in Coriolis centrifugal 

inertial frame = rotating frame + acceleration + acceleration (1) 
d^r dr , dr 

qa = 42 + 20x Ap + QXOxr 


Let the Kk axis in the inertial frame S be directed along the earth's axis. Let 
the rotating frame S’ be rigidly attached to the earth at a geographical lati- 
tude A in the northern hemisphere. Let the k’ axis be directed outwards at the 
latitude A along the plumb line, whose direction is that of the resultant pass- 
ing through the earth’s centre. With the choice of a right-handed system, the 
i’-axis is in the southward direction and the j’-axis in the eastward direction, 
Fig. 4.34. Assume g the acceleration due to gravity to be constant. It includes 
the centrifugal term œ x (@ x r) since g is supposed to represent the resultant 
acceleration of a falling body at the given place. 


d?r’ 
a — g — 20 X UR (2) 


Since we are considering the fall of a body in the northern hemisphere, the 
components of angular velocity are 


(xy — —0CcOSÀ 
| (3) 
W@, = wsink 
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Fig. 4.34 
i’ T k 
@ x vp =|—ecosA 0 wsind 
x! yl d 
= —wsin à y'i’ + (@sin àx’ + cos AZ)j' — (v cos Ay )k 
d?r’ 
But d = g — 2(@ x v) 


Xil +Y j +Z k —-—gk 4+ 2wsindry'i’ — 2(wsinax’ + wcosaz’)j’ 
+ 2m cos Ary'k’ (4) 


Equating coefficients of i’, j’ and k’on both sides of (4), we obtain the equa- 
tions of motion 


X' — 2o sinAy' (5) 
y' 2 —2(o sin Ax! -- o cos AZ) (6) 
z = —g+2wcosr (7) 


Now the quantities x’ and y' are small compared to 2’. To the first approxima- 
tion we can write 


(v), c0: (ry =0 pel (8) 


Setting x’ = y’ = 0 in (5), (6) and (7), we obtain the equations for the com- 
ponents of ap: 


(ag) Emu ED (9) 
(ag), — y' 2 —2w 7’ cos À (10) 
(ag); — Z ' — —g (11) 


Equation (9) shows that no deviation occurs in the north-south direction. 
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4.68 


4.69 


Integrating (11) 

z = —gt (12) 
1 

and z/— E (13) 


with the initial condition that at t — 0, z’ = 0, z’ = 0. 

Using (12) in (10) and integrating twice 

y' 2 o gt? cos A (14) 
because (y^)o — O. 


/ I 3 
y" em 2 COS À (15) 


because (y’)o = 0. 


Setting —z’ = h = (1/2) gt*, ort = /2h/g, in (15) the body undergoes 
eastward deviation through a distance 





1 8h3 
d — y' = —wcosa,/ — (16) 
3 g 
F coriolis = —2mo x vg 
Foor = 2movg sin@ = 2 x 5 x 10® x 7.27 x 107° x n (9 = 90°) 
Gg S 86,400 ^" 


= 6730N due north 


Coriolis action on a mass m of water towards the eastern side (Fig. 4.35) is 


my = 2mvo sina (1) 


West 


Water 





Fig. 4.35 
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4.70 


4.71 


4.72 


4.73 
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Let N be the normal reaction and let the water level be tilted through an angle 
0. Resolve N into horizontal and vertical components and balance them with 
the Coriolis force and the weight, respectively. 


N sin = 2m vo sin A 


N cos0ü = mg 


d 
Dividing the equations, tan 0 = ze 2 v o sinA 
| 2bvo 
$ 


sin À 





or d 


By eqn. (15) prob. (4.67) 


/ l 3 

y= 3 081 COS À (1) 
] 

/- ef (2) 


Eliminate t between (1) and (2) to find 


y? 


HE 


w cos? A 
8 
or y 2 — Cz? (semi-cubical parabola) 


8 
9 


where C = constant. 
Too — 2m V a sin À 


— 2 x 109 x 15 x 7.27 x 10^? sin 60? 
— 1889 N on the right rail. 


The difference between the lateral forces on the rails arises because when 
the train reverses its direction of motion Coriolis force also changes its sign, 
the magnitude remaining the same. Therefore, the difference between the lat- 
eral force on the rails will be equal to 2z v cos A — (—2m v o cosà) or 
4mvo cos À. 


The displacement from the vertical is given by 


1 
y= (580 — ut?) w COS À 


1 
= (5 x 9.8 x 10? — 100 x i) x 7.27 x 10^? cos 60? 


— —0.245 m — —24.5cm 


Thus the body has a displacement of 24.5 cm on the west. 


Chapter 5 
Gravitation 


Abstract Chapter 5 involves problems on gravitational field and potential for 
various Situations variation of g, rocket motion, orbital motion of planets, satellites 
and meteorites, circular and elliptic motion, bound and unbound orbits, Kepler’s 
laws, equation of motion under various types of forces. 


5.1 Basic Concepts and Formulae 


F = —Gm\m7/ r° (gravitational force) (5.1) 


The negative sign shows that the force is attractive. 
When SI units are used the gravitational constant 


G — 6.67 x 107! kg! n? s? 


The intensity or field strength g of a gravitational field is equal to the force exerted 
on a unit mass placed at that point. 


g = —Gm/r* (5.2) 
The (negative) gravitational potential at a given point, due to any system of 


masses, is the work done in bringing a unit mass from infinity up to that point. 
The zero potential is chosen conventionally at infinity. Symbolically 


oV 
= —— 5.3 
or iu 
V —-Gm[r (5.4) 
The potential energy 
U =—GMm/r (5.5) 
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Spherical Shell 


The gravitational intensity due to a spherical shell of radius a. 


g(r) =0(r <a) 
= —GM/r? (Fu) 


where r is measured from the centre of the shell. The potential 


V(r) 2 —GM/a (r <a) 
= —GM/r (r>a) 


Uniform Solid Sphere 


g(r) —- —-GMr/a (r<a) 
= —GM/r* r >a) 


GM "d 


— —GMjr (ra) 
Potential energy of a uniform sphere 
U = —3G M^ [5a 


Variation of g on Earth 


(a) Altitude: g — go/(1 -- h/RY 
Seyi Geo 
§ = 80 ( E =) (h << R) 


(b) Latitude (A) (at sea level) 


gg — 9.83215 — 0.05178 cos” A 


Formula (5.11) is accurate to better than two parts in a million. 


(c) Rotation of earth: 
g/—g — Ro? cos? A 


where w = 7.27 x 107° /s and R = 6.4 x 10°m 
(d) Depth (d) (constant density model) 


8 — go (1 — d/R) 
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(5.6) 


(5.7) 


(5.8a) 


(5.8b) 


(5.9) 


(5.10) 


(5.10a) 


(5.11) 


(5.12) 


(5.13) 
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Relation Between g and G 


g=GM/r’ 


where M is the mass of parent body andr > R. 


Kepler’s Laws 


(1) All planets move in an elliptic path, with the sun at one focus. This is a conse- 
quence of inverse square law of gravitation and the constancy of total energy 
and angular momentum. 

(ii) A line drawn from the sun to the planet sweeps out equal areas in equal times. 
This is a consequence of the constancy of angular momentum. 

(iii) The squares of the period of rotation of planets about the sun are proportional 
to the cubes of the semi-major axes of the ellipses. This is a consequence of 
the inverse square law of gravitation for circular orbits. 


Central force is a conservative force which acts along a line connecting the cen- 
tres of particles. 

If F is a central force then curl F = 0. 

Areal velocity (C) and the angular momentum (J): 


T= me (5.14) 


where m is the mass of the orbiting body. 


Orbits of Planets and Satellites 


Circular orbits: 


Orbital velocity vo = y GM /r = ./gr (5.15) 
Escape velocity ve = V/2uo — /2GM/R — J2goR (5.16) 


Time period 


T -2nJ/r*/GM (5.17) 


If the planet's mass cannot be ignored in comparison with the sun's mass then 


(5.17) 1s modified as 
T = 2n,/r3/G(M +m) (5.18) 
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Total energy: 


E = —GMm/2r (5.19) 
Elliptic Orbits 
Orbital velocity 
9 2 1 
v = GM | - — — (5.20) 
r a 


where r is the distance of the planet/satellite from the centre of parent body and a is 
the semi-major axis. 
The eccentricity 


Es 
Total energy 
G?M?m? 2 
E =—GMm/2a (5.23) 


When the orbiting body is at the maximum distance from the parent body then 
r = Tmax 1S called aphelion and the minimum distance r = rin 1S called perihe- 
lion for the planetary motion. For the satellites the corresponding terms are apogee 
and perigee. At both perigee (perihelion) and apogee (aphelion) the velocity of the 
orbiting body is perpendicular to the radius vector and they constitute the turning 
points. 


Vmax — ‘min 

€ = ——— (5.24) 
Fmax + l'min 
Umax — Umin 


ree (5:25) 


Umax + Umin 


Classification of Orbits 


Circle:s =0 E<0 

Ellipse:0<£€<1 E<0 

Parabola: e — 1 E=0 

Hyperbola: —- 1 E>0O 

To determine the law of force, given the orbit by (r, 0) equation. Let f represent 
force per unit mass. Using the formula 


5.2. Problems 193 


Lot l(a i 555 
p r? r*VXd0 
h? dp 


where p is the impact parameter and A is the angular momentum per unit mass. 


5.2 Problems 


5.2.1 Field and Potential 


5.1 Calculate the gravitational force between two lead spheres of radius 10cm in 
contact with one another, G = 6.67 x 10~!! MKS units. Density of lead = 
11,300 kg/m*. 

[University of Dublin] 


5.2 Considering Fig. 5.1, what is the magnitude of the net gravitational force 
exerted on the uniform sphere, of mass 0.010 kg, at point P by the other two 
uniform spheres, each of mass 0.260 kg, that are fixed at points A and B as 


shown. 
[The University of Wales, Aberystwyth 2005] 
0.010 kg 
J^ od X 
ee f | \ 10.0cm 
/ | 6.0 cm N 
( | 
Q--L.-5 
8.0 cm 8.0cm 

Fig. 5.1 0.260 kg 0.260kg 


$5.3 Two bodies of mass m and M are initially at rest in an inertial reference frame at 
a great distance apart. They start moving towards each other under gravitational 
attraction. Show that as they approach a distance d apart (d << r), their rela- 


|2G(M 
tive velocity of approach will be AE) where G is the gravitational 


constant. 
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5.4 


5.5 


5.6 


5:7 


5.8 


5.9 


5.10 


5.11 


5.12 


5.13 
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If the earth suddenly stopped in its orbit assumed to be circular, find the time 
that would elapse before it falls into the sun. 


Because of the rotation of the earth a plumb bob when hung may not point 
exactly in the direction of the earth’s gravitational force on the plumb bob. It 
may slightly deviate through a small angle. 


(a) Show that at latitude A, the deflection angle 0 in radians is given by 


2n?RN . 
0—| —5; }sin 2. 
eT 
where R is the radius of earth and T is the period of the earth’s rotation. 


(b) At what latitude is the deflection maximum? 
(c) What is the deflection at the equator? 


Show that the gravitational energy of earth assumed to be the uniform sphere 
of radius R and mass M is 3GM?/5R. What is the potential energy of earth 
assuming it to be a uniform sphere of radius R = 6.4 x 10? m and of mass 
M — 6.0 x 10? kg. 


Assuming that the earth has constant density, at what distance d from the earth's 
surface the gravity above the earth is equal to that below the surface. 


Assuming the radius of the earth to be 6.38 x 10? cm, the gravitational constant 
to be 6.67 x 107? cm? g/m/s?, acceleration due to gravity on the surface to be 
980 cm/s?, find the mean density of the earth. 


[University of Cambridge] 


How far from the earth must a body be along a line towards the sun so that the 
sun's gravitational pull balances the earth? The sun is about 9.3 x 107 km away 
and its mass is 3.24 x 10? M., where M. is the mass of the earth. 


Assuming the earth to be a perfect sphere of radius 6.4 x 10? cm, find the 
difference due to the rotation of the earth in the value of g at the poles and at 
the equator. 


[Northern Universities of UK] 


Derive an expression for the gravitational potential V(r) due to a uniform 
solid sphere of mass M and radius R when r « R. 


Derive an expression for the potential due to a thin uniform rod of mass M 
and length L at a point distant d from the centre of the rod on the axial line of 
the rod. 


Show that for a satellite moving close to the earth's surface along the equator, 
moving in the western direction will require launching speed 11% higher than 
that moving in the eastern direction. 
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5.14 A thin wire of linear mass density A is bent in the form of a quarter circle of 


Fig. 5.2 


5.15 


radius R (Fig. 5.2). Calculate the gravitational intensity at the centre O. 





A tidal force is exerted on the ocean by the moon. This is estimated by the 
differential (Ag) which is the difference of the acceleration at B and that at C 
due to the moon (Fig. 5.3). If R is the radius of the earth, d the distance of 
separation of the centre of earth and moon, M and m the mass of the earth and 








. GmR 
moon, respectively, show that Ag ~ 7 
Fig. 5.3 
moon 
m 
— d CÉÓÁÀ 
5.16 Assume that a star has uniform density. Show that the gravitational pressure 


5.17 


5.18 


5.19 


5.20 


P œ V743, where V is the volume. 


Find the gravitational field due to an infinite line mass of linear density A, at 
distance R. 


If the earth-moon distance is d and the mass of earth is 81 times that of the 
moon, locate the neutral point on the line joining the centres of the earth and 
moon. 


A particle of mass m was taken from the centre of the base of a uniform 
hemisphere of mass M and radius R to infinity. Calculate the work done in 
overcoming gravitational force due to the hemisphere. 


The cross-section of a spherical shell of uniform density and mass M and of 
radii a and b is shown in Fig. 5.4. How does the gravitational field vary in the 
regiona <r < b? 
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Fig. 5.4 





5.21 Find the variation of the magnitude of gravitational field along the z-axis due 
to a disc of radius ‘a’ and surface density o, lying in the xy-plane. 


5.22 Figure 5.5 shows a spherical shell of mass M and radius R in a force-free 
region with an opening. A particle of mass m is released from a distance R in 
front of the opening. Calculate the speed with which the particle will hit the 
point C on the shell, opposite to the opening. 


Fig. 5.5 





5.2.2 Rockets and Satellites 


5.23 A particle of mass m is fired upwards from the surface of a planet of mass M 
IGM 
and radius R with velocity v = op Show that the maximum height which 


the particle attains is R/3. 


5.24 Consider a nebula in the form of a ring of radius R and mass M. A star of 
mass m(m << M) is located at distance r from the centre of the ring on its 
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5.25 


5.26 


axis, initially at rest. Show that the speed with which it crosses the centre of 


J GM 
the ring will be v = ,/(2 — V2) 


If Wi is the work done in taking the satellite from the surface of the earth of 
radius R to a height h, and W» the extra work required to put the satellite in 
W 

the orbit at altitude h, and if h = R/2 then show that the ratio - e. 

2 
An asteroid is moving towards a planet of mass M and radius R, from a long 
distance with initial speed vo and impact parameter d (Fig. 5.6). Calculate the 
minimum value of vo such that the asteroid does not hit the planet. 


Fig. 5.6 m V, 
i] m -" 
i 
^H 
d a 
` 
| ' 
A 
/ 
/ 
Fd 
"d 
- s” 
e di 
5.27 The orbits of earth and Venus around the sun are very nearly circular with 


5.28 


5.29 


mean radius of the earth's orbit rg — 1.50 x 10!! m and mean radius of Venus' 
orbit r, — 1.08 x 10!! m. If the earth's period of orbit round the sun is 365.3 
days and Venus is 224.7 days 


(i) Show that these figures are approximately consistent with Kepler’s third 
law. 

(ii) Derive a formula to estimate the mass of the sun (G = 6.67 x 
1071! N m?/kg?). 


[The University of Aberystwyth, Wales] 


The greatest and least velocities of a certain planet in its orbit around the sun 
are 30.0 and 29.2 km/s. Find the eccentricity of the orbit. 


A binary star is formed when two stars bound by gravity move around a com- 
mon centre of mass. Each component of a binary star has period of revolu- 
tion about their centre of mass, equal to 14.4 days and the velocity of each 
component of 220 km/s. Further, the orbit is nearly circular. Calculate (a) the 
separation of the two components and (b) the mass of each component. 
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5.30 


5.31 


5.32 


5.33 


Fig. 5.7 


5 Gravitation 


A Satellite is fired from the surface of the moon of mass M and radius R with 
speed vo at 30° with the vertical. The satellite reaches a maximum distance of 
5 R/2 from the centre of the planet. Show that vo = (SGM / AR)!/2, 


If a satellite has its largest and smallest speeds given by Vmax and Vmin, respec- 
tively, and has time period equal to T, then show that it moves on an elliptic 


. a. ake 
path of semi-major axis JI [Uax Umi 
T 


A satellite of radius ‘a’ revolves in a circular orbit about a planet of radius b 
with period T. If the shortest distance between their surfaces is c, prove that 
the mass of the planet is Azx?(a 4- b 4- c)/GT?. 


When a comet is at a distance 1.75 AU from the sun, it is moving with velocity 
u = 30 km/s and its velocity vector is at an angle of 30° relative to its radius 
vector r centred on the sun (see Fig. 5.7). 
What is the angular momentum per unit mass of the comet about the sun? 
The closest distance from the sun that the comet reaches is 0.39 AU. What is 
the speed of the comet at this point? 
Is the comet's orbit bound or unbound? 
(1 AU — 1.5 x 10!! m, mass of the sun = 2 x 10° kg) 

[University of Durham 2002] 





5.34 (a) Assuming that the earth (mass Mg) orbits the sun (mass Ms) in a circle 


of radius R and with a speed v, write down the equation of motion for the 
earth. Hence show that GMs = v? R 

(b) A comet is in orbit around the sun in the same plane as the earth’s orbit, 
as shown in Fig. 5.8. Its distance of closest approach to the sun’s centre is 
R/2, at which point it has speed 2v. 
Using the condition for the Earth's orbit given in (a), show that the 
comet's total energy is zero. (Neglect the effect of the earth on the comet.) 
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Fig. 5.8 


5.35 


5.36 


5.37 


5.38 


(c) Use conservation of angular momentum to determine the component of 
the comet’s velocity which is tangential to the earth’s orbit at the point P, 
where the comet’s orbit crosses that of the earth. 

(d) Use conservation of energy to find its speed at the point P. Hence show 
that the comet crosses the earth’s orbit at an angle of 45°. 


[University of Manchester 2008] 





Comet 


The geocentric satellite ‘Apple’ was first launched into an elliptic orbit with 
the perigee (nearest point) of rp = 6570km and apogee (farthest point) at 
ra — 42,250 km. The respective velocities were vp = 10.25 km/s and va = 
1.594km/s. Show that the above data are consistent with the conservation of 
angular momentum of the satellite about the centre of the earth. 


(a) Assuming that the earth is a sphere of radius 6400 km, with what velocity 
must a projectile be fired from the earth’s surface in order that its subse- 
quent path be an ellipse with major axis equal to 80,000 km? 

(b) Ifthe projectile is fired upwards at an angle 45° to the vertical, what would 
be the eccentricity of this ellipse? 


A satellite of mass m is orbiting in a circular orbit of radius r and velocity v 
around the earth of mass M. Due to an internal explosion, the satellite breaks 
into two fragments each of mass m/2. In the frame of reference of the satellite, 
the two fragments appears to move radially along the line joining the original 
satellite and the centre of the earth, each with the velocity vo/2. Show that 
immediately after the explosion each fragment has total energy —3G M/16r 


m : 
and angular momentum 3 GMr, with reference to the centre of the 
earth. 


A particle describes an ellipse of eccentricity e under a force to a focus. 
When it approaches the nearer apse (turning point) the centre of force is 
transferred to the other focus. Prove that the eccentricity of the new orbit is 
€(3 -- &)/(1 — &). 
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5.40 


5.41 


5.42 


5.43 


5.44 


5.45 


5.46 


5.47 
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A particle of mass m describes an elliptical orbit of semi-major axis ‘a’ under 
a force mk /r directed to a focus. Prove that 


(a) the time average of reciprocal distance 


| fd. 1 


T r a 


: 1 ) GM 
(b) the time average of square of the speed 7 f v-dt = —— 


A small meteor of mass m falls into the sun when the earth is at the end of 
the minor axis of its orbit. If M is the mass of the sun, find the changes in the 
major axis and in the time period of the earth. 


A particle is describing an ellipse of eccentricity 0.5 under the action of a 
force to a focus and when it arrives to an apse (turning point) the velocity is 
doubled. Show that the new orbit will be a parabola or hyperbola accordingly 
as the apse is the farther or nearer one. 


When a particle is at the end of the minor axis of an ellipse, the force is 
increased by half. Prove that the axes of the new orbit are 3a/2 and 42b, 
where 2a and 2b are the old axes. 


A satellite is placed in a circular orbit of radius R around the earth. 


(a) What are the forces acting on the satellite? Write down the equilibrium 
condition. 

(b) Derive an expression for the time period of the satellite. 

(c) What conditions must be satisfied by a geocentric satellite? 

(d) What is the period of a geosynchronous satellite? 

(e) Calculate the radius of orbit of a geocentric satellite from the centre of the 
earth. 


A satellite moves in an elliptic path with the earth at one focus. At the perigee 
(nearest point) its speed is v and its distance from the centre of the earth is r. 
What is its speed at the apogee (farthest point)? 


A small body encounters a heavy body of mass M. If at a great distance the 
velocity of the small body is v and the impact parameter is p, and ọ is the 
angle of encounter, prove that tan(g/2) = GM /v?p. 


Obtain an expression for the time required to describe an arc of a parabola 
under the action of the force k/ r? to the focus, starting from the end of the 
axis. 


A comet describes a parabolic path in the plane of the earth's orbit, assumed 
to be circular. Show that the maximum time the comet is able to remain inside 
the earth’s orbit is 2/32 of a year. 


2.9 
5.48 


5.49 


5.50 


5.51 


5.52 


5.59 


5.54 


3.9 
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Find the law of force for the orbit r = a sin nð. 
Find the law of force to the pole when the orbit described by the cardioid 
r — a(l — cos0). 
In prob. (5.49) prove that if Q be the force at the apse and v the velocity, 
3v? — 4a Q. 
A particle moves in a plane under an attractive force varying as the inverse 
cube of the distance. Find the equation of the orbit distinguishing three cases 
which may arise. 
Show that the central force necessary to make a particle describe the lemnis- 
cate r? — a? cos 20 is inversely proportional to r. 
Show that if a particle describes a circular orbit under the influence of an 
attractive central force directed towards a point on the circle, then the force 
varies as the inverse fifth power of distance. 
If the sun's mass suddenly decreased to half its value, show that the earth's 
orbit assumed to be originally circular would become parabolic. 

Solutions 


5.3.1 Field and Potential 


5.1 


5.2 


GMM 
ct 


r 
If R is the radius of either sphere, the distance between the centre of the spheres 
in contact is r — 2R: 


4 3 
Mı = Ma = M = -xr R` p 


3 
|. GM?  4x?GR*p* 
AR? 9 
4x? 


cg 6.67 x 10-!! x (0.2)^(11300)? 2 5.98 x 10? N 


As the mass of A and B are identical and the distance PA — PB, the magnitude 
of the force Fp4 — Fpp. Resolve these forces in the horizontal and vertical 
direction. The horizontal components being in opposite direction get cancelled. 
The vertical components get added up. 


(0.01)(0.26) 
PA PB (0.12 
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6 
Each vertical component = 0.26G x rm 0.156G 
Therefore F4 — 2x0.156 G — 2x0.156x6.67 x10 1! N 2 2.08x107! N 





: GMm 
5.3 At distance r, Fm = Fm — —5 
r 
. Fn GM 
Acceleration of mass m = dy = —~ = —- 
m r 
Fan Gm 
Acceleration of mass May = —~ = —- 
M r 
G(M +m) 
drel = üm + am = ~ 


düre =i düre E G(M +m) 
d dr — r2 








drel = 


2 CO 
U d G(M 
Integrating f dv; = a = G(M +m) al — T 
r 


d 
[2G(M +m) 
Ure] = =a 


GMm 
y 
where M and m are the masses of the sun and the earth which are a distance x 
apart. 
Earth’s acceleration 


5.4 Gravitational force F = — 





du F GM 
Dres 


dt m x 


du vdv GM 


d dx x? 


dx 
vdv = = 
x 


v? dx 
Integrating [e =— = -Gn | aoe 
2 X 


where C = constant 


5.3 Solutions 





v^ GM 
E g 
2 x 
Initially v = 0, x =r 
GM 
C Ee 
r 
d 1 1 
= GM 
dt X" 7 
1 d 
dt = 7 
2GM |l 1 
x ow 
Integrating 





t= f a= : | n 
7 | 26M J m 1 
X r 


Put x =r cos? 0, dx — —2r sin 0 cos 0dO 








0 
p? 2 r? 0 
t = —2 cos d0 = 2 — + 
2GM 2GM |2 


1/2 
But the period of earth’s orbit is 


y? 
= 24) 
GM 


T 365 


= = = = 64,53 days 
AJI 497 E 


Fig. 5.9 
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sin er T r3 
0 7 DJ? 


= GM 





5.5 If the earth were at rest, then the gravitational force on a body of mass at P 
would be in the direction PO, i.e. towards the centre of the earth, Fig. 5.9. 
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However, due to the rotation of the earth about the polar axis NS, a part of 
the gravitational force is used up to provide the necessary centripetal force to 
enable the mass m at P in the latitude A to describe a circular radius PA = 
r = RcosA, where PO — R is the earth’s radius. This is equal to mw*r, or 
mæ? R cos À towards the centre and is represented by CA, w being the angular 
velocity of earth’s diurnal rotation. In the absence of rotation the gravitational 
force mg acts radially towards the centre O and is represented by PO. Resolve 
this into two mutually perpendicular components, one along PA given by mg 
cos à and the other along PB given by mg sin à and is represented by PB. Drop 
CD perpendicular on the EW-axis. Then the resultant force mg’ is given by PD 
both in magnitude and direction. A plumb line at P will make a small angle 
0 (OP D) with line PO. 


mg’ = Jj (mg cos A — mo? R cos à)? + (mg sin A)? 
— m4/ g? — 2g Ro? cos? à + œt R? cos? À (1) 


The third term in the radical is much smaller than the second term and is 
neglected. 


g' c (g? — 2g Ro» cos? A)! 
aR 1/2 
=p (1 ~ ——@* cos” i) 
8 
R 1/2 
~g ( — zo cos? i) (2) 


where we have expanded binomially and retained only the first two terms. 
Now in AOPD 





PD OD 
—— Emm (3) 
sinPOD sin 0 

g— Ro*cos?AX  o?^RcosA 
Of = —— (4) 
sin À sin Ó 
2 i 
R cos à sın À 

sin 0 ~ 0 — iiic died (5) 


g — Ro? cos? A 
ae 
0 — —RcosAsin A (C. the second term in the denominator of (5) is much 
8 
smaller than the first term) 


2n?R 


~ Ta sin 2À 
g 
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(a) 0 will be maximum when sin 2A is maximum, i.e. 24 — 90? or À — 45°. 
(b) At the poles A — 90? and so 0 — 0. 
(c) At the equator à = 0° and so 0 = 0°. 


Consider a spherical shell of radius r and thickness dr concentric with the 
sphere of radius R. If p is the density, then 


3M 


E 4r R? x 


p 
The mass of the shell = 4z r?^drp. 

The mass of the sphere of radius r which is equal to 4zt r?/3 may be considered 
to be concentrated at the centre. 


The gravitational potential energy between the spherical shell and the sphere of 
radius r is 


G (Ax r^drp) (5 Pp) 
3 1612Gp?r^d 
AGN MM (2) 
r 


The total gravitational energy of the earth 


R 
l612Gpo? 16z?Gp? R? 
u= fau =- f tar = E 





3 15 
3 GM? 
~ 5 R (3) 


where we have used (1). 


6.67 x 107!! x 0.6 x (6 x 1024? 


E e — 2.25 x 102] 
4+ X 


D s 


If go 1s the gravity at the earth's surface, gp at height h and gq at depth d, then 


R2 
Zoa o l 
8h = S0 cg E Ry? (1) 
= l : (2) 
8d — 20 R 
By problem, ga = gnath =d, (3) 
From (1) and (2) we get 


d* +dR—R’*=0 
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(5-1) 





c= R =0.118R = 0.118 x 6400 = 755 km 
GM 
5.8 Weight mg = = 
4 pi 
3g 3 x 980 





= 5 eG 3 
PT— MRGR 4m x 6.67 x 10-3 x 6.38 x 108 Ere 


5.9 Let M, and Mg be the masses of the sun and earth, respectively. Let the body of 
mass m be at distance x from the centre of the earth and d the distance between 
the centres of the sun and the earth. The forces are balanced if 





x? (d— x)? 
Given that M, — 3.24 x 10? Mg 
d 9.3 x 10” 5 
x= — = —_—__ = 1,631 x 10° km 


570.2 570.2 


5.10 By problem (5.5) g’ = g — Ro? cos? A 
Set A=0, w =7.27 x 107° rad/s, R = 6.4 x 10° cm 


Ag = 8 — 2' = Ra? = 6.4 x 108 x (7.27 x 102)? 2 3.38cm/s? 


5.11 Figure 5.10 shows the cross-section of a solid sphere of mass M and radius 
‘a’ with constant density p, its centre being at O. It is required to find the 
potential V (r) at the point P, at distance r from the centre. The contribution 
to V(r) comes from two regions, one V; from mass lying within the sphere of 
radius r and the other Vz from the region outside it. Thus 





Fig. 5.10 
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5.12 


Vir) =Vit V2 (1) 


The potential Vj at P is the same as due to the mass of the sphere of radius r 
concentrated at the centre O and is given by 


Az r? 4 
Vy 2-G— f a.lzGrÜgp (2) 
3. * 3 





For the mass outside r, consider a typical shell at distance x from the centre 
O and of thickness dx. 
Volume of the shell 2 4z x? dx 


Mass of the shell — (Ax x? dx)po 


Potential due to this shell at the centre or at any point inside the shell, including 
at P, will be 


Az px? dx 
dv = —-_ ™ = AmGox dx (3) 
X 


Potential V2 at P due to the outer shells (x > r) is obtained by integrating (3) 
between the limits r and a. 


a 





y= [evs = -4nGp | xà = —2n Gp(a? — r?) (4) 
: 3M 
Using (2) and (4) in (1) and using o — 3 
4ra 
GM r? 
V(r) = —-— |3- — 5 
v) 2a ( = (2) 


The potential (5) is that of a simple harmonic oscillator as the force 


dV n GMr 
dr — a? 





i.e. the force is opposite and proportional to the distance. 


Consider a length element dx of a thin rod of length L, at distance x from P 
(Fig. 5.11). The mass element is (M/L) dx. The potential at P due to this mass 
length will be 


GM dx 
dV 2 ——— — 
L x 
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Fig. 5.11 Se 


5.13 


5.14 








2 
GM d GM 2d - L 
X 


L 2d — L 


The linear speed of an object on the equator 
v = ÆR = (7.27 x 107?)(6.4 x 109) 2 465.3 m/s 


The orbital velocity of a surface satellite is 


vo = ./er = V9.8 x 6.4 x 10° = 7920 m/s 


When launched in the westerly direction the launching speed vg will be added 
to v as the earth rotates from west to east, while in the easterly direction it will 
be subtracted. 


westerly launching speed 7920 + 465 


i = = 1,125 
easterly launching speed 7920 — 465 


or 11%. 


Consider an element of arc of length ds = R dé, Fig. 5.12. The corresponding 
mass element dm — Ads — AR d0. 

The intensity at the origin where A is the linear density (mass per unit 
length) due to dm will be 


GARdO GAdé 
or 


R? R 
The x-component of intensity at the origin due to dm will be 


GA 
dE, — s ub sin 0 
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Fig. 5.12 





Therefore, the x-component of intensity due to the quarter of circle at the 
origin will be 


Similarly, the y-component of intensity due to the quarter of circle at the origin 
will be 


m /2 
GA GA 
Ey = — | cos dô = T 
0 


GA 
E= E? + Ej = V2—— 


Fg GmM Gm 
5.15 Za ep a 
B= M dM Ë 
_ Fo GmM E Gm 
SC= M (d+RYM~ (d4RP 
Gm Gm Gm(2Rd + R?) 
Ag = gB- gc = À— 


do (d+R) — d(d+ R}? 


2GmR 
Since d >> R, Ag 7X = 





5.16 By problem (5.6) the gravitational energy is given by 





3 GM? 
_ (1) 


SSS 
5 R 


The volume of the star 
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47x R? 
fuer (2) 
ay \ 1/3 
R= (=) (3) 
3 / 4n V1? 
[hec (= GM? (4) 
p__9¥ __1(4n) GM? 
E 5X3 J y45 
Pave 


5.17 Consider a line element dx at A distance x from O, Fig. 5.13. The field point 
P is at a distance R from the infinite line. Let PA = r. The x-component of 
gravitational field at P due to this line element will get cancelled by a sym- 
metric line element on the other side. However, the y-component will add up. 
If A is the linear mass density, the corresponding mass element is Adx 


Gidx sin @ 
dE —dE, — ec (1) 
r 

Now, r?=x? +R? (2) 
x — Rcot0 (3) 

r? = R? cosec?0 (4) 
dx — R cosec^0d 0 (5) 
Using (4) and (5) in (1) 


GA 
dE — ——— sin0d0 
R 


Fig. 5.13 dX  ————— x —— —— o Infinite line 
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5.18 


5.19 


5.20 


Integrating from 0 to 2/2 for the contribution from the line elements on the 
left-hand side of O and doubling the result for taking into account contribu- 
tions on the right-hand side 


1/2 


2A 2G 
E- | sinodo =- 
R R 

0 


Let the neutral point be located at distance x from the earth’s centre on the 
line joining the centres of the earth and moon. If Me and Mm are the masses 
of the earth and the moon, respectively, and m the mass of the body placed 
at the neutral point, then the force exerted by Me and Mm must be equal and 
opposite to that of Mq on m. 


G Mem G Mam 


x? | (d—xy 


Me x? 
—8] 2 ——— 
Mm (d — xy 








Since d > x, there is only one solution 


t = 49 
dax 
9 
or x = —d 
10 


For a homogeneous sphere of mass M the potential for r « R is given by 


1GM 2 3 GM 
V(r) = uc (3 — =) . At the centre of the sphere V(0) — Ae 
3 GM 
For a hemisphere at the centre of the base V(0) — —— s The work done 
GMm 


to move a particle of mass m to infinity will be . 


Let the point P be at distance r from the centre of the shell such that 
a<r <b. The gravitational field at P will be effective only from matter 
within the sphere of radius r. The mass within the shell of radii a and r is 


4r : 
— (r? — a?)p. Assume that this mass is concentrated at the centre. Then the 
gravitational field at a point distance r from the centre will be 

4r (r? — q?) 


g(r) =~ 5G 
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GM (r? — a?) 
e) am 
r4(b? — a?) 
5.21 Let the disc be located in the xy-plane with its centre at the origin. P is a point 
on the z-axis at distance z from the origin. Consider a ring of radii r and r +dr 
concentric with the disc, Fig. 5.14. The mass of the ring will be 


dm — 2zrdro (1) 


The horizontal component of the field at P will be zero because for each point 
on the ring there will be another point symmetrically located on the ring which 
will produce an opposite effect. The vertical component of the field at P will 


be 
G x 2zr dr o cos 0 
wo ES a 
Z 

But BUE ETIEEE (3) 

a 
d 

s =8:= | dg: = -2206 — (4) 

J (r^ -p z^) 


Fig. 5.14 





Put r = ztan@, dr = zsec* 6d6 


z/a/a2+z2 
g—-—2-nG = | sin 0dé 
0 


z 
= —776G | |= —\_ 
| | 


5.22 Initially the particle is located at a distance 2R from the centre of the spherical 
shell and is at rest. Its potential energy is —GMm/2R. When the particle 
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arrives at the opening the potential energy will be —GMm/R and kinetic 


energy smu 


Kinetic energy gained = potential energy lost 


|R J 2 R. 


l a GMm ( t) |. 1GMm 
i s L 


After passing through the opening the particle traverses a force-free region 
inside the shell. Thus, within the shell its velocity remains unaltered. There- 


aes . . . | GM 
fore, it hits the point C with velocity v = E 


5.3.2 Rockets and Satellites 


5.23 Energy conservation gives 


1l 5 GmM _ GmM 


0 
2 R r B 





where r 1s the distance from the earth's centre. 
GM 4 
Using v — ,/ ——, we find r — 2 


2R 
Maximum height attained 


R 
h=r-R=— 
3 


5.24 In Fig. 5.15, total energy at P = total energy at O. 





Fig. 5.15 
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GmM 1 > GmM 


Var 2" TR 


v aeg 
R 


The potential energy of the satellite on the earth’s surface is 


GM 
U(R) = mE (1) 


where M and m are the mass of the earth and the satellite, respectively, and R 
is the earth's radius. 
The potential energy at a height h = 0.5R above the earth’s surface will be 


GMm GMm 


U(R +h) = —-— = —-—_ 2 
eral) R+h 1.5R 2 
Gain in potential energy 
GMm GMm GMm 
ADI um | SS | BS (3) 
1.5R R 3R 


Thus the work done W, in taking the satellite from the earth’s surface to a 
height h = 0.57 


W _ GMm (4) 
1 3R 


Extra work W» required to put the satellite in the orbit at an attitude h = 0.5R 
is equal to the extra energy that must be supplied: 


Wz = -mv = =m | —— | = —— 5 
2 — juo nu (5) 


] l GM | GMm 
2 3R 


where vo is the satellite’s orbital velocity. 


W 
Thus from (4) and (5), — = 1.0. 
W»5 


The initial angular momentum of the asteroid about the centre of the planet is 
L=mvod. 

At the turning point the velocity v of the asteroid will be perpendicular to 
the radial vector. Therefore the angular momentum L’ = mvR if the asteroid 
is to just graze the planet. Conservation of angular momentum requires that 
L’ = L. Therefore 
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mv R — mvod (1) 
vod 

cT 2 

Or v z (2) 


Energy conservation requires 


z” Vo = 2 di = EE (3) 
or v“ = to ct UR (4) 


Eliminating v between (2) and (4) the minimum value of vo is obtained. 


2GMR 
d? — R2 





vo = 


5.27 According to Kepler’s third law 
T? xr? 


2 2 
Oa a e 
jp qx 

T AT 
r2 (1.08 x 10!1)3 


= 3.9539 x 107? days? /n? 
= 4.0081 x 1077? days? /m? 


Thus Kepler’s third law is verified 


(11) p 
T = 2x — (1) 


where M is the mass of the parent body. 


B Ax? r? (2) 
= GT? 
2 
: T —29 2 3 
From (1) the mean value, =z)= 3.981 x 10 days^/m^ — 2.972 x 
r 
1071 s?/m? 
4n? 1 


M = —————— x ~y = 1.99 x 10°"k 
6.67 x 10-11 ^ 2.972 x 10-19 B B 


5.28 At the perihelion (nearest point from the focus) the velocity (up) is maximum 
and at the aphelion (farthest point) the velocity (vA) is minimum. At both these 
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points the velocity is perpendicular to the radius vector. Since the angular 
momentum is constant 


HWUATA — m Uplp 

Vol 

SPP (1) 
UA 


or rA = 


where ra = Fmax and Fp = Fmin 
The eccentricity 


Fmax — "min FA —r Up — UA 
g = ZA _ M = a (2) 
Fmax + ‘min ra Tp Up + VA 








where we have used (1) 


30.0 — 29.2 


€ = = 0.0135 
30:0 4729.2 


A small value of eccentricity indicates that the orbit is very nearly circular. 


(a) For circular orbit, 


27a 
T == 
U 


T = 14.4 days = 1.244 x 10°s 


iT 22x 10° x 1.244 x 10° B 


2a = — — 8.7 x 109 m 
T 3.1416 


(b) Since the velocity of each component is the same, the masses of the com- 
ponents are identical. 


e EUM 


C. m = M) 
a 
2 10 3^2 
4.35 x 10 9(2.2 x 10 
Apu (go UMEN = 1.58 x 10?! kg 
2G 2 x 6.67 x 10-1! 


At the surface, the component of velocity of the satellite perpendicular to the 
radius R is 


: o vo i 
vo sin30° = 5 (Fig. 5.16) 


mvoR 


Therefore, the angular momentum at the surface — 5 
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Fig. 5.16 





At the apogee (farthest point), the velocity of the satellite is perpendic- 
ular to the radius vector. Therefore, the angular momentum at the apogee 
— (mv)(5R/2). 

Conservation of angular momentum gives 


m 
—mvR = —voR 
2 2 
vo 
or = — 1 
B (1) 


1 
The kinetic energy at the surface Ko = 3m Vs and potential energy Up = 
GMm 


R 
Therefore, the total mechanical energy at the surface is 


E 1 2 GMm (2) 
= -mv — —— — 
ED, R 


1 
At the apogee kinetic energy K = jmv and the potential energy U = 
2GMm 





SR — 
Therefore, the total mechanical energy at the apogee is 


2 GM 
E = —mv? — £2 (3) 
2 5 R 


Conservation of total energy requires that E — Eo. Eliminating v in (3) with 
the aid of (1) and simplifying we get 


[SGM 
vo = ,| —— 
4R 
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5.32 


5.33 
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For an elliptic orbit 
2. 1 
vu— IGM|I-—-— 
r ad 

(; min 4 Armin Armin 


Fmax + min = 2a 


GM (2 IGM 
i om ( GM (2a — max) a — Fmax) _ Wu F min (2) 
(: max GT max Ol wax 


Multiplying (1) and (2) 








GM 


UmaxUmin — 


-a | = 
OF ~~ UmaxUmin = =a 


as JT =2zx,/ — 
GM 


T 
a = —— A/ Vmax Umin 
2 


3 


r 
TZ ] 
"Y SM (1) 


Butr=a+b+c (2) 
Combining (1) and (2) 


Ax?(a 4- b 4- cy 


M= 
GT? 


L=|r x p|=rp sino 


L per unit mass — rv sinO 
= (1.75 x 1.5 x 101) (3 x 10^) sin 30? 
— 3.9375 x 10P m? /s 


When the comet is closest to the sun its velocity will be perpendicular to 
the radius vector. The angular momentum L' — r'v'. Angular momentum 
conservation requires 


219 


Solutions 219 
L'=L 
L L 3.9375 x 10 
eee eS _ 2693 X10 mis. 673 kms 


FP r 039x15x 10! 


Total energy per unit mass 


1, GM 1 ae 5457510 523 10? ; 
E = -vf — — = (3x10) —— = —3.12x107J 
2 f 2 1.75 x 10!! 
a negative quantity. Therefore the orbit is bound. 
5.34 (a) The centripetal force is provided by the gravitational force. 
GMgMs | Mgv' 
R è R 
or GMs —v^R (1) 
(b) Total energy of the comet when it is closest to the sun 
1 GMcM 
E = =Mc(2v)? — 2E 2) 
2 R/2 


Using (1) in (2) we find E = 0. 
(c) At the distance of the closest approach, the comet's velocity is perpendic- 
ular to the radius vector. Therefore the angular momentum 


L — McQwv) (5) = McuR (3) 


Let vu; be the comet’s velocity which is tangential to the earth's orbit at P. 
Then the angular momentum at P will be 


L’! = Mev R (4) 


Angular momentum conservation gives 


Mcv R = Mcv R (5) 
Of U—U (6) 
(d) The total energy of the comet at P is 
1 GMsM 
pe 5Mc(v'? i T —0 (7) 


where v’ is the comet's velocity at P, because E' — E = 0, by energy 
conservation. 
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Using (1) in (7) we find 
v = sv (8) 


If 6 is the angle between v’ and the radius vector R angular momentum 
conservation gives 


McvR — Mcv' Rsin0 — McX2wvR sin 


1 
or sind = — 0 = 45° 
/2 


5.35 At both perigee and apogee the velocity of the satellite is perpendicular to the 


radius vector. In order to show that the angular momentum is conserved we 
must show that 


where m is the mass of the satellite. 


Uprp = 10.25 x 6570 = 67342.5 
Vara = 1.594 x 42250 = 67346.5 


The data are therefore consistent with the conservation of angular momentum. 


536 (à  w— .|GM E - =) (1) 


r a 
GM = (6.67 x 107!!)(6 x 107^) 2 4 x 10^ 
r= R=6.4 x 10° 
a=8x10 m 


vo = 1.095 x 10* m/s = 10.095 km/s 








QE J? 

b) e= 1+ (2) 

R 
Ponies = (3) 

m 

GMm 
fh: (4) 
2d 


Combining (1), (2), (3) and (4) 
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R 1R? (5) 
p — — + —— 
a 2 a2 
R 6400 
Now — = —— = 0.08 
a 80000 
€ = 0.96 


5.37 The resultant velocity v of each fragment is obtained by combining the veloc- 


1 
ities 5 v0 and vo vectorially, Fig. 5.17. 


Fig. 5.17 


Earth 





DW 2 
D (3%) +v = 5V500 


Kinetic energy of each fragment 
2 
K 22) V5 5 5, 5 GM 
= —~(—) | —v = —mv = —m— 
DOIN 3 ^] "16 9 16 ge 


1 
Potential energy of each fragment U = — —————— 


r 
SGMm 1GMm 3 GMm 
Total energy E = K + U = E E 

16r 2 r 16 r 











If v makes on angle @ with the radius vector r, then v sin@ = vo. The angular 
momentum of either fragment about the centre of the earth is 


1 GM 1 
Jes fonus. — e c—mGMr 
2 2 r 2 
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5.38 Velocity at the nearer apse is given by 





a(l—e) a a \l—e 


2 =6M| |= H (1) (1) 


as there is no instantaneous change of velocity. If a, 1s the semi-major axis for 
the new orbit 


) 2 1 

v = GM | ——— — — (2) 
a(l—eé€) a, 

As the nearer and farther apses are inter-changed 


ai(1 — 81) — a(1 t &) (3) 


Equating the right-hand side of (1) and (2) and eliminating a; from (3) and 
solving for e, we get 





é(3 + €) 
€] = 
]—e& 
5.39 (a) ERE id (1) 
T r T ro 
Now, J =mr76 (constant) (2) 
1 dt m 
— | — = — | rdé (3) 
T r TJ 
J= 2 
r= muy (4) 
1+ecosé 
Using (4) in (3) 


2m 
1l fdt men dé 


TJ r TJ 1 + £ cos 
0 

O ma(l— £?) 2x (5) 
p TJ | X1]—e& 

oz dO 2 
where we have used the integral | —————— = T 

0 a 4- bcos0 az — b2 

2x ma^4/ 1 — & 

Further T — — (6) 


Using (6) in (5) 
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1 fdt 1 
mg uu (7) 


T r a 


(b) 7 f a= f (E- 2 )ar 
T T r a 


1 dt GM 2GM GM GM 
= 2G M — — — — | dt= — — 
T r Ta a a a 





where we have used (7) and put f dt = T. 


5.40 The distance between the focus and the end of minor axis is a. Let the new 


5.41 


semi-major axis be a1. Since the instantaneous velocity does not change 


E :) (5 = 

GM{\-—--—--]=G(M+m){-- — 

a a a a 
m 





or aj = M’ y (1+ 7) (0-2) 
1+ al id "n 
M 
m 
Ede x) 1 
ay a( M (1) 
The new time period 
T 2xaj ^ 2za?/? ( m ) (1 m ) 
1 LL —————————MÓÁ— = ee 
VG(M +m) /GM M M 


3m m 2m 
oe (1-2c)eT pur 
2M 2M M 

where we have used binomial expansion and the value of the old time period. 


Case I: Apse is farther 
It is sufficient to show that the total energy is zero. 


ri — a(1-4- s) — a(1 4- 0.5) 2 1.5a 
) 2 1 2 1 GM 
ri a l.5a a 3a 
New velocity v} = 2v]. 
New kinetic energy 


2GMm 
3a 





1 1 
K! = 5n G^ — 5n Qui) — 
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The potential energy is unaltered and is therefore 


GMm 2GMm 
Ui = — — — 
ri 3a 








I ; 2GMm 2GMm 
Total energy E} = K + U1 = 3z a, = 








Case 2: Apse is nearer 
It is sufficient to show that the total energy is positive. 


r2 =a(l — £) = a(1 — 0.5) = 0.5a 
) 2 1 2 1 3GM 
vy = GM | — — - | = GM | — -- | = 

Y) a 0.5a a a 


New velocity v = 2v». 


























EE , 1 wo? 1 > 6GMm 
New kinetic energy K} = jm ur = z” (2v2) = 
Potential energy is unaltered and is given by 

GMm GMm 2GMm 
U^ = — = — — 
r2 0.5a a 
: 6GMm |2GMm 4GMm 
Total energy Ey = K, + U2 = = e ; 
a a a 


which is a positive quantity. 


The velocity of the particle in the orbit is given by 


) 2 1 
v =GM{-—--—- 
r a 


When the particle is at one extremity of the minor axis, r = a 


> 2 1\ GM 
v = GM |£- -])] = = 
a a a 


Let the new axes be 2a; and 2b;. By problem the force is increased by half, 
but the velocity at r = a is unaltered. 
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As v is unaltered in both magnitude and direction, the semi-latus rectum / — 


p? 
— — a(1 — &?). The constant h? = (GM) (semi-latus rectum) is unchanged. 
a 


p^ Wo dps 
GM— =>GM— 
2 a1 
P 2 3 
bo = — = 5-20 
D od 3 4 


2b; = V2b 


5.43 (a) The forces acting on the satellite are gravitational force and centripetal 
force. 
(b) Equating the centripetal force and gravitational force 


mv? 


w= JgR = —— 


E 
= 27 (1) 


(c) The geocentric satellite must fly in the equatorial plane so that its cen- 
tripetal force is entirely used up by the gravitational force. Second, it must 
fly at the right altitude so that its time period is equal to that of the diurnal 
rotation of the earth. 

(d) 24h. 

(e) Using (1) 





T?GM 1^ 
F = 
| 
Using T = 86, 400s, G = 6.67 x 107! kg^! m?/s?, M — 6.4 x 10^ kg, 
we find r = 4.23 x 10’ m or 42,300 km. 


5.44 At both perigee and apogee v is perpendicular to r. Angular momentum con- 
servation gives MVArA = nmuprp 


ra = 2a —rp = 4r —r =3r 
Ur v 
V = SS 
^ 3r 3 
5.45 The orbit of the small body will be a hyperbola with the heavy body at the 
focus F, Fig. 5.18. 
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Fig. 5.18 





2 
pl ETE (1) 


ecosé — 1 


As r — o, the denominator on the right-hand side of (1) becomes zero and 
the limiting angle 00 is given by 


1 
cos 6) = — 
E 

1 


or coté9 = — 
62 — ] 


The complete angle of deviation 





@=m — 20 
or Ce 
2 2 
l 
"mc" 
2 e2 —] 
2Eh?* 
But €= I+ Gaye 


1 
where h = pv and E = -~ 


h 1 GM GM 
tan > = SS = 3 
2 g2—1  hJ2E pv 


5.46 In Fig. 5.19 
2a 


pS —— 
1 + cos 6 
r° =h (constant, law of areas) 
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Fig. 5.19 
— e Comet 
X 
dt r? 
dô h 


Time taken for the object to move from P| to Pz (Fig. 5.19) is given by 


0 
= _ 4a? dé 


h (1 4- cos 0)? 


0 0 
a "IM aap 
= se Uh + tan’ 5) d{ tan; 
0 0 


2a’ L1 1 
— —— | tan -04- - tan" -0 
h 2 3 2 











But h =s GM x semi- latus rectum = /2aGM 


2a? lL l 21 
t = ,| — | tan -0 + - tan“ -0 
GM 2 3 2 


5.47 Required time for traversing the arc PQT is obtained by the formula derived 
in problem (5.46), Fig. 5.20 


2a? 1 1 1 
to = 2t = 2,| — | tan -0 + - tan? -0 1 
0 CI aan 50) (1) 
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Fig. 5.20 ao Comet 





\ 
\ 
Q— —a Sun 00 
earth 
For parabola 
2 
1 4- cos 0 
2a 
or cosü— — -1 ; 
r 


0 1 — cosÓ R 
fui e Rc ER es e efl (4) 
2 ] 4- cos Ó a 


where we have put r = R, the radius of earth’s orbit. Using (4) in (1) 


2 1 


dt 
to is maximized by setting B = Q. This gives 
a 


R 
= — 6 
Pu (6) 
Using (6) in (5) gives 


4 | R? 2 R o 2 
tomax) = =| — = — 2r] —— = —T 
3| GM 3x GM | 3m 
R? 
where T = 27x GM ] year is the time period of the earth. 


2 
Thus to(max) = — years. 
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5.48 


5.49 


Door! dr M? 
p r? r4 \do 


r=asinneg 


dr ^ 20? (1 — sin? n9) — n?a? ii^ 
do —na sin n —nua 22 


Using (3) in (1) 

















l na |-—m 
P r'r 
Differentiating 
2 dp 4n'a^ 2(1— m^) 
pd — r? r3 
i dp 3na l-n 
or ——= 
p? dr r? r3 


Force per unit mass 


pc di __72 e x —) 








p>? dr |— j? j? 
Lot l(a j 
p? r? r*Md8 
r — a(1 — cos0) 
r : 
— = asin 
do 
dr V? 2 
i —a^sn?0-a? 1- (1-5) — ra — r? 
dO a 
Using (2) in (1) 
1 2a 
P P 
3 
d ou 
or p zb" 


Force per unit mass 


piap 
p? dr 


Differentiating (3) 
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(1) 
(2) 
(3) 


(1) 


(2) 


(3) 


(4) 
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5.50 


5.51 
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dp 3r? (5) 
Par 2a 
Using (5) in (4) 
fH 3h*r^ — 3ah* (6) 
= 4ap rí 


where we have used (3). Thus the force is proportional to the inverse fourth 
power of distance. 


1 
If u = —, then at the apse 
r 


du — 
dô 
1 dr 0 
DP ———— nl 
r? do 
I inĝ = 0 
— —a sin ĝ = 
r2 


from which either sin 0 — O or r is infinite, the latter case being inadmissible 
so long the particle is moving along the cardioid. 


Thus 0 —;rorO 
When 0-—;z,r-—2a 
3ah?  3an? 3m? 


d = ———— om ——— Z= ———— 
Me rí 16a^ 16a? 
2 3 
8 
Also p = P = oa — 4a? 
2a 2a 
h m 
and v?— — — — 
p? 4q? 
3h? r 
Thus A 


When 6 = 0,r = 0 and p = 0 and the particle is moving with infinite velocity 
along the axis of the cardioid and continues to move in a straight line. 


k 
Let the force f = -73 = —ku? 
y 


where u — — 
r 
d^u f ku 


a ee r 
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5.52 


5.53 


k 
Case (1): o -1 


k 2 
Let— —12n 
h? 


d^u 2 
— —n*u-0 
d8? 
which has the solution u = Ae”? + Be^"?. where the constants A and B 
depend on the initial conditions of projection. If these are such that either A 
or B is zero then the path is an equiangular spiral 


k d 
Case (11): =z = 1, the equation becomes a3 = 0, whose solution is v = 
A0 4- B, acurve known as the reciprocal spiral curve. 
ae k k 2 . d^u 2 
Case (111): a 1. Let 1 — m =n , the equation becomes iz; Fn^u — 0 
whose solution 1s u — A cos n0 4- B sinn0,a curve with infinite branches. 
Lot l(a i 8 
p r? r*+\de 
r^ — a? cos? 0 (2) 
d 
n — —a? sin? 0 (3) 
1 (dr\? at n2 d r^ a^ 1 
pde) — 690 P — lr ui) 7g a 
From (1) and (4) 
1 a^ 
por 
y? 
or p—5 (5) 
a 
dp 3r? 
aC ES CE 6 
dr a? (6) 
Fa h^dp 3ha 
| pd r! 


where we have used (5) and (6). 


The polar equation of a circle with the origin on the circumference is r = 
2a cos 0 where a is the radius of the circle, Fig. 5.21. 
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Fig. 5.21 
ol 
1_ 1 lfd ^ a 
p r? r*Vd0 
r = 2a cos (2) 
dr 
197 —2a sin (3) 
dus D 
(Z) — 4a? (1 — cos? 0) = 4a? — r? (4) 
1 (dr\* 4& 1 
Aa) A aA a 
Using (5) in (1) and simplifying 
$2 
pu (6) 
dp c 
Fade (7) 
h? dp E h?a* 
pdr r’ 


5.54 


Initially the earth’s orbit is circular and its kinetic energy would be equal to 
the modulus of potential energy 





(1) 


Suddenly, sun's mass becomes half and the earth is placed with a new quan- 
tity of potential energy, its instantaneous value of kinetic energy remaining 
unaltered. 
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New total energy = new potential energy + kinetic energy 


(2)7 l5 
=-G|—]—+ 2m 
r 








2 2 
B GMm 1GMm E 
7 2y 2 F 7 


As the total energy E — 0 the earth’s orbit becomes parabolic. 


Chapter 6 
Oscillations 


Abstract Chapter 6 deals with simple harmonic motion and its application to var- 
ious problems, physical pendulums, coupled systems of masses and springs, the 
normal coordinates and damped vibrations. 


6.1 Basic Concepts and Formulae 


Simple Harmonic Motion (SHM) 
In SHM the restoring force (F) is proportional to the displacement but is oppositely 
directed. 


F — —kx (6.1) 


where k is a constant, known as force constant or spring constant. The negative sign 
in (6.1) implies that the force is opposite to the displacement. 
When the mass is released, the force produces acceleration a given by 


a= F/m=—k/m = —oXx (6.2) 
where w° = k/m (6.3) 
and w = 27x f (6.4) 


is the angular frequency. 
Differential equation for SHM: 


d?x 
aor wx —0 (6.5) 


Most general solution for (6.5) is 


x = Asin(@t + €) (6.6) 
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where A is the amplitude, (wt + €) is called the phase and € is called the phase 
difference. 
The velocity v is given by 


v = toy A? — x? (6.7) 


The acceleration is given by 


a — —ox (6.8) 


f= - (6.9) 


where m is the mass of the particle. 


The time period is given by 
] m 
qoe (6.10) 
f k 


Total energy (€) of the oscillator: 


E — V mA?o* (6.11) 
Kay 2 Uy — I mA?o* (6.12) 


Loaded spring: 








(6.13) 
where M is the load and m is the mass of the spring. 
If v; and v2 are the velocities of a particle at x; and x2, respectively, then 
x2 — x? 
T= (6.14) 
v= 
2: 25 
UrLXS —Ux 
A= (6.15) 
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Pendulums 
Simple Pendulum (Small Amplitudes) 


T =27 


L 
= (6.16) 
$ 


T is independent of the mass of the bob. It is also independent of the amplitude 
for small amplitudes. 
Seconds pendulum is a simple pendulum whose time period is 2 s. 


Simple Pendulum (Large Amplitude) 


For large amplitude 66, the time period of a simple pendulum is given by 
L p 0 po 0 1953 0 
T 22z |—|1-4[- | sir’ i iuc ]- sm = d. 1 — Sine 2 
g 2 2 2.4 2 2.4.6 2 
(6.17) 
where we have dropped higher order terms. 
Simple pendulum on an elevator/trolley moving with acceleration a. Time period 


of the stationary pendulum is T and that of moving pendulum T”. 


(a) Elevator has upward acceleration a 








Por rarer (6.18) 
(b) Elevator has downward acceleration a 
pep D (6.19) 
(c) Elevator has constant velocity, i.e. a — 0 
Ter (6.20) 
(d) Elevator falls freely or is kept in a satellite, a = g 
T' — oo (6.21) 


The bob does not oscillate at all but assumes a fixed position. 
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(a) Trolley moving horizontally with acceleration a 


8 


(b) Trolley rolls down on a frictionless incline at an angle 0 to the horizontal plane 


T'—T (6.22) 


T = T/cos0 (6.23) 


Physical Pendulum 


Any rigid body mounted such that it can swing in a vertical plane about some axis 
passing through it is called a physical pendulum, Fig. 6.1. 


Fig. 6.1 TN 





The body is pivoted to a horizontal frictionless axis through P and displaced from 
the equilibrium position by an angle 0. In the equilibrium position the centre of mass 
C lies vertically below the pivot P. If the distance from the pivot to the centre of mass 
be d, the mass of the body M and the moment of inertia of the body about an axis 
through the pivot 7, the time period of oscillations is given by 


l 


T = 27| —— (6.24) 
Mgd 
The equivalent length of simple pendulum is 
Leq = 1/Md (6.25) 


The torsional oscillator consists of a flat metal disc suspended by a wire from a 
clamp and attached to the centre of the disc. When displaced through a small angle 
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about the vertical wire and released the oscillator would execute oscillations in the 
horizontal plane. For small twists the restoring torque will be proportional to the 
angular displacement 


C= 60 (6.26) 


where C is known as torsional constant. The time period of oscillations is given by 


i 
T= dL (6.27) 


Two equal masses connected by a spring and two other identical springs fixed to 
rigid supports on either side, Fig. 6.2, permit the masses to jointly undergo SHM 
along a straight line, so that the system corresponds to two coupled oscillators. The 
equation of motion for mass m, is 


Coupled Harmonic Oscillators 


mx, 4 k(2x1 — x2) 20 (6.28) 
mM, =m m= m 
k k k 
X1 X2 
Fig. 6.2 
and that for rn» 1s 
mx? 4 k(2xo — x1) 20 (6.29) 


Equations (6.28) and (6.29) are coupled equations. 
Assuming xı = A, sint and x» — A» sin ot 


(6.28) and (6.29) become 
e 2 : _ 2 
X| — —0^ A, sinoft — —o*x| (6.30) 
Xo — —o* A» sinet — —o x» (6.31) 


Inserting (6.30) and (6.31) in (6.28) and (6.29), we get on rearrangement 
(2k — mo )x, — kx. =0 (6.32) 


— kx, + (2k — mw*)x = 0 (6.33) 
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For a non-trivial solution, the determinant formed from the coefficients of x; and x2 
must vanish. 


2k —- mo? —k 
—k | 2k — mo? 


The expansion of the determinant gives a quadratic equation in c whose solutions 
are 


o1 — V/k/m (6.35) 
œ = /3k/m (6.36) 


Normal coordinates: It is always possible to define a new set of coordinates called 
normal coordinates which have a simple time dependence and correspond to the 
excitation of various oscillation modes of the system. Consider a pair of coordinates 
defined by 


Ni = X1 — X2, M = x1 t X2 (6.37) 
l 1 
or x, = z + 72),x2 = z 2 — m1) (6.38) 
Substituting (6.38) in (6.28) and (6.29) we get 


m(n, +42) +kBn + 2) = 0 
m(n1 — 952) T k(39 — 52) = 0 


which can be solved to yield 


m, --3kg —0 
mn, - kg, -0 (6.39) 
The coordinates 7; and 72 are now uncoupled and are therefore independent 


unlike the old coordinates x; and x2 which were coupled. 
The solutions of (6.39) are 


nı (t) = Bı sinæit, no(t) = Bosinadt (6.40) 


where the frequencies are given by (6.35) and (6.36). 
A deeper insight is obtained from the energies expressed in normal coordinates 
as opposed to the old coordinates. The potential energy of the system 


Can 2 ike Paik 
= Xu = kx 
jc 7 2 1 7 2 


= k (x17 — X1X2 c x2?) (6.41) 
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The term proportional to the cross-product x;x2 is the one which expresses the cou- 
pling of the system. The kinetic energy of the system is 


K = mx? + mis (6.42) 


In terms of normal coordinates defined by (6.38) 


k 
U = z Fa) (6.43) 


m, : 
K = raul + 772) (6.44) 


Thus, the cross-product term has disappeared and the kinetic and potential energies 
appear in quadratic form. Each normal coordinate corresponds to an independent 
mode of vibration of the system, with its own characteristic frequency and the gen- 
eral vibratory motion may be regarded as the superposition of some or all of the 
independent normal vibrations. 


Damped Vibrations 


For small velocities the resisting force f; (friction) is proportional to the velocity: 


dx 
= —f — 6.45 
fr di (6.45) 
where r is known as the resistance constant or damping constant. The presence of 
the dissipative forces results in the loss of energy in heat motion leading to a gradual 
decrease of amplitude. The equation of motion is written as 


d^x dx 


where m is the mass of the body and k is the spring constant. 
Putting r/m = 2b and k/m = a”, (6.46) becomes on dividing by m 


dx dx 


Let x — e^ so that dx/dt — Ae^! and d?x /dt? — A?e^ 
The corresponding characteristic equation is 


X^ --2bÀ -- eg? —0 (6.48) 


The roots are 


àa =b +b- og (6.49) 
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Calling R = ,/b? — w 
Ay a= —b+R 22——b—R 


Using the boundary conditions, at t = 0, x = xo and dx/dt = O the solution to 
(6.47) is found to be 


1 
ee |a 4 b/ Rye! 4 (1— b/ Rye" | (6.50) 
The physical solution depends on the degree of damping. 
Case l: Small frictional forces: b < wo (underdamping) 


b? < k/m or (r/2m)}? < k/m 


R is imaginary. R = jw’, where j = ~—1 


o =o- b? (6.51) 
x = Ae” cos(w’'t + €) (6.52) 
where A = wx /a’ and & — tan ! (-b/o/) (6.53) 





Fig. 6.3 Underdamped 


motion X Ag" cos c't 


ill 





Equation (6.52) represents damped harmonic motion of period 


B 2 27 


T -= —— (6.54) 
E g o — p? 
T = l/bis the time in which the amplitude is reduced to 1/e. 
The logarithmic decrement A is 
A 
- — / 
As ln (<r) =e: (6.55) 


Case 2: Large frictional forces (overdamping) 
b > wo. Distinct real roots. 
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Both the exponential terms in (6.50) are negative and they correspond to expo- 
nential decrease. The motion is not oscillatory. The general solution is of the form 


x 2e P (Ae* + Bef’) (6.56) 


Fig. 6.4 Overdamped motion 





Case 3: Critical damping 


Fig. 6.5 Criticallydamped 
motion 





The exponentials in the square bracket may be expanded to terms linear in Rt. The 
solution is of the form 


x — xo e P (1 + bt) (6.57) 


The motion is not oscillatory and is said to be critically damped. It is a transition 
case and the motion is just aperiodic or non-oscillatory. There is an initial rise in 
the displacement due to the factor (1 + bt) but subsequently the exponential term 
dominates. 


Energy and Amplitude of a Damped Oscillator 


E(t) = Eye“! (6.58) 
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where t; — m/r 


Quality factor 


The value of quality factor indicates the sharpness of resonance. 


A(t) 2 Age ' ^ 


Q = øt: = @om/r 
/ 1 l 
w =w — —> 

0 402 


e = 


w2 — 0] 


Oscillations 


(6.59) 


(6.60) 


(6.61) 


(6.62) 


where wo is the resonance angular frequency and w2 and «c are, respectively, the 
two angular frequencies above and below resonance at which the average power has 
dropped to one-half its resonance value. (Fig. 6.6). 


Fig. 6.6 Resonance 
frequency curve, wo is the 


resonance angular frequency. 


€ and o» are defined in the 
text 


Forced vibrations are set up by a periodic force F cos ot. 
Equation of motion of a particle of mass m 


Or 


where 





——— 4 2D 


rdx 
+ EF + kx = F cos ot 


dx 


di + wx = pcosat 


k/m — ax, r/m — 2b and F/m = p 





(6.63) 


(6.64) 


(6.65) 
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wo being the resonance frequency. 


x = Acos(at — €) (6.66) 
t we (6.67) 
ane — ——— — 
CX — o 


Mechanical impedance 


Zin = JJ (0 — oy? 4 Ab2o? (6.68) 


Power 


Pp 
A=— 6.69 
Z, (6.69) 

wo 
= 6.70 
Q >p (6.70) 
w- F? — sine (6.71) 

SZ. 


6.2 Problems 


6.2.1 Simple Harmonic Motion (SHM) 


6.1 


6.2 


6.3 


The total energy of a particle executing SHM of period 27: s is 0.256 J. The 
displacement of the particle at z/4s is 8/2cm. Calculate the amplitude of 
motion and mass of the particle. 


A particle makes SHM along a straight line and its velocity when passing 
through points 3 and 4 cm from the centre of its path is 16 and 12 cm/s, respec- 
tively. Find (a) the amplitude; (b) the time period of motion. 

[Northern Universities of UK] 


A small bob of mass 50 g oscillates as a simple pendulum, with amplitude 5 cm 
and period 2s. Find the velocity of the bob and the tension in the supporting 
thread when velocity of the bob is maximum. 

[University of Aberystwyth, Wales] 
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6.4 


6.5 


6.6 


6.7 


6.8 


6.9 


6.10 


6.11 


6.12 


6.13 


6.14 
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A particle performs SHM with a period of 16s. At time t = 2s, the particle 
passes through the origin while at f — 4s, its velocity is 4 m/s. Show that the 
amplitude of the motion is 324/2/7. 

[University of Dublin] 


Show that given a small vertical displacement from its equilibrium position 
a floating body subsequently performs simple harmonic motion of period 
2x /V/Ag where V is the volume of displaced liquid and A is the area of 
the plane of floatation. Ignore the viscous forces. 


Imagine a tunnel bored along the diameter of the earth assumed to have constant 
density. A box is thrown into the tunnel (chute). (a) Show that the box executes 
SHM inside the tunnel about the centre of the earth. (b) Find the time period of 
oscillations. 


A particle which executes SHM along a straight line has its motion represented 
by x — 4sin(zt/3 4- 7/6). Find (a) the amplitude; (b) time period; (c) fre- 
quency; (d) phase difference; (e) velocity; (f) acceleration, at t — 1s, x being 
in cm. 


(a) At what distance from the equilibrium position is the kinetic energy equal 
to the potential energy for a SHM? 

(b) In SHM if the displacement is one-half of the amplitude show that the 
kinetic energy and potential energy are in the ratio 3:1. 


A mass M attached to a spring oscillates with a period 2s. If the mass is 
increased by 2 kg, the period increases by 1s. Assuming that Hooke's law is 
obeyed, find the initial mass M. 


A particle vibrates with SHM along a straight line, its greatest acceleration is 
51? cm/s?, and when its distance from the equilibrium is 4 cm the velocity of 
the particle 1s 377 cm/s. Find the amplitude and the period of oscillation of the 
particle. 


If the maximum acceleration of a SHM is o and the maximum velocity is 
P. show that the amplitude of vibration is given by £?^/o and the period of 
oscillation by 27: 5/a. 


If the tension along the string of a simple pendulum at the lowest position is 
1% higher than the weight of the bob, show that the angular amplitude of the 
pendulum is 0.1 rad. 








A particle executes SHM and is located at x = a, b and c at time tọ, 219 and 
l ncs 1 a+c 
3to, respectively. Show that the frequency of oscillation is 2 cos! Jp 
TU IQ 


A 4 kg mass at the end of a spring moves with SHM on a horizontal frictionless 
table with period 2s and amplitude 2 m. Determine (a) the spring constant; 
(b) maximum force exerted on the spring. 
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6.15 


6.16 


6.17 


6.18 


6.19 


6.20 


6.21 


6.22 


6.23 


6.24 


6.25 


6.26 


A particle moves in the xy-plane according to the equations x — a sin o; 
y — bcosot. Determine the path of the particle. 


(a) Prove that the force F — —kxi acting in a SHO is conservative. (b) Find 
the potential energy of an SHO. 


A 2kg weight placed on a vertical spring stretches it 5cm. The weight is 
pulled down a distance of 10cm and released. Find (a) the spring constant; 
(b) the amplitude; (c) the frequency of oscillations. 


A mass m is dropped from a height A on to a scale-pan of negligible weight, 
suspended from a spring of spring constant k. The collision may be considered 
to be completely inelastic in that the mass sticks to the pan and the pan begins 
to oscillate. Find the amplitude of the pan's oscillations. 


A particle executes SHM along the x-axis according to the law x = A sin æt. 
Find the probability dp(x) of finding the particle between x and x + dx. 


Using the probability density distribution for the SHO, calculate the mean 
potential energy and the mean kinetic energy over an oscillation. 


A cylinder of mass m is allowed to roll on a smooth horizontal table with a 
spring of spring constant k attached to it so that it executes SHM about the 
equilibrium position. Find the time period of oscillations. 


Two simple pendulums of length 60 and 63 cm, respectively, hang vertically 
one in front of the other. If they are set in motion simultaneously, find the time 
taken for one to gain a complete oscillation on the other. 

[Northern Universities of UK] 


A pendulum that beats seconds and gives correct time on ground at a certain 
place is moved to the top of a tower 320m high. How much time will the 
pendulum lose in | day? Assume earth’s radius to be 6400 km. 


Taking the earth’s radius as 6400 km and assuming that the value of g inside 
the earth is proportional to the distance from the earth’s centre, at what depth 
below the earth’s surface would a pendulum which beats seconds at the earth’s 
surface lose 5 min in a day? 

[University of London] 


A U-tube is filled with a liquid, the total length of the liquid column being 
h. If the liquid on one side is slightly depressed by blowing gently down, the 
levels of the liquid will oscillate about the equilibrium position before finally 
coming to rest. (a) Show that the oscillations are SHM. (b) Find the period of 
oscillations. 


A gas of mass m is enclosed in a cylinder of cross-section A by means of a 
frictionless piston. The gas occupies a length / in the equilibrium position and 
is at pressure P. (a) If the piston is slightly depressed, show that it will execute 
SHM. (b) Find the period of oscillations (assume isothermal conditions). 
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6.27 


6.28 


6.29 


6.30 
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2nt 
A SHM is given by y = 8sin (= + o); the time period being 24s. At 
T 
t = 0, the displacement is 4 cm. Find the displacement at t = 6s. 


In a vertical spring-mass system, the period of oscillation is 0.89 s when the 
mass is 1.5 kg and the period becomes 1.13 s when a mass of 1.0 kg is added. 
Calculate the mass of the spring. 


Consider two springs A and B with spring constants ka and kp, respectively, 
A being stiffer than B, that is, ka > kp. Show that 


(a) when two springs are stretched by the same amount, more work will be 
done on the stiffer spring. 

(b) when two springs are stretched by the same force, less work will be done 
on the stiffer spring. 


A solid uniform cylinder of radius r rolls without sliding along the inside 
surface of a hollow cylinder of radius R, performing small oscillations. Deter- 
mine the time period. 


6.2.2 Physical Pendulums 


6.31 


Fig. 6.7 


6.32 


Consider the rigid plane object of weight Mg shown in Fig. 6.7, pivoted about 
a point at a distance D from its centre of mass and displaced from equilibrium 
by a small angle o. Such a system is called a physical pendulum. Show that 
the oscillatory motion of the object is simple harmonic with a period given by 


| I 
Im 355 where / is the moment of inertia about the pivot point. 
$ 


Pivot 





A thin, uniform rod of mass M and length L swings from one of its ends 
as a physical pendulum (see Fig. 6.8). Given that the moment of inertia of a 
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Fig. 6.8 


6.33 


Fig. 6.9 


6.34 


6.35 


6.36 





l . I . 
uniform rod about one end is Z = - ML, obtain an equation for the period 


of the oscillatory motion for small angles. What would be the length / of a 
simple pendulum that has the same period as the swinging rod? 


The physical pendulum has two possible pivot points A and B, distance L 
apart, such that the period of oscillations is the same (Fig. 6.9). Show that 
the acceleration due to gravity at the pendulum’s location is given by g = 
An^ ET. 





A semi-circular homogeneous disc of radius R and mass m is pivoted freely 
about the centre. If slightly tilted through a small angle and released, find the 
angular frequency of oscillations. 


A ring is suspended on a nail. It can oscillate in its plane with time period Tı 
or it can oscillate back and forth in a direction perpendicular to the plane of 
the ring with time period 7>. Find the ratio T) / 7}. 


A torsional oscillator consists of a flat metal disc suspended by a wire. For 
small angular displacements show that time period is given by 


| I 
I: le 
C 
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where Z is the moment of inertia about its axis and C is known as torsional 
constant given by c — —CO0, where r is the torque. 


6.37 Inthe arrangement shown in Fig. 6.10, the radius of the pulley is r, its moment 
of inertia about the rotation axis is J and k is the spring constant. Assuming 
that the mass of the thread and the spring is negligible and that the thread does 
not slide over the frictionless pulley, calculate the angular frequency of small 
oscillations. 


Fig. 6.10 





6.38 Two unstretched springs with spring constants kı and kz are attached to a solid 
cylinder of mass m as in Fig. 6.11. When the cylinder is slightly displaced 
and released it will perform small oscillations about the equilibrium position. 
Assuming that the cylinder rolls without sliding, find the time period. 


Fig. 6.11 





6.39 A particle of mass m is located in a one-dimensional potential field U(x) = 





a b 
— — z Where a and b are positive constants. Show that the period of small 
x x 
oscillations that the particle performs about the equilibrium position will be 
2a?m 
T = 4x 
b4 


[Osmania University 1999] 
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6.2.3 Coupled Systems of Masses and Springs 


6.40 Two springs of constants kı and kz are connected in series, Fig. 6.12. Calculate 
the effective spring constant. 


Fig. 6.12 





6.41 A mass m is connected to two springs of constants kı and Kk» in parallel, 
Fig. 6.13. Calculate the effective (equivalent) spring constant. 


Fig. 6.13 





6.42 A mass m is placed on a frictionless horizontal table and is connected to fixed 
points A and B by two springs of negligible mass and of equal natural length 
with spring constants kı and k2, Fig. 6.14. The mass is displaced along x-axis 
and released. Calculate the period of oscillation. 


k; 
I- OX BUD DQU V 





Fig. 6.14 


6.43 One end of along metallic wire of length L is tied to the ceiling. The other end 
is tied to a massless spring of spring constant k. A mass m hangs freely from 
the free end of the spring. The area of cross-section and the Young’s modulus 
of the wire are A and Y respectively. The mass is displaced down and released. 


Im(YA+kKL 
Show that it will oscillate with time period T = 27 IL 


[Adapted from Indian Institute of Technology 1993] 
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6.44 The mass m is attached to one end of a weightless stiff rod which is rigidly 
connected to the centre of a uniform cylinder of radius R, Fig. 6.15. Assum- 
ing that the cylinder rolls without slipping, calculate the natural frequency of 
oscillation of the system. 


Fig. 6.15 





6.45 Find the natural frequency of a semi-circular disc of mass m and radius r 
which rolls from side to side without slipping. 


6.46 Determine the eigenfrequencies and describe the normal mode motion for two 
pendula of equal lengths b and equal masses m connected by a spring of force 
constant k as shown in Fig. 6.16. The spring is unstretched in the equilibrium 
position. 





Fig. 6.16 


6.47 In prob. (6.46) express the equations of motion and the energy in terms of 
normal coordinates. What are the characteristics of normal coordinates? 


6.48 The superposition of two harmonic oscillations in the same direction leads to 
the resultant displacement y = A cos 67rt sin 907, where f is expressed in sec- 
onds. Find the frequency of the component vibrations and the beat frequency. 


6.49 Find the fundamental frequency of vibration of the HCl molecule. The masses 
of H and Cl may be assumed to be 1.0 and 36.46 amu. 
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6.50 


1 amu — 1.66 x 10-7’ kg and k = 480N/m 


Find the resultant of the vibrations y; — cos ot, y» — h cos(wt + 2/2) and 


1 
y; = 3 cos(wt + 7), acting in the same straight line. 


6.2.4 Damped Vibrations 


6.51 


6.52 


6.53 


6.54 


6.55 


6.56 


6.57 


6.58 


6.59 


A mass attached to a spring vibrates with a natural frequency of 20 c/s 
while its frequency for damped vibrations is 16 c/s. Determine the logarithmic 
decrement. 


The equation of motion for a damped oscillator is given by 
Ad? x /dt? + rdx /dt + 32x =0 


For what range of values for the damping constant will the motion be (a) 
underdamped; (b) overdamped; (c) critically damped? 


A mass of 4kg attached to the lower end of a vertical spring of constant 
20 N/m oscillates with a period of 10s. Find (a) the natural period; (b) the 
damping constant; (c) the logarithmic decrement. 


Solve the equation of motion for the damped oscillator d*x /dt? + 2dx/dt + 
5x = 0, subject to the condition x = 5, dx/dt = —3 att = 0. 


A lkg weight attached to a vertical spring stretches it 0.2m. The weight is 
then pulled down 1.5m and released. (a) Is the motion underdamped, over- 
damped or critically damped? (b) Find the position of the weight at any time 
if a damping force numerically equal to 14 times the instantaneous speed is 
acting. 


A periodic force acts on a 6 kg mass suspended from the lower end of a vertical 
spring of constant 150 N/m. The damping force is proportional to the instan- 
taneous speed of the mass and is 80N when v = 2m/s. find the resonance 
frequency. 


The equation of motion for forced oscillations is 2 d*x/dt* + 1.5dx/dt + 
40x = 12cos4t. Find (a) amplitude; (b) phase lag; (c) Q factor; (d) power 
dissipation. 


An electric bell has a frequency 100 Hz. If its time constant is 2s, determine 
the Q factor for the bell. 


An oscillator has a time period of 3s. Its amplitude decreases by 5% each 
cycle (a) By how much does its energy decrease in each cycle? (b) Find the 
time constant (c) Find the Q factor. 
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6.60 


6.61 


6.62 


6.63 


6.64 


6.65 


6.66 


6.67 
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A damped oscillator loses 3% of its energy in each cycle. (a) How many cycles 
elapse before half its original energy is dissipated? (b) What is the Q factor? 


A damped oscillator has frequency which is 9/10 of its natural frequency. By 
what factor is its amplitude decreased in each cycle? 


Show that for small damping œ © (1 — r?/8mk)«o where cy is the natural 
angular frequency, w the damped angular frequency, r the resistance constant, 
k the spring constant and m the particle mass. 


Show that the time elapsed between successive maximum displacements of a 
damped harmonic oscillator is constant and equal to 4ztm / / 4km — r?, where 
m is the mass of the vibrating body, k is the spring constant, 2b = r/m, r 
being the resistance constant. 


A dead weight attached to a light spring extends it by 9.8 cm. It is then slightly 
pulled down and released. Assuming that the logarithmic decrement is equal 
to 3.1, find the period of oscillation. 


The position of a particle moving along x-axis is determined by the equation 
d*x /dt* + 2dx/dt + 8x = 16cos2t. 


(a) What is the natural frequency of the vibrator? 
(b) What is the frequency of the driving force? 


Show that the time ft, /2 for the energy to decrease to half its initial value is 
related to the time constant by f1/2 = f, In2. 


The amplitude of a swing drops by a factor 1/e in 8 periods when no energy 
is pumped into the swing. Find the Q factor. 


6.3 Solutions 


6.3.1 Simple Harmonic Motion (SHM) 


6.1 x = Asinot (SHM) 


27 27 
= — = — = Irad/s 

T 27 

, ] «3f 
8/2 = Asin (=) 
A = 16cm = 0.16 m 
1 
E = sm Avo 
2E 2 x 0.256 
5 = 20.0 kg 


"aa OKI 


6.3 


6.2 


Solutions 255 


(a) v=avA*—x* (1) 
16 = wy A2 — 32 (2) 
12 = w/A2 — @ (3) 


Solving (2) and (3) A = 5cm and œ = 4rad/s 





2 2 
(b) Therefore T — —— = — = 1.575 
w 4 
6.3 x = Asin æt 
dx 
v = — = wÁ cos at 
dt 
27 A 2a x5 
Una = Aw = E = 5 = 5x cm/s 


6.4 


At the equilibrium position the weight of the bob and the tension act in the 
same direction 


2 
. mv 
Tension = mg + —““ 


Now the length of the simple pendulum is calculated from its period T. 


o gT? 980x72 
| 4n? 4r? 


Tensi | q Umax so(14. 297 
ension — 7n GS = eS 
ee 980 x 99.29 J ^ 


= 99.29 cm 


= 50.13 g dynes = 50.13 g wt 
The general equation of SHM is 


x — Asin(ot + €) 


| 2n 2m m 


^] 16 8 
Whent 28,x = 0. 
- JA 
0 = Asin (= x2+e) 


Since A Æ 0, sin e +e) =) 
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6.5 


6.6 
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ek 0 
4 4 


dx 
Now v = 3 = Awcos(at + €) 
When t = 4, v = 4. 


AT T T 
4 = — cos (z4- =) 
8 8 4 


324/2 


JU 


A 





Let the body with uniform cross-section A be immersed to a depth / in a liq- 
uid of density D. Volume of the liquid displaced is V = Ah. Weight of the 
liquid displaced is equal to VDg or AhDg. According to Archimedes princi- 
ple, the weight of the liquid displaced is equal to the weight of the floating 
body Mg. 


Mg = Ahdg or M = AhD 


The body occupies a certain equilibrium position. Let the body be further 
depressed by a small amount x. The body now experiences an additional 
upward thrust in the direction of the equilibrium position. When the body is 
released it moves up with acceleration 








Ax Dg Ax Dg gx 2 
Z = E Lo—————(0) X 
M Ah D h 
with œ? =È 


h 
. . 2m h V 
Time pernod T = — = 20m == 20] — 
w g Ag 


The acceleration due to gravity g at a depth d from the surface is given by 


— 1 d 1 
e=m(1- 4] (1) 


where go is the value of g at the surface of the earth of radius R. 


Writing x = R — d (2) 


6.3 


6.7 


6.8 
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Equation (1) becomes g = 805 (3) 


where x measures the distance from the centre. The acceleration g points oppo- 
site to the displacement x. We can therefore write 


X 
mdp t eres (4) 


ahg = e 


Equation (4) shows that the box performs SHM. The period is calculated from 


Qn R 6.4 x 10° 
T = — = 2r. | — — 2z4| ———— = 5074s or 84.6 min 
w 20 9.8 


Standard equation for SHM is 
x = Asin(ot + €) 
ie ie 
x —4sin| — + — 
3 6 
(a) A=4cm 
m 2m 
(b) œ = —. Therefore T = — = 6s 
3 w 
i pec 
c = — = -/s 
T 
T 
d = — 
(d) & 6 
(6) dx 4r Mm 4r (Z TES 0 
v = — = — cos | — — | = — COS|— X —] = 
dt 3 3 6 3 3 6 


(f) dv 4r? , (S TES 4r? 
a = — = —— sin | — x c mm 
dt 9 3 6 


1 1 
(a) K = zmo (A? — x?) U= zmo x? K=U 


l l 
-mo (A? — x?) — mo^ x? 
2 2 


A 
= 
m) 
1 A? 1 3 
(b) K = 2mo? | A? — — | 2 2mo? - A? 
? 4 2 4 
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L aA 
U — —-mo* — 
2 4 
^ At 3:1 
M 
6.9 T —2 == 
TV 
|M 
2—=27,/— 
k 
M+2 
je m = 
k 


Dividing (2) by (3) and solving for M, we get M = 1.6kg. 


6.10 dmax = ^A 
517 = WA 
v = oy A2 — x2 
Sm em cx A2 — 16 


27m 


2 
Solving (1) and (2), we get A = 5cm and T = uL MELLON 28. 
w 7 


611 «—o^A 
P —oA 
p^ — q^ A? - uA 
gp 


o 


or A= 


Dividing (2) by (1) 


2 2 
or 7 Oe AHP 
w Q 


2 
L 
6.12 By problem ten = 1.01 
mg 


m 
— — 0.01 


gL 
Conservation of energy gives 


1 9? 
jmv* — mgh — mgL(1 — cos0) — i s for small 0 
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(1) 


(2) 


(3) 


(1) 


(2) 


(1) 
(2) 
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6.13 


6.14 


6.15 


6.16 


v? 
gL 


0 — 40.01 — 0.1 rad 


o? — — 0.01 


a = Asin oto 
b = A sin 2wto 
c = A sin 3wto 
a + c = 2A sin 2wto cos wto 
apc 
2b 


l x4 E 
@ = — Cos 
lo 2b 


1 fp fore 
Po ( 2b ) 


(a) o- JE 
m 


2 Az ?m An? x 4 
kamo =- = = 39.478 N/m 
T? 22 





= COS wto 











(b) Fax = Mw? A = kA = 39.478 x 2 = 78.96 N 


x = asin æt 
y = b cos øt 


x? y? n ; 
uu e Dub wt + cosl æt = 1 


Thus the path of the particle is an ellipse. 


(a) To show that V x F = 0. 


Vx F= 


OP] or. 
og|ez 


i 
0 
Ox 
—Kx 


(b) U = — f Fdx = — f (K ix) (—i dx) = PK 
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6.17 


6.18 


6.19 
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(a) F=kx 
F 2 x 9.8 
kas = 24" ~ 302N/m 
x 5 x 10? 
(b) 10cm 





(c) f s = 0.712/ 
C — Ü — m Ch — . 
ovum «(OV IOS i 


Let xo be the extension of the spring. Deformation energy = gravitational 
potential energy 


1 
; X0 — mgh 4- mgxo 


Rearranging 
2m 
i= —= x0 —mgh =) 


The quadratic equation has the solutions 


mg E m^g 2mgh 
X0] — — 
"x k? k 





mg m?^g? | 2mgh 
"wn. Y gm T 


The equilibrium position is depressed by xo — = below the initial position. 
The amplitude of the oscillations as measured from the equilibrium position 
m?^g? | 2mgh 


a 





is equal to 


dp(x) 





It is reasonable to assume that the probability density for finding the 


particle is proportional to the time spent at a given point and is therefore 
inversely proportional to its speed v. 


dp(x) C 
dx | v 


(1) 
where C — constant of proportionality. 


Butv — oy A? — x? (2) 
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6.20 


6.21 


The probability density 


dp(x) _ C 
dx — o/A2—x2 





(3) 


C can be found by normalization of distribution 





A A - 
C 
utet TE ed 
o /A?— x? 
— =A 
Cr C ] 
o — =] — — = — 
w Oo T 
dp(x) — l 
dx pe” A2 — x2 
] 
U — -kx? 
2 


Using the result of prob. (6.19) 


A 


— X 


Put x = Asin, dx = A cos 0 dO 


m /2 
kA? 15 Ie 
(U) = | — J sin^ 0 dð = —-kA 
27 4 
—r/2 

l 2 l 2 1 2 
Also, (K) = (E — U) = =kA* — —kA* = -kA 

2 4 4 


K trans F Kirot + U = constant 


Bi ic be tant 
muv —IQ@M —KX = conStan 
2 z 2 

1 
But I = -m R? and œ = B 

2 R 


an /£ ? — 0 constant 
Es — Z = U constan 
4. Adr pe 


Differentiating 


3 d’xdx i dx r 
SUR UT E os 
3 uus "ug 


262 


6.22 


6.23 
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Cancelling dx /dt throughout and simplifying 


d*x x 2k " 
= — x= 
di? 3m 


This is the equation for SHM 


2k 
with o? — E 
3m 


27 3m 
T= — =27,/ — 
w 2k 


The time period of the pendulums is 


160 

Ti = 27| — (1) 
g 
163 

T, = 27| — (2) 
g 


Let the time be ¢ in which the longer length pendulum makes n oscillations 
while the shorter one makes (n + 1) oscillations. Then 


t —(n-c-brTi-nt (3) 


Using (1) and (2) in (3), we find n — 40.5 and t — 64.49 s. 


Let go be the acceleration due to gravity on the ground and g at height above 
the ground. Then 


| goR* 
e= RF 


L L 
At the ground, 7o — 2zt,| —. At height ^, T = 27 ,/ — 
80 $ 
/ 20 h 320 
T —19,|—— Tg(1-—-] —2[ 1 4 — ] — 2.0001 
° g (145) (eoru) > 


Time lost in one oscillation on the top of the tower = 2.0001 — 2.0000 = 
0.0001 s. Number of oscillations in a day for the pendulum which beats 
seconds on the ground 


4 
a 500 
2.0 
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Therefore, time lost in 43,200 oscillations 


= 42,300 x 0.0001 = 4.32 s 
d 
6.24 2 = % (: - z) (1) 
R 


where g and go are the acceleration due to gravity at depth d and surface, 
respectively, and R is the radius of the earth. 


rT-2q [8 -n(1-2 DE ja 
- Te, - To E = To ie 


Time registered for the whole day will be proportional to the time period. Thus 


T f z d 
To 7 to 7 AR 
86,400 1 d 


86.400 — 300  2R 
Substituting R = 6400 km, we find d — 44.6 km. 


6.25 (a) Let the liquid level in the left limb be depressed by x, so that it is elevated 
by the same height in the right limb (Fig. 6.17). If p is the density of the 
liquid, A the cross-section of the tube, M the total mass, and m the mass 
of liquid corresponding to the length 2x, which provides the unbalanced 


force, 
Md?x 
— —— — —mg — —(2xA 

i2 g (2x Ap)g 
dx 2Apg 2Apgx 22x ) 
——— E-— i ESS SS SS DX 
dt? M hAp h 


This is the equation of SHM. 





Fig. 6.17 
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(b) 


6.26 (a) 


Fig. 6.18 


6 Oscillations 


The time period is given by 


Let the gas at pressure P and volume V be compressed by a small length 
x, the new pressure being p’ and new volume V’ (Fig. 6.18) under isother- 
mal conditions. 

Dy ey 

or P'(I — x)A — PIA 


where A is the cross-sectional area. 


pa pi y spe) 
|.1-x l 7 l 





where we have expanded binomially up to two terms since x << /. The 
change in pressure is 


P^ _ Px 
AP = P "Ec 


The unbalanced force 


APx 





PAPA = 


and the acceleration 


F APx 7 
= = — —Qx 
m ml 





which is the equation for SHM. 


P——  — à 
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6.28 


(b) The time period 


$ =) = 8 sin 120 = 4V3 cm 





Time period of a loaded spring 


Me 
3 


n (1) 


T =27 





where M is the suspended mass, m is the mass of the spring and k is the spring 
constant 


m 
isa 
0.89 2 2x. | ———3- (2) 
k 
$5 
ida — > (3) 


Dividing the two equations and solving for m, we get m = 0.39 kg. 


6.29 (a) ka > kg 


Let the springs be stretched by the same amount. Then the work done on 
the two springs will be 
mn a a 
= — X = = X 
ATMA B — 3^B 


Wa _ ka 
We kp 


Thus Wa > Wg, 1.e. when two springs are stretched by the same amount, 
more work will be done on the stiffer spring. 


266 6 Oscillations 
(b) Let the two springs be stretched by equal force. Thus the work done 
" "TENER 2 ir 
= X — — = - — 
oa eG Oa 
E F? 
elke 
Wa _ kp 
Wp o k A 
Thus when two springs are stretched by the same force, less work will be 
done on the stiffer spring. 
Fig. 6.19 





6.30 Krans + Krot + U = C = constant 


| 2,1,2 
p o +mg(R —r)(1 — cos) = C 


l 5 U 
Now I = -mr w = — 

2 r 
3 (dx E s e a 
4” dt ME f "AN 


Differentiating with respect to time 


3 d*x dx bme(R—7)0 dO ji 
— m — — n — r — Ll 
2 dt? dt 5 dt 


Now x = (R —1r)0 


3 PX LAM dO Jj 
—X! —p)— X— = 
2 dt? dt 5 dt 


dé 
Cancelling X throughout 
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dx 2 gx 
p + < — 
dt? 3(R-=r) 





which is the equation for SHM, with 





o =L B 
3R-—r 
2 3(R — 
T£ 05 (R =r) 
w 22 


6.3.2 Physical Pendulums 


6.31 


6.32 


If o is the angular acceleration, the torque c is given by 


pesduecuin (1) 


The restoring torque for an angular displacement 6 is 
t = —MegDsin$ (2) 


which arises due to the tangential component of the weight. Equating the two 
torques for small $, 


€? MgD sinó MeDo 
—— L— sın — — 

d MgD 

ou e Emi) 3 
ili T T p (3) 


which is the equation for SHM with 


MgD 
o = 5 (4) 
I 
2m I 
T = — = 2m | —— 
w MgD 


1 
Equation for the oscillatory motion is obtained by putting J = 2 L^ and 


L 
D= p in (3) of prob. (6.31). 


268 


6.33 


6 Oscillations 


d'0 MgD 
qo e 6E (3) 
de 1385. o 
d? 2L 
pt 
2L 
Za 2L 
T = — =2mr | — (4) 
w 3g 


For a simple pendulum 


T -zji (5) 
S 


2 
Comparing (4) and (5), the equivalent length of a simple pendulum is / — 2 


From the results of prob. (6.31) the time period of a physical pendulum is 
given by 


| I 


where / is the moment of inertia about the pivot A, Fig. 6.9. 
Now I= Ic + MD? and Ic = Mk? (2) 


where k is the radius of gyration. Formula (1) then becomes 


T = 2x ,/ ——— (3) 
gD 
k2 
and the length of the simple equivalent pendulum is D + B 


k2 
If a point B be taken on AG such that AB = D + —, A and B are known as 


the centres of suspension and oscillation, respectively. Here G is the centre of 

mass (CM) of the physical pendulum. 

Suppose now the body is suspended at B, then the time of oscillation is 
2 


obtained by substituting P for D in the expression 
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6.34 


6.35 


6.36 


k? + D? 
27 ,/ ————— and is therefore 27 
gD 





Thus the centres of suspension and oscillation are convertible, for if the 
body be suspended from either it will make small vibrations in the same 
time as a simple pendulum whose length L is the distance between these 
centres. 


po L An? L 
=27./— or = —— 
g Bm 


mgd 
zs oum 1 
w 7 (1) 
4R 
d = — (2) 
37 


[=— (3) 


8g 
w = ,| — 
3a R 
I 
T = 27| — 
mgd 
T2 miem? o, al 


1 
jmr + mr? Ds 
Ty = 2n | ——————_ = 27 | -- 
mgr 
Ti HN zx B 2 
T, V3 3 
In Fig. 6.20 OA is the reference line or the disc in the equilibrium position. If 
the disc is rotated in the horizontal plane so that the reference line occupies 


the line OB, the wire would have twisted through an angle 0. The twisted wire 
will exert a restoring torque on the disc causing the reference line to move to 
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Fixed clamp 





its original position. For small twists the restoring torque will be proportional 
to the angular displacement in accordance with Hooke’s law. 


T — —CO0 


(1) 


where C is known as torsional constant. If J is the moment of inertia of the 
disc about its axis, o the angular acceleration, the torque t is given by 


d^0 
TtT =] = I 
dt? 


Comparing (1) and (2) 


d^0 

I— ——C0 

dt? 
d0 C 

or —-—0-20 
di? I 


which is the equation for angular SHM with œw? = 


oscillations is given by 

|I 
T = 2m, — 

C 
Total kinetic energy of the system 
IL oa l o 

K = K (mass) + K (pulley) = m -- 2 
Replacing x by r and X by r 


1 . | 1 . 
K = zmr 0 + 516° = ; (r^ * D6* 


(2) 


(3) 


C 
T Time period for small 


(4) 
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6.38 


Potential energy of the spring 
1 1 
U = —kx* = ~kr76" 
2 2 
Total energy 
1 ; 1 
E = K + U = 5 (mr + D? + LA — constant 


Differentiating with respect to time 


dE ) RS T 
qo nr +1)6-60+kr°0-0=0 
Cancelling ô 
Ö + a =0 

mr? +I 


which is the equation for angular SHM with 


2 
2 kr 


5 . Therefore 
+] 


| mr 
kr? 

Vmr? I 

Let at any instant the centre of the cylinder be displaced by x towards right. 

Then the spring at C is compressed by x while the spring at P is elongated by 

2x. If v = x is the velocity of the centre of mass of the cylinder and œ = @ its 

angular velocity, the total energy in the displaced position will be 


E= Pu 8 lk 24 FL y (1) 
EH d Kx dq -k2(2x 
2 gs 2 a 


1 
Substituting x = r0, x — r0, and Ic = jmr^. where r 1s the radius of the 


cylinder, (1) becomes 


3 . 
~ mr267 
4 


3 s : 
— ;mr'66 4 r?(ki 4- Ak3)00 = 0 


| 
E -+ sr (ky + 4k5)0? — constant 
dE 
dt 


i 2 
0 + — (kı + 4k2)0 = 0 
3m 
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2 
which is the equation for angular SHM with w* = 3m (ky + 4k2). 
m 


2m 3m 
T = — = 22. | —— 
w 2(kı + 4k2) 


a 
= 


=x | So 


Equilibrium position is obtained by minimizing the function U (x). 


dU — 2a b 


dx x» x? 


2a 
Measuring distances from the equilibrium position and replacing x by x 4- x 


dU 2a b 
F=-—_- = — — 
dx x3 
2a b 
E ec 
(x +2a/b)> (x +2a/b)2 


__ 2a, bx) b (+2) 
~ (2a/b)3 ( e x) — Qa/by? 2a 


Since the quantity bx/2a is assumed to be small, use binomial expansion 
retaining terms up to linear in x. 


el 
N 








_ b^x 
|». $a? 
F b*x ) 
Acceleration a — — — — = x 
m 8a?m 
p? 
where @ = 
8a?m 
27 2ma? 

T = — = 4r 
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6.3.3 Coupled Systems of Masses and Springs 


6.40 


6.41 


6.42 


6.43 


F 
Let spring | undergo an extension x, due to force F. Then x1 — a Similarly, 
1 


for spring 2, x2 = = 
2 
The force is the same in each spring, but the total displacement x is the sum 


of individual displacements: 








E 
x =x] +x = — + — 
tT ao 
k a F B F _ 1 B kiko 
A y ato FF 1 l kj +k 


k ko ky k 


k k 
P5 ME cs m (kı + k2)m 
keq kık2 


The displacement is the same for both the springs and the total force is the 
sum of individual forces. 


Fi =kix Fo = kox 
F= Fi + Fo = (ki +ko)x 


F 
a he 


m m 
T —2-m |— = 2r.) 
keq kj +k2 


Let the centre of mass be displaced by x. Then the net force 





F = —k41x —kox = — (kı + k2)x 


F x 
Acceleration a = — = — (kı + k2) = —%°x 
m m 


27 m 
T = — = 2r | ——— 
w Vki+k 


Spring constant of the wire is given by 


" YA a) 
EE / 
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Since the spring and the wire are in series, the effective spring constant Kerr is 
given by 

k'k 
= k+k 





(2) 


keff 


The time period of oscillations is given by 


m 
PHA. (3) 


Combining (1), (2) and (3) 


m(Y A -- KL) 


png Eau 
= Y Ak 


In Fig. 6.15, C is the point of contact around which the masses M and m rotate. 
As it is the instantaneous centre of zero velocity, the equation of motion is of 
the form Ete = Iĝ, where Ie is the moment of inertia of masses M and m 
with respect to point C. Now 


l 2 2 2 
Ic = | ZMR? + MR? ) +md (1) 
where d? = L? + R? — 2RL cos®@. (2) 


For small oscillations, sin Ó ~ 0, cos ~ 1 and 





E 3M R? 


Ie 4 mL — d)? (3) 


Therefore the equation of motion become 





3M R? TE . 
+m(L —d)*|6 = —mgLsin0 — —mgLO 
mgL 
—À— wA = 
3M R?/2 -- m(L — d? 


mgL 
w = | — ~ rad/s 
3M R?/2 + m(L — d)? 


Figure 6.21 shows the semicircular disc tilted through an angle 0 compared to 


4r 
the equilibrium position (b). G is the centre of mass such that a — OG — 22 
c 


or + 0 


where r 1s the radius. 
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mg 


(a) (b) 


Fig. 6.21 


We use the energy method. 


me, 
K (max) = j 140 
1 non 
= 5c + GA o» 


l 
= 5 Ho — ma^ 4 mí(r — a)? ]o* ES 


3 
=mr|—r—a)o 
(z-e) 


K max = Umax 


3 
mr ($ — a) w = mga(l — cos 0) 


1 
E 4 mrí(r — 20) e 


Nl 


r 
Buta = — 
37 
(1 — cos @)g 
w = 4, | —— 
(9x — 16)r 


6.46 Referring to Fig. 6.16, take torques about the two hinged points P and Q. 
mb*6, = —mgb0, — kb^(04 — 05) 


The left side gives the net torque which is the product of moment of inertia 
about P and the angular acceleration. The first term on the right side gives 
the torque of the force mg, which is force times the perpendicular distance 
from the vertical through P. The second term on the right side is the torque 
produced by the spring which is k(x; — x2) times the perpendicular distance 
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from P, that is, k(x] — x2)b or k(6, — 02)b?. The second equation of motion 
can be similarly written. Thus, the two equations of motion are 


mbÓ, 4- mg0 + kb(6, — 62) = 0 (1) 
mb» 4- mg05 4- kb(05 — 01) = 0 (2) 


The harmonic solutions are 


0; — Asinot, 2 = B sin æt (3) 


6 — — Ao» sin wt, 65 — — Bw’ sinwt (4) 
Substituting (3) and (4) in (1) and (2) and simplifying 


(mg +kb —mbw*)A —kb B =0 (5) 
~kbA+ (mg +kb — mbw*)B = 0 (6) 


The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A and B. 


(mg + kb — mba”) —kb 
—kb (mg + kb — mba”) 





Expanding the determinant and solving for w we obtain 


. 18 E jg 2k 
TEN w2 = pu 


In prob. (6.46) equations of motion (1) and (2) can be re-written in terms of 
Cartesian coordinates x4 and x5 since x4 — bı and x2 = b62. 


msgx| 





mx, + T k(xi — x2) 20 (1) 


i MgX? 
mx + —— + k(x2 — x1) = 0 (2) 


It is possible to make linear combinations of x; and x2 such that a combination 
involves but a single frequency. These new coordinates X4 and X5, called 
normal coordinates, vary harmonically with but a single frequency. No energy 
transfer occurs from one normal coordinate to another. They are completely 
independent. 


X14 X5 X|1— X2 
= — X2 — ————— 


2 7 2 e 


X] 
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Substituting (3) in (1) and (2) 


m . "i mg 
Bt PA) a AP ae) Pee Se (4) 
m .. “3 mg 
OX -— X2) - 4-(X1— X2) - kKX2 20 (5) 
2 2b 
Adding (4) and (5) 
-. mg 
mX {+ od — 0 (6) 


which is a linear equation in X; alone with constant coefficients. 
Subtracting (5) from (4), we obtain 


- mg 
nx d (= + 2k) =O (7) 


This is again a linear equation in X» as the single dependent variable. Since 
the coefficients of X; and X» are positive, both (6) and (7) are differential 


equations of simple harmonic motion having frequencies co, = p and 
g 2k 
w = z + —. Thus when equations of motion are expressed in normal 
m 


coordinates, the equations are linear with constant coefficients and each con- 
tains only one dependent variable. 

We now calculate the energy in normal coordinates. The potential energy 
arises due to the energy stored in the spring and due to the position of the 








body. 
l 2 
V= 5k — x2)” +mgb(1 — cos 6) + mgb(1 — cos 62) (8) 
02 x? 
Now b(1 — cos 01) = b4 = 
2 2b 
x 

Similarly b(1 — 05) — — 

imilarly b( cos 05) 2h 
k mgx?  mgx? 

Hence V = = (x1 — x2)” l 2 9 
ence 5 (1 x2)“ + B 2» (9) 
T Ht 45 (5 

Kinetic energy T = 5 (8 + 3) (10) 


Although there is no cross-product term in (10) for the kinetic energy, there 
is one in the potential energy of the spring in (9). The presence of the cross- 
product term means coupling between the components of the vibrating system. 
However, in normal coordinates the cross-product terms are avoided. Using 
(3) in (9) and (10) 








278 6 Oscillations 
y 2 P8y2 | ("8 | E) y2 (11) 
4b ! Ap 55 
m . : 
p 400 4X) (12) 
Thus the cross terms have now disappeared. The potential energy V is now 
expressed as a sum of squares of normal coordinates multiplied by constant 
coefficients and kinetic energy. T is expressed in the form of a sum of squares 
of the time derivatives of the normal coordination. 
We can now describe the mode of oscillation associated with a given normal 
coordinate. Suppose X2 = O, then 0 = x; — x2, which implies x; = x2. The 
mode X is shown in Fig. 6.22, where the particles oscillate in phase with 
frequency o, — ./g/b which is identical for a simple pendulum of length P. 
Here the spring plays no role because it remains unstretched throughout the 
motion. 
If we put X; = O, then we get xj = —x2. Here the pendulums are out of 
phase. The X»? mode is also illustrated in Fig. 6.22, the associated frequency 
| 2k 
being œ = E + —. Note that œ > @), because greater potential energy 
m 
is now available due to the spring. 
Fig. 6.22 X, X; 
X4 — X2 X4 ——X2 
UQq XP; yy 
o, = > ü= 742K 
6.48 y — Acos 6zt sin 907r 
1 1 
Now sin C + sin D = 2 sin 34€ + D) cos 34€ — D) 
Comparing the two equations we get 
C+D C-D 
= 907r = 67 
C = 96m and D = 84x 
wı = 2x fı = 96m or fı = 48 Hz 
w = 2n fh = 84r or f = 42Hz 
Thus the frequency of the component vibrations are 48 Hz and 42 Hz. The beat 
frequency is fı — f2 = 48 — 42 = 6 beats/s. 
6.49 The frequency is given by 


1 Jk 


a " 
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where ju is the reduced mass given by 


myMC — 10. x 36.46 
my +mcı —1.0-4- 36.46 
= 0.9733 amu = 0.9733 x 1.66 x 1077 kg — 1.6157 x 107! kg 


|] 480 
— On V 1.6157 x 10-27 


T — 8.68 x 10? Hz 


6.50 Each vibration is plotted as a vector of magnitude which is proportional to the 
amplitude of the vibration and in a direction which is determined by the phase 
angle. Each phase angle is measured with respect to the x-axis. The vectors are 
placed in the head-to-tail fashion and the resultant is obtained by the vector 


joining the tail of the first vector with the head of the last vector, Fig. 6.23. 

1 

yı = OA = 1 unit, parallel to x-axis in the positive direction, y2 = AB = 5 
1 

unit parallel to y-axis and y — BC = 3 unit parallel to the x-axis in the 


negative direction. 


Yo 





| 
| 
| 
| 
| 
| 
| 
D 


Fig. 6.23 O Ys 


The resultant is given by OC both in magnitude and in direction. From the 
geometry of the diagram 


3 


2 2 
-oc- /op? 4 pc? - / (2 Ap 
y = = + = + 5 = 5/6 


E —]1 — —] 1/2 — —] - o 
a —tan (CD/OD) - tan b3 = tan (3/4) = 37 


6.3.4 Damped Vibrations 


6.51 The logarithmic decrement A is given by 


A = bT' (1) 
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2m : -— 
where T’ = — is the time period for damped vibration and b = CX — q?, 
(D 


where wo and w’ are the angular frequencies for natural and damped vibra- 
tions, respectively. 


_ eS E aa 20\" ec 
= L= 77 L=27 i 
c? Te 16 


2 


d^x d 
6.52 The equation for damped oscillations is A + — + 32x = 0 
Dividing the equation by 4 


Comparing the equation with the standard equation 


d*x r dx z k 0 
—— SS — yxy = 
d? mdt m 


k 
= oe 


E J/8 2 24/2 


r ia 0a ; 
The quantity b = m represents the decay rate of oscillation where r is the 
m 


resistance constant. 


(a) The motion will be underdamped if 


k 
2 Gore <,/—orr <2Vkm 
2m m 
ie. r « 2/32 x Aorr « 16V2 


(b) The motion is overdamped if r — 164/2. 
(c) The motion is critically damped if r = 16/2. 


| k | 20 
6.53 (a) wo =,/— = a 2.23 rad/s 
m 


27 27 
T2—-————--—2.8s 
wo 2.29 


6.3 Solutions 281 


ro Am — 
(b) o = T 719^ 0.628 rad/s 


b = jog — w? = 2.236? — 0.6282 — 2.146 
r 


am = b orr = 2mb = 2 x 4 x 2.146 = 17.17 Ns/m 
m 


(c) A = bT’ = 2.146 x 10 = 21.46 


w a 
SE Sue or 
dt? dt 


Let x = e*’. The characteristic equation then becomes A? + 24 +5 = 0 with 
the roots A = —1 + 2i 


xus Ae (0-—2Dt 4+ Be Ut2pt 


or x—e '[C cos2t 4- Dsin2t] 


where A, B, C and D are constants. 


C and D can be determined from initial conditions. At  — 0, x — 5. Therefore 
C 


d 
Also = = —e '(Ccos2t + Dsin2t) + e '(—2C sin 2t + 2D cos 2r) 


dx 
Att =0, — = -3 
dt 
—3=-C+2D=-5+2D 


D=1 
The complete solution is 
x = e™ (5 cos 2t + sin 2t) 


6.55 F — mg — kx 


pes e e aom 
x 0.2 


Equation of motion is 


da hp eee (1) 
Mm — r— X = 
dt2 dt 


202 
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Substituting m = 1.0, r = 14, k = 49, (1) becomes 





dey ae ee (2) 
l — y= 
dr? dt 
k 49 
Wo =,/ — =,/— =7rad/s 
m 1 
i 14 
b — — = = 7 
2m 2x 


(a) Therefore the motion is critically damped. 
(b) For critically damped motion, the equation is 


x = xoe "(1 + bt) (3) 
With b = 7 and xọ = 1.5, (3) becomes 


x=15e°"%(1+7t) 


| k /150 
m 60 


Damping force ff =r-v 





or r=— = — =40 
U 2 

r 40 
b = — = — = 3.33 rad/s 

2m 2x6 
w(res) = JJ ox — 2b? = V5? —2 x (3.33)? = 1.66 rad/s 
(i= a09esvie 

27 


Equation of motion is 


24 3 tia adon doses 
—— —J— xX = COS 
dt2 dt 


Dividing throughout by 2 


dx 975 4.09 Boos 
—— . — x = COS 
dt2 dt 
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Comparing this with the standard equation 


d*x dx 2 
ET ee + Wx = p cos at 


b = 0.375; wo = v 20, pe, w= 4 


Zy = V (ed — o2)" -- Ab)? 2 J (20 — 16)? + 4 x 0.3752 x 42 =5 


6 

Gia e 19 

Le 239 
(b) t 2bw 20.575 x4 075 S 37° 

àng — ———— — ——————— = 0 ee 
we — w (20 — 16) 
J/ 20 

© g=- = 2 = = 5.96 





r 2b 2x 0.375 
(d) F — pm —6x2- 12 
F2 2 


= — sing = 
27 2 X3 





sin 37° = 8.64 W 


Lit to 





6.58 Q = = 2l] = 2 x2 x100 = 1230 


6.59 (a) Energy is proportional to the square of amplitude 





E = const. A? 
dE 2dA 2 x3 
— ————-— = 10% 
E A 100 
(b) E — Ege "/* 
E — A^ — e /fc 
Eo Ac 
A - 95 — e t/2tc 
Ao 100 
t 100 
— = ln | — ] = 0.05126 
2 95 
t 29.26 
= ——_—_ = 29.265 
* 2x 0.05126 
2t t 27 )(29.26 
(c) O= HE . (Gm)(29.26) — (125 





T 3.0 
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6.60 (a) E — Eoe !/*c 


C 


f E 
^ —1n (2) — In2 — 0.693 
E 


Put t=nT 
fe 
n = 0.693 — 
T 
AE 3 T 
But — — = — = — 
E 100 be 


100 


Anie 
T 


1 
EU co ore. n 
AQ? . 10 


Q — 1.147 
HN 2m te 


T 
T T 3.14 
or — = — = —— = 2.737 
241, .Q 1.47 





100 


Q 


A 
n uns e 1/?tc = e 2737 — 0.065 


Ao 
6.62 o? =o- b’ (1) 
whiteness = (2) 
2m 


1/2 
w = a0 E X w0 te (3) 
we 20% 


where we have expanded the radical binomially, assuming that b/@p << 1. 


, k 
Now of =~ (4) 
p? r? 
cee 5 
20% Smk o, 
Substituting (5) in (3) 


2 
o = w | 1 — = (for small damping) 
Smk 
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6.63 The time elapsed between successive maximum displacements of a damped 
harmonic oscillator is represented by 7", the period. 


co lwp =h Ñ 2 V Akm — r? 
m 4m? 
6.64 Force — mg — kx 
k 980 
cec cu 
m x 9.8 
k 
wo = ,/ — = V 100 = 10rad/s 
m 
; 27 b 
ADT Ill (1) 
2 
/ 99 — p? 
Substituting A = 3.1 and wọ = 10 in (1), b — 4.428 
; 2m 27 
T = —— = — = 0.78 
lwp — p2 V10? — (4.428)? 
6.65 d T = +8 16 cos 2t (1) 
° E E = 
di? dt 


This is the equation for the forced oscillations, the standard equation being 


d + E +k F t (2) 
Mm — r — X = COS W 
dt? dt 


Comparing (1) and (2) we find 


ma lke. rH=2,k=3, FHl10N, oS2 


(a) oy = 2a fy = |= = [8 oaa 


f. NA 


2m P 


/S 


(b) o —2xf —2 
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6.66 E(t) = Ege ^ 
Ey). 1l. nnt 
Eo 2 


Or f1/2 — fc In 2 


6.67 A(t) = Age! 


A(t) 1 

Ao | 

Itf 2f$ 5I 
le S= AT 


t 
Q =2n— =2n x4= 25.1 
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Chapter 7 
Lagrangian and Hamiltonian Mechanics 


Abstract Chapter 7 is devoted to problems solved by Lagrangian and Hamiltonian 
mechanics. 


7.1 Basic Concepts and Formulae 


Newtonian mechanics deals with force which is a vector quantity and therefore dif- 
ficult to handle. On the other hand, Lagrangian mechanics deals with kinetic and 
potential energies which are scalar quantities while Hamilton's equations involve 
generalized momenta, both are easy to handle. While Lagrangian mechanics con- 
tains n differential equations corresponding to n generalized coordinates, Hamil- 
tonian mechanics contains 2n equation, that is, double the number. However, the 
equations for Hamiltonian mechanics are linear. 

The symbol g is a generalized coordinate used to represent an arbitrary coordi- 
iiate x, 0, 0. etc. 

If T is the kinetic energy, V the potential energy then the Lagrangian L is 
given by 


L=T-V (7.1) 
Lagrangian Equation: 
d / dL oL 
dt \ dqy ody 


Qv 
where it is assumed that V is not a function of the velocities, i.e. 1 0 0. Eqn (2) 
q 


K 
is applicable to all the conservative systems. 


When n independent coordinates are required to specify the positions of the 
masses of a system, the system is of n degrees of freedom. 


Hamilton A=) Dge—L (7.3) 


where p; is the generalized momentum and gx is the generalized velocity. 
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Hamiltonian’s Canonical Equations 


oH . oH 
= qr, 
opr 








= — Pr (7.4) 
Or 


7.2 Problems 


7.1 Consider a particle of mass m moving in a plane under the attractive force 
jum | r? directed to the origin of polar coordinates r, 0. Determine the equations 
of motion. 


7.2 (a) Write down the Lagrangian for a simple pendulum constrained to move in 
a single vertical plane. Find from it the equation of motion and show that 
for small displacements from equilibrium the pendulum performs simple 
harmonic motion. 

(b) Consider a particle of mass m moving in one dimension under a force with 
the potential U (x) — k(2x? — 5x? + 4x), where the constant k > 0. Show 
that the point x — 1 corresponds to a stable equilibrium position of the 
particle. Find the frequency of a small amplitude oscillation of the particle 
about this equilibrium position. 

[University of Manchester 2007] 


7.3 Determine the equations of motion of the masses of Atwood machine by the 
Lagrangian method. 


7.4 Determine the equations of motion of Double Atwood machine which consists 
of one of the pulleys replaced by an Atwood machine. Neglect the masses of 
pulleys. 


7.5 A particular mechanical system depending on two coordinates u and v has 
kinetic energy T = v7u* + 207, and potential energy V — u? — v?. Write 
down the Lagrangian for the system and deduce its equations of motion (do not 
attempt to solve them). 

[University of Manchester 2008] 


7.6 Write down the Lagrangian for a simple harmonic oscillator and obtain the 
expression for the time period. 


7.7 A particle of mass m slides on a smooth incline at an angle o. The incline is not 
permitted to move. Determine the acceleration of the block. 


7.8 A block of mass m and negligible size slides on a frictionless inclined plane of 
mass M at an angle 0 with the horizontal. The plane itself rests on a smooth 
horizontal table. Determine the acceleration of the block and the inclined plane. 


7.9 A bead of mass m is free to slide on a smooth straight wire of negligible mass 
which is constrained to rotate in a vertical plane with constant angular speed œ 
about a fixed point. Determine the equation of motion and find the distance x 
from the fixed point at time t. Assume that at t = O the wire is horizontal. 
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7.10 Consider a pendulum consisting of a small mass m attached to one end of an 


7.11 


7.12 


Fig. 7.1 


7,13 


7.14 


7.15 
7.16 


Fig. 7.2 


inextensible cord of length / rotating about the other end which is fixed. The 
pendulum moves on a spherical surface. Hence the name spherical pendulum. 
The inclination angle o in the xy-plane can change independently. 


(a) Obtain the equations of motion for the spherical pendulum. 
(b) Discuss the conditions for which the motion of a spherical pendulum is 
converted into that of (i) simple pendulum and (ii) conical pendulum. 


Two blocks of mass m and M connected by a massless spring of spring con- 
stant k are placed on a smooth horizontal table. Determine the equations of 
motion using Lagrangian mechanics. 


A double pendulum consists of two simple pendulums of lengths lų and h 
and masses m and m», with the cord of one pendulum attached to the bob 
of another pendulum whose cord is fixed to a pivot, Fig. 7.1. Determine the 
equations of motion for small angle oscillations using Lagrange's equations. 





Use Hamilton's equations to obtain the equations of motion of a uniform 
heavy rod of mass M and length 2a turning about one end which is fixed. 


A one-dimensional harmonic oscillator has Hamiltonian H = i p^ 4 50? q?. 
Write down Hamiltonian's equation and find the general solution. 


Determine the equations for planetary motion using Hamilton's equations. 


Two blocks of mass m, and m» coupled by a spring of force constant k are 
placed on a smooth horizontal surface, Fig. 7.2. Determine the natural fre- 
quencies of the system. 
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Fig. 7.3 


7.18 


7.19 


7.20 


7.21 


Fig. 7.4 
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A simple pendulum of length / and mass m is pivoted to the block of mass M 
which slides on a smooth horizontal plane, Fig. 7.3. Obtain the equations of 
motion of the system using Lagrange’s equations. 





Determine the equations of motion of an insect of mass m crawling at a uni- 
form speed v on a uniform heavy rod of mass M and length 2a which is 
turning about a fixed end. Assume that at t = O the insect is at the middle 
point of the rod and it is crawling downwards. 


A uniform rod of mass M and length 2a is attached at one end by a cord of 
length / to a fixed point. Calculate the inclination of the string and the rod 
when the string plus rod system revolves about the vertical through the pivot 
with constant angular velocity c. 


A particle moves in a horizontal plane in a central force potential U (r). Derive 
the Lagrangian in terms of the polar coordinates (r, 0). Find the corresponding 
momenta p, and pg and the Hamiltonian. Hence show that the energy and 
angular momentum of the particle are conserved. 
[University of Manchester 2007] 

Consider the system consisting of two identical masses that can move hori- 
zontally, joined with springs as shown in Fig. 7.4. Let x, y be the horizontal 
displacements of the two masses from their equilibrium positions. 


(a) Find the kinetic and potential energies of the system and deduce the 
Lagrangian. 

(b) Show that Lagrange's equation gives the coupled linear differential equa- 
tions 


mx = —4kx + 3ky 
my = 3kx — 4ky 


> Ed -O ROMO O um —] 


3k k 
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(c) Find the normal modes of oscillation of this system and their period of 
oscillation. 


7.22 Two identical beads of mass m each can move without friction along a hor- 
izontal wire and are connected to a fixed wall with two identical springs of 
spring constant k as shown in Fig. 7.5. 


Fig. 7.5 


(a) Find the Lagrangian for this system and derive from it the equations of 
motion. 

(b) Find the eigenfrequencies of small amplitude oscillations. 

(c) For each normal mode, sketch the system when it is at maximum 
displacement. 


Note: Your sketch should indicate the relative sizes as well as the directions of 
the displacements. 
[University of Manchester 2007] 


7.23 Two beads of mass 2m and m can move without friction along a horizontal 
wire. They are connected to a fixed wall with two springs of spring constants 
2k and k as shown in Fig. 7.6: 


(a) Find the Lagrangian for this system and derive from it the equations of 
motion for the beads. 

(b) Find the eigenfrequencies of small amplitude oscillations. 

(c) For each normal mode, sketch the system when it is at the maximum dis- 
placement. 


2k k 
2m m 


Fig. 7.6 
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7.24 Three identical particles of mass m, M and m with M in the middle are con- 
nected by two identical massless springs with a spring constant k. Find the 
normal modes of oscillation and the associated frequencies. 


7.25 (a) A bead of mass m is constrained to move under gravity along a planar 
rigid wire that has a parabolic shape y = x?/1, where x and y are, 
respectively, the horizontal and the vertical coordinates. Show that the 
Lagrangian for the system 1s 


z may i 4x? |omgx* 
2 [? l 








(b) Derive the Hamiltonian for a single particle of mass m moving in one 
dimension subject to a conservative force with a potential U (x). 


[University of Manchester 2006] 
7.26 A pendulum of length / and mass m is mounted on a block of mass M. The 


block can move freely without friction on a horizontal surface as shown in 
Fig. 7.7. 


(a) Show that the Lagrangian for the system is 





M tm, a, S 
L= 5 (x) SUC OSA it (8) + mgl cos 0 


(b) Show that the approximate form for this Lagrangian, which is applicable 
for a small amplitude swinging of the pendulum, is 


M . . 0? 
L= (=>) (X)? -- mlxÓ 4- SPO? + mgl (: = Z) 


(c) Find the equations of motion that follow from the simplified Lagrangian 
obtained in part (b), 
(d) Find the frequency of a small amplitude oscillation of the system. 


[University of Manchester 2006] 





Fig. 7.7 
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7.27 


(a) A particle of mass m slides down a smooth spherical bowl, as in Fig. 7.8. 
The particle remains in a vertical plane (the xz-plane). First, assume that 
the bowl does not move. Write down the Lagrangian, taking the angle 3 
with respect to the vertical direction as the generalized coordinate. Hence, 
derive the equation of motion for the particle. 


Fig. 7.8 X 


7.28 


7.29 


(b) Assume now that the bowl rests on a smooth horizontal table and has a 
mass M, the bowl can slide freely along the x-direction. 


(i) Write down the Lagrangian in terms of the angle @ and the x- 
coordinate of the bowl, x. 

(ii) Starting from the corresponding Lagrange’s equations, obtain an 
equation giving X in terms of 0, 0 and @ and an equation giving 0 
in terms of X and 0. 

(iii) Hence, and assuming that M >> m, show that for small displace- 
ments about equilibrium the period of oscillation of the particle is 
smaller by a factor [M/(M + m)]'/? as compared to the case where 
the bowl is fixed. [You may neglect the terms in 676 or 667 compared 
to terms in 6 or 0.] 


[University of Durham 2004] 


A system is described by the single (generalized) coordinate g and the 
Lagrangian L(g, q). Define the generalized momentum associated with q and 
the corresponding Hamiltonian, H (q, p). Derive Hamilton's equations from 
Lagrange's equations of the system. For the remainder of the question, con- 
sider the system whose Lagrangian, L(q, q). Find the corresponding Hamil- 
tonian and write down Hamilton’s equations. 


Briefly explain what is the “generalized (or canonical) momentum conju- 
gate to a generalized coordinate”. What characteristic feature should the 
Lagrangian function have for a generalized momentum to be a constant of 
motion? A particle P can slide on a frictionless horizontal table with a small 
opening at O. It is attached, by a string of length / passing through the open- 
ing, to a particle Q hanging vertically under the table (see Fig. 7.9). The two 
particles have equal mass, m. Let x denote the distance of P to the opening, 0 
the angle between OP and some fixed line through O and g the acceleration of 
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Fig. 7.9 


7.30 


Fig. 7.10 
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gravity. Initially, r = a, Q does not move, and P is given an initial velocity of 
magnitude (ag)!/? at right angles to OP. 





(a) Write the Lagrangian in terms of the coordinates r and @ and derive the 
corresponding equations of motion. 

(b) Using these equations of motion and the initial conditions, show that r = 
agire. 

(c) Hence, (i) show that the trajectory of P is the circle r = a, (ii) show that 
P describes small oscillations about this circle if it is slightly displaced 
from it and (iii) calculate the period of these oscillations: 


[v7 = i^ r^^, where vp is the speed of P] 


A particle of mass m is constrained to move on an ellipse E in a vertical plane, 
parametrized by x = a cos 0, y = b sin 0, where a, b > O0 and a Æ b and the 
positive y-direction is the upward vertical. The particle is connected to the 
origin by a spring, as shown in the diagram, and is subject to gravity. The 
potential energy in the spring is bkr? where r is the distance of the point mass 
from the origin (Fig. 7.10). 
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7.32 


7.33 


7.34 


(i) Using 0 as a coordinate, find the kinetic and potential energies of the 
particle when moving on the ellipse. Write down the Lagrangian and 
show that Lagrange's equation becomes m(a? sin? 0 -- b? cos? 0)0. — 
(a? — b?) (k — m0?) sin 0 cos0 — mgb cos 0. 

(ii) Show that 0 — 4-7 /2 are two equilibrium points and find any other equi- 
librium points, giving carefully the conditions under which they exist. 
You may either use Lagrange's equation or proceed directly from the 
potential energy. 

(iii) Determine the stabilities of each of the two equilibrium points 0 — 47/2 
(it may help to consider the cases a > b anda < b separately). 

(iv) When the equilibrium point at 9 = —z/2 is stable, determine the period 
of small oscillations. 


[University of Manchester 2008] 


In prob. (7.12) on double pendulum if my = m2 = m and 1; = I2 = I, obtain 
the frequencies of oscillation. 


Use Lagrange’s equations to obtain the natural frequencies of oscillation of a 
coupled pendulum described in prob. (6.46). 


A bead of mass m slides freely on a smooth circular wire of radius r which 
rotates with constant angular velocity œ. On a horizontal plane about a point 
fixed on its circumference, show that the bead performs simple harmonic 
motion about the diameter passing through the fixed point as a pendulum of 
length r = g/o*. 


[with permission from Robert A. Becker, Introduction to theoretical 
mechanics, McGraw-Hill Book Co., Inc., 1954] 


A block of mass m is attached to a wedge of mass M by a spring with spring 
constant k. The inclined frictionless surface of the wedge makes an angle o to 
the horizontal. The wedge is free to slide on a horizontal frictionless surface 
as shown in Fig. 7.11. 


Fig. 7.11 Z 





(a) Show that the Lagrangian of the system is 


 (M+m) 1 


k 
L x^ jns + MXS COS œŒ — z6 — 1)? — mg(h — s sina), 
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(b 


N 


(c) 
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where / is the natural length of the spring, x is the coordinate of the wedge 
and s is the length of the spring. 

By using the Lagrangian derived in (a), show that the equations of motion 
are as follows: 


(m -- M)X 4- ms cosa = 0, 

mx cos o. 4- m$ 4- k(s — sg) — 0, 

where sọ = L + (mg sina)/k. 

By using the equations of motion in (b), derive the frequency for a small 
amplitude oscillation of this system. 


[University of Manchester 2008] 


7.35 A uniform spherical ball of mass m rolls without slipping down a wedge of 


mass M and angle a, which itself can slide without friction on a horizontal 
table. The system moves in the plane shown in Fig. 7.12. Here g denotes the 


gravitational acceleration. 


Fig. 7.12 





(a) Find the Lagrangian and the equations of motion for this system. 
(b) For the special case of M = m anda = 77/4 find 


(i) the acceleration of the wedge and 
(ii) the acceleration of the ball relative to the wedge. 


[Useful information: Moment of inertia of a uniform sphere of mass m 


2 
and radius R is J = smR? 
[University of Manchester 2007] 


7.3 Solutions 


7.1 This is obviously a two degree of freedom dynamical system. The square of the 


particle velocity can be written as 
v? — i^ 4 (r0)? (1) 
Formula (1) can be derived from Cartesian coordinates 


x=rcosé, y=rsing 


x =rcosé —résind, y=rsing + récosé 
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We thus obtain 
2 0? 


x^-Ly-P-rr 


The kinetic energy, the potential energy and the Lagrangian are as follows: 


l 1 
T = 2m) = Lm? 4 r?0?) (2) 
2 2 
v=-— (3) 
r 
1 
L-T-V-lmG ep)" E (4) 
r 


We take r, 0 as the generalized coordinates q1, q2. Since the potential energy 
V is independent of g;, Lagrangian equations take the form 


d aL oL 0 G=1.2) (5) 
== SS — ‘ 
dt 0 di odi 
OL oL 
Now — — mi, — — mr0? — E (6) 
Or or r? 
oL 9, OL 
— — mr^0, — —0Q (7) 
90 90 


Equation (5) can be explicitly written as 


dt \ or Or 
d /93L OL 
àr (5) ^99 9 e») 


Using (6) in (8) and (7) in (9), we get 





ee — E (10) 
d(r20 
n i ) o (11) 


Equations (10) and (11) are identical with those obtained for Kepler's problem 
by Newtonian mechanics. In particular (11) signifies the constancy of areal 
velocity or equivalently angular momentum (Kepler's second law of planetary 
motion). The solution of (10) leads to the first law which asserts that the path 
of a planet describes an ellipse. 

This example shows the simplicity and power of Lagrangian method which 
involves energy, a scalar quantity, rather than force, a vector quantity in New- 
ton's mechanics. 
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7.2 The position of the pendulum is determined by a single coordinate 6 and so we 
take q — 0. Then (Fig. 7.13) 


Fig. 7.13 N 
..0 
U 
mg 
] 1 1 . 
T = -mv = -mæl = =ml*6? (1) 
2 2 2 
V = mgl (1 — cos 0) (2) 
1 . 

L=T-V= ;nl 6" — mgl (1 — cos 8) (3) 
OT jj OF 
—. — ml^0, — =0 (4) 
90 00 
ex 0 l sin (5) 
—- = 0, —— —mglsin 
00 00 5 
d /àL OL 
ze i a) (6) 
dt \ 00 90 
d 


s (aT 7 0)- ggT- c 
dt \ 96 00 7 


d 
3; enl 6) 4 mglsinó —0 


or l0 4- g sind — 0 (equation of motion) 
For small oscillation angles sin — 0 


- 0 
Q —-— T (equation for angular SHM) 


2 |l 
wo” = 2 or time period T = E 20 | — 
l w g 
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7.3 In this system there is only one degree of freedom. The instantaneous configu- 
ration is specified by g = x. Assuming that the cord does not slip, the angular 


velocity of the pulley is x/R, Fig. 7.14. 


Fig. 7.14 














Į -X 
X 
[] 
mig 
[5 
n 
The kinetic energy of the system is given by 
Peu d pe (1) 
— —mix —mox -I— 
pc og 
The potential energy of the system is 
V = —migx — mog(l — x) (2) 
And the Lagrangian is 
1 IY. 
L-3 my +mz+ 75 x^ + (mı — m2)gx + mgl (3) 


The equation of motion 


d /oL OL 
m me o ce (4) 
dt \ ox Ox 
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yields 


Ee 
(m ma 5) em - ma -o 


ae = (mi —m2)8 (5) 


mi d mac ds 


which is identical with the one obtained by Newton's mechanics. 


By problem the masses of pulleys are negligible. The double machine is an 
Atwood machine in which one of the weights is replaced by a second Atwood 
machine, Fig. 7.15. The system now has two degrees of freedom, and its instan- 
taneous configuration is specified by two coordinates x and x’./ and / denote 
the length of the vertical parts of the two strings. Mass m is at depth x below 
the centre of pulley A, m» at depth | — x + x’ and m3 at depth/ + 1’ — x — x’. 
The kinetic energy of the system is given by 


E 1 1 . PONE! ; er 
dar ee a ae o D (1) 


while the potential energy is given by 


V 2 —migx — maog(l — x 4- x") 2 mag(l — x - l' — x!) (2) 
A 
X l—x 
i C21 
hx $ 
| [=X 
ma 
a 
m» 


Fig. 7.15 Mg 


7:3 


T9 


Solutions 


The Lagrangian of the system takes the form 


E B 1 1 : "E I Jy 
L =T — V = -mıx^ + -m(—x + x) + -m3(—x — x ) 
2 2 2 
+ (mı — m2 — m3)gx + (m2 — m3)gx 4- maogl 4- mag( 4 Ul) 


The equations of motion are then 
d /oL ƏL 0 

dt \ ax ax — 

d /oL OL 0 

di ox’) ax! 


which yield 
(mı + m + m3)xX + (m3 — m2)xX' = (m, — m2 — m3)g 


(ma — m2)X + (m2 + m3)xX° = (m2 — m3)g 


Solving (6) and (7) we obtain the equations of motion. 


T = vh +20? 
V =u -—wv 

L=T -V =vù% +20 -u xv 
oL "m ƏL — 


M — U Uu, —2u 

Ou Ou 

OL . OL 2 

— = 40, — = 20 d» L) 
QU QU 


The equations of motion 
d /oL ƏL 0 
dt \ au ðu 

d /oL ƏL 0 
dt V av Qv — 
yield 


24 24) + 2u =0 

— (vV u u = 

dt 

or v?^i 4 2üv--2u —0 
20 4-v(i 4-1) 20 
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(3) 


(4) 


(5) 


(6) 
(7) 


(1) 
(2) 
(3) 


(4) 


(5) 


(6) 


(7) 


(8) 
(9) 
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Here we need a single coordinate g = x: 


1 1 
T= snk’, V = jx (1) 
1 1 
L= mr = kx (2) 
2 2 
oL oL 
— — mx — = —kx (3) 
Ox Ox 
d /oL OL 
c Ee (4) 
dt \ ox Ox 
mx +kx =0 (5) 
Let x = Asinat (6) 
X — —Ao’ sinat (7) 


Inserting (6) and (7) and simplifying 


— mo? -k 20 


k 2x m 
ge OF 4S Re 
m w k 


where Tọ is the time period. 


7.7 


7.8 


Only one coordinate g = x (distance on the surface of the incline) is adequate 
to describe the motion: 


l 1 
I smi’, V=-mexsina, L = sini” + mgx sina 
OL OL 
—- — mx, —=megsina 
Ox Ox 


Equation of motion 


d /aL ƏL n 
dt \ ag dq 
yields 


g 
dq un — Ay nsx sina) = 0 


or Xx =gsina 


This is a two degree of freedom system because both mass m and M are mov- 
ing. The coordinate on the horizontal axis is described by x' for the inclined 
plane and x for the block of mass m on the incline. The origin of the coordinate 
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system is fixed on the smooth table, Fig. 7.16. The x- and y-components of the 
velocity of the block are given by 





m y 
nd — v 
87 
X 
Fig. 7.16 

v, — X' -- XcosÓ (1) 
Vy = —x sind (2) 

v^ 2 vt - v, — x^ -F2XX cos0 t 3^ (3) 
Hence, the kinetic energy of the system will be 

I -/2 l -/2 cl «2 
T= ie uu + 2xx' cos@é + x“) (4) 
while the potential energy takes the form 
V = —mex sind (5) 
and the Lagrangian is given by 

l -/2 l -/2 cl a I 
LE 3 Mx P +2xx cos 4- x^) -- mgx sinO (6) 
The equations of motion 
d 9L OL — 0 (7) 
dt \ ax ax — 
d /oL OL — 0 (8) 
dt (əx) Ox! — 
yield 
m(X' cos0 4- X) — mg sinó = 0 (9) 


MX' + m(%’ + ¥ cos 0) = 0 (10) 
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Solving (9) and (10) 

. g sinO (M 4- m)g sinO 

X ———————————— A ——————— (11) 
1 — m cos? 0/(M + m) M + msin? 0 

an g sin 0 cos 0 mg sin Ó cos 0 (12) 


~  (M+m)/m—cos?6 X M-msin?0 


which are in agreement with the equations of prob. (2.14) derived from Newto- 
nian mechanics. 


1 
T = ;mG^ + c x^) (1) 


because the velocity of the bead on the wire is at right angle to the linear veloc- 
ity of the wire: 


V — mgx sino (2) 


because wt = 0, where 0 is the angle made by the wire with the horizontal at 
time ¢, and x sin 0 1s the height above the horizontal position: 


d un 2 D. 
L= 10 J- ex^) — mgx sin ot (3) 
OL OL 2 
— — mx, -—— — mo x —mg sin ot (4) 
Ox Ox 


Lagrange’s equation 


d /ƏL oL (5) 
üt 0x Ox 


then becomes 
X—ox4 gsincot —O (equation of motion) (6) 
which has the solution 
ot — cot g $ 
x = Ae“ + Be + — sin øt (7) 
20 


where A and B are constants of integration which are determined from initial 
conditions. 


Att =0,x% =Oandx =0 (8) 


Further x = w(Ae®™’ — Be) + > cos wt (9) 
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Using (8) in (7) and (9) we obtain 


O=A+B (10) 
(=04— B+. (11) 
20 
Solving (10) and (11) weget A — ——, B-— $5. (12) 
Aa? Aa? 


The complete solution for x is 


x= vac — e?! -- 2 sin ox) 
w 


7.10 Let the length of the cord be /. The Cartesian coordinates can be expressed in 
terms of spherical polar coordinates (Fig. 7.17) 


Fig. 7.17 





x = l sin 0 cos 


y = L sin 0 sin ọ 


z = —l cos 0 
V = mgz — —mgl cos (1) 
u? =? +y? H? = PÀ? H sin? oh?) 
1 . , 
T = zm (0^ + sin’ 667) (2) 
1 
L= ;ml (0 + sin? 6¢7) + mgl cos 6 (3) 
E can. 95 cu snecosee ania (4) 
—.- — m[^0, | —— — ml* sin Ó cos — mgl sin 
90 90 5 
aL . OL 
— = ml’ sin’ 0d, 0 (5) 


m ap 
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The Lagrangian equations of motion 


d /oL OL d /oL OL 
— | — | — — = 0 and — | — ] —- — =0 (6) 
dt \ 38 90 dt \d¢ 0d 
give Ö — sin 0 cos 0d" 4 T sind = 0 (7) 
20,. 24; 
ml“ — (sin 09) = 0 (8) 
dt 
Hence sin? Ag = constant = C (9) 


and eliminating @ in (7) with the use of (9) we get a differential equation in 0 
only. 





6 + 8 sing — C228" (10) 
— sind — = 
l sin? 6 
I OL DX 
The quantity Py = ab — ml^ sin 0 (5) 


is a constant of motion and is recognized as the angular momentum of the 
system about the z-axis. It is conserved because torque is not produced either 
by gravity or the tension of the cord about the z-axis. Thus conservation of 
angular momentum is reflected in (5). 

Two interesting cases arise. Suppose $ — constant. Then ġ = 0 and C = 0. 
In this case (10) reduces to 


d+ = sind =0 (11) 


which is appropriate for simple pendulum in which the bob oscillates in the 
vertical plane. g 

Suppose 0 — constant, then from (9) $ — constant. Putting 0 — O0 in (7) 
we get 


am ese 
Dep E=$ a 


and time period 





(13) 


appropriate for the conical pendulum in which the bob rotates on horizontal 
plane with uniform angular velocity with the cord inclined at constant angle 0 
with the vertical axis. 
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7.11 The two generalized coordinates x and y are indicated in Fig. 7.18. The kinetic 
energy of the system comes from the motion of the blocks and potential energy 
from the coupling spring: 

Fig. 7.18 

x y 
"MN 
1 1 
T = imi? + EM? (1) 
l 2 
V — 3G — y) (2) 
1 1 1 
L = <mx* + My? — <k(x — y)* 3 
ee + 5 y 5 (x — y) (3) 
OL OL 
ae = Mx, ~~ = —k(x -— y) (4) 
OX Ox 
OL oL 
zr =My, ~ =kQ - y) (5) 
dy dy 
Lagrange’s equations are written as 
d /oL oL d (oL oL 
dt \ ox Ox dt \ dy dy 
Using (4) and (5) in (6) we obtain the equations of motion 
mX 4 k(x — y) 20 (7) 
my t k(y - x) zO (8) 
7.12 This problem involves two degrees of freedom. The coordinates are 0; and 05 


(Fig. 7.19) 


T nu) + T (1) 
2 2 
v? = (1101)? (2) 


v5 = (1,61)? — (Lå)? + 211170102 cos(62 — 01) (by parallelogram law) (3) 


For small angles, cos(0? — 01) > 1 
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Fig. 7.19 
1 ; 1 I I a 
T c mié zm 126? + 1262 + 21112646 | (4) 
V —miglj(1 —cos04) 4- mogli(1 — cos 01) -- moglo(1l — cos 62) 
0? m 
~ miglia = UTENTI (5) 
2 
ld oaa l 2S A m Or 
L = + m 1,0; + 505 + 211150105 mgl, ) 
m 
- T (no? d b6; ) (6) 
Ji B J | 
am — mjl16; -- mol10; 4 m3lil50» (7) 
1 
oL 
901 = —m 21,0, E m»gl304 m —(mı + m2)gl101 (8) 
Ji m | 
—- — m»l50» -- malilo61 (9) 
00> 
ii [50 (10) 
— = —m 
30; 281202 


Lagrange’s equations are 


d /ƏL oL d /ƏL oL 
—(— |- — =0, >| — |- — = 0, (11) 
dt \ 00, 9001 dt \ 062 00» 


using (7, (8), (9) and 10) in (11) we obtain the equations of motion 


(m, -- m2)40; + m6 + (m, + m2)g6, = 0 (12) 
bö + g05 -- 1501 — 0 (13) 
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7.13 Writing pg and pg for the generalized momenta, by (4) and (5) and V by (1) 


7.14 


of prob. (7.10) 


c m (1) 
— = m ; m CA 
30 i ml? 
oL Da AS ; Po 
— = = mil” sin” 6, — ————— (2) 
Od Pe PS ml? sin? 0 
. 0L , 0L 
H — Xdj—— —L or H--L-2T —Xdgi— 
odi 0 qi 
OT — 62 2 — —, (pd -- cosec?6p;) (3) 
ap a D uec cosec 
30 | ab mi2 9 "e 
LH png e ate (pj + cos ec? 6p; ) — mgl cos 0 (4) 
2ml? f 


The coordinate $ is ignorable, and therefore pg is a constant of motion deter- 
mined by the initial conditions. We are then left with only two canonical equa- 
tions to be solved. The canonical equations are 





oH oH 
d= b= 
i= gp; j 80; 
s oH 
De ue aa (5) 
dpe ml? 
J 
oH Pg cosé 
ee A — mgl sino (6) 


00 ml sin? o 


where po is a constant of motion. By eliminating pg we can immediately 
obtain a second-order differential equation in 0 as in prob. (7.10). 


| ug ow 
H=- — 1 
zP + 298 (1) 
oH 
—=q=p (2) 
Op 
DER cuin 
— —p-oq (3) 
Og 
Differentiating (2) 
j —p--owq (4) 


Let g = x, then (4) can be written as 


¥+o*x —0 (5) 
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This is the equation for one-dimensional harmonic oscillator. The general 
solution is 


x — Asin(ot 4- €) -- B cos(ot + €) (6) 


which can be verified by substituting (6) in (5). Here A, B and e are constants 
to be determined from initial conditions. 


Let r, 0 be the instantaneous polar coordinates of a planet of mass m revolving 
around a parent body of mass M: 


T= jm 4 r?8?) (1) 
P 

V = GMm (> = 3 (2) 
a r 


where G is the gravitational constant and 2a is the major axis of the ellipse: 


oT 
p= sm, i= E (3) 
Or m 
OT 2, 4 Po 
—-—-=mr0, 06=-—~ 4 
ye 96 mr? a) 
g- (p| +GMm(1-! (5) 
2 — — m E Á 
2m Pr r2 2a F 


and the Hamiltonian equations are 








dH p . OH p5 | GMm 
= —— REI —_ = 3 2 = — pr (6) 
opr m Or mr r 
oH peo oH : 
Ope mr 00 
Two equations in (7) show that 
Po = constant = mr? (8) 


meaning the constancy of angular momentum or equivalently the constancy 
of areal velocity of the planet (Kepler's second law of planetary motion). 
Two equations in (6) yield 


Pr Po B GMm 











— = rô 9 
m mr? j^ É r? a 
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Equation (9) describes the orbit of the planet (Kepler’s first law of planetary 
motion) 


T = Aou + - X2 (1) 
gr 
l 2 

y= z0 = 32) (2) 

L = <m x? + n = m =) (3) 
2 2 2 


Equations of motion are 


d /oOL oL 

a ee Wee (4) 
dt \ ox, 0X] 

d /ƏL oL 

dle en (5) 
dt NV 0x5 0X2 

Using (3) in (4) and (5) 

mix; + k(x; — x2) =0 (6) 
Mori =k a = x2) = 0 (7) 


It is assumed that the motion is periodic and can be considered as superposi- 
tion of harmonic components of various amplitudes and frequencies. Let one 
of these harmonics be represented by 


xı = Asinot, x, =—wAsinat (8) 


x2 = Bsinot, Xo — —o B sinot (9) 
Substituting (8) and (9) in (6) and (7) we obtain 


(k — mio?) A — kB 20 
— kA + (k ^ mo?)B —0 


The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A and B: 


(k — mo") —k 
—k (k — mw”) 


Expansion of the determinant gives 


mym»o* —k(m + m2)o* zt) 
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Or 
2 2 = 
c^ [mim»o^ — k(mi 4 m2)] = 0 


which yields the natural frequencies of the system: 


k(mı + m2) k 
(1 — 0and e» = ,| ——— = [— 
mima u 


where u is the reduced mass. The frequency œwı = 0 implies that there is no 
genuine oscillation of the block but mere translatory motion. The second fre- 
quency w2 is what one expects for a simple harmonic oscillator with a reduced 
mass |. 


7.17 Let x(t) be the displacement of the block and O(t) the angle through which 
the pendulum swings. The kinetic energy of the system comes from the 
motion of the block and the swing of the bob of the pendulum. The potential 
energy comes from the deformation of the spring and the position of the bob, 
Fig. 7.20. 


Fig. 7.20 





The velocity v of the bob is obtained by combining vectorially its linear 
velocity (/ 0) with the velocity of the block (x). The height through which the 
bob is raised from the equilibrium position is /(1 — cos 0), where L is the length 
of the pendulum: 


v? = x? + 1°67 + 21%6 cos 6 (1) 
1 Í , , 
T= ;MX + ;mG^ 4- 26? -- 21x0) (2) 


C. for 0 — 0, cos0 — 1) 


1 
V = jx 4 mgl(1— cos0) 


2 


1 0 
= jx + mgl (3) 
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2 


L= ! ui + Lud + 1767 + 21%0) — ix — n (4) 
2 2 2 2 

Applying Lagrange’s equations 

d /oL OL d /oL OL 

dt \ 3x Ox dt \ 00 90 

we obtain 

(M 4- m) 4- mló 4- kx 20 (6) 

lÜ - X 4 g0 —0 (7) 


Considering that at tf = O the insect was in the middle of the rod, the coordi- 
nates of the insect x, y, z at time f are given by 


x = (a 4- vt) sin0 cos 
y — (a 4- vt) sin sing 
z = (a + vt) cos 


and the square of its velocity is 
X^ 4- y^ -- £7 2 v^ 4 (a + vt)? + o? sin? 0) 
2 I I : : 
T = Ma? (È? + d? sin 6) + S? + (a + vt)? (È? + ġ? sin? 0)} 


V = —Mga cos0 — mg (a + vt) cos @ + constant 
L=T=V 


The application of the Lagrangian equations to the coordinates 0 and $ yields 


d 4 2 24) _ 4 2 pal ae 
T oe 0 4- m(a + vt) 0 ae + m(a + vt) | ġ^ sin cos 0 


= —{Ma + m(a + vt)}e sin 0 (1) 
d 4 pl PA 1 03.2 
and d IEZ +m(a + vt) | sin ] — 0 (2) 


Equation (2) can be integrated at once as it is free from $: 


dr 2d 73 2 
; Ma J m(a 4- vt)* 1 $ sin^ 0 — constant = C (3) 
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Equation (3) is the equation for the constancy of angular momentum about the 
vertical axis. 


When h in (2) is eliminated with the aid of (3) we obtain a second-order 
differential equation in 0. 


7.19 Let p be the linear density of the rod, i.e. mass per unit length. Consider an 
infinitesimal element of length of the rod 


Fig. 7.21 " 


dT — po» (I sin0 4- x sin $)^dx 
2a 
T = J di = po? | (I? sin? 0 + 21x sino sing + x? sin? b)dx 
0 
2 2 2 Bag aD 
=w (mi sin 0 + 2Mla sin 0 Bee ud sin 6) (1) 
where we have substituted p = M/2a: 


V — —Mg(lcos0 4- a cos Q) (2) 


= 2 20 or pcdcs 
L = œ | MI sin e E R a E a sin^ $ 


+ Mg(l cos +a cosg) (3) 
OL OL 2 2. 
i — 0, e — «^ (2MI* sin0 cos0 + 2Mla cos 0 sin ġ) — Mgl sin 0 (4) 
OL OL ) 8 25. 
m — 0, m = œ | 2Mla Seo Ook M sin $ cos $ | —Mgasing (5) 


The Lagrange's equations 


d /ƏL OL d /oL oL 
di \ a6) 30 dí V3ó/ ad 
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7.20 


yield 

20° (I sin + a sin ġ) = g tan 0 (7) 
4 

2o (l sin 0 4- 2d sing) = g tan $ (8) 


Equation (7) and (8) can be solved to obtain 0 and 6. 


Express the Cartesian coordinates in terms of plane polar coordinates (r, 0) 


x-—rcos0, y=rsing (1) 
X —fcosÓ — rô sin0 (2) 
y =Frsind +r6cosé (3) 


Square (2) and (3) and add 


vai + yar +r’6" (4) 
1 1 ; 
T = -mv? = —m(? + r*à?) (5) 
2 2 
V =U(r) (6) 
1 : 
L=T=yV2= 5G" + r76*) — U(r) (Lagrangian) (7) 


Generalized momenta: 


oL oL . oL 24 (8) 
— ——, —— € mtr, — —- — mr 
Dk Jå; Pr ae Po 30 
Hamiltonian: 
l -2 2702 
press ee eo UAE + r°0°)+ V(r) (9) 


Conservation of Energy: In general H may contain an explicit time depen- 
dence as in some forced systems. We shall therefore write H = H(q, p,tf). 
Then H varies with time for two reasons: first, because of its explicit depen- 
dence on f, second because the variable g and p are themselves functions of 
time. Then the total time derivative of H is 


n n 


dH ƏH oH oH 
fy ay Hs, an 
dt Ot Bal dde Bal Opg 
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Now Hamilton’s equations are 


oH . OH ái 
— —8, —— — —p 
Opp P oqp í 


Using (11) in (10), we obtain 


dH 3H XldH 0H dH OH 

a ~ a + XL aap app ^ Ops oq (12) 
=| 4996 9PB = OPB O98 

whence 

dH aH mos 

d ôt 


Equation (13) asserts that H changes with time only by virtue of its explicit 
time dependence. The net change is induced by the fact that the variation of q 
and p with time is zero. 

Now in a conservative system, neither T nor V contains any explicit depen- 
dence on time. 


oH 
Hence uw = 0. It follows that 


id = 0 (14) 
dt 


which leads to the law of conservation of energy 
H =T + V = E = constant (15) 


The Hamiltonian formalism is amenable for finding various conservation 
laws. 
Conservation of angular momentum: The Hamiltonian can be written as 


n 
H = » | pedg —L (16) 
p=1 
Using the polar coordinates (r, 0) 
; | 2,1. 222 
H — p,r 4- pg0 — d -- 22r 0* —Ut(r) (17) 


Using (7) and (8) in (17) 


7:3 


Solutions 


2 2 
H= Pr Po 


| 2m 2mr? us 





Now the second equation in (11) gives 


oH 
— po = P — (0 C. 0 is absent in(18)) 


This leads to the conservation of angular momentum 


Po = J = constant 


7.21 Let each mass be m. 


1 1 1 
(a) T = smi? x jm — ;mG^ 4 y2) 


—4 2 l ENS l 2 a 2 
y= 2 ToU y) PN = k(2x 3xy JF 2y^) 


1 
= Py = zma? Ey) KOOL = Sx Dy) 


d /oL oL 
dt NOx Ox 
d /oL oL 
and —{—]-— =0 
dt \ðy dy 
yield 


mx = —4kx + 3ky 
my = 3kx — 4ky 


(C) Let x — Asinotand y — Bsinot 


X — —Ao* sin ot and = — Bo sino 
Substituting (8) and (9) in (6) and (7) and simplifying we obtain 


(Ak — o?m)A —3kB 20 
— 3kA + (4k — o? m)B = 0 


(18) 


(19) 


(20) 


(1) 
(2) 
(3) 


(4) 


(5) 


(6) 
(7) 


(8) 
(9) 


(10) 
(11) 


The frequency equation is obtained by equating to zero the determinant 


formed by the coefficients of A and B: 


(Ak —o?m) | —3k 


—3k | (4k—o?)m)| 2 


(12) 
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Expanding the determinant 
(4k — o*m)* — 9k* — 0 (13) 


This gives the frequencies 


| k | Tk 
m m 


Periods of oscillations are 


2 
he gc (15) 
01 k 


27 
h = — = 2r 


16 
w2 7k 1+0) 


Lk 
If we put @ = @, = ,/— in (10) or (11) we get A = B and if we put 
m 


w = æ = 4| — in (10) or (11), we get A — —B. The first one corresponds to 
m 


symmetric mode of oscillation and the second one to asymmetric one. 
The normal coordinates q, and q» are formed by the linear combination of 
x and y: 


g= =y J= FI (17) 
qi + q2 |.02—4 
g: c9 ost 2 








(18) 


Substituting (18) in (6) and (7) 


m. zs 3k 

jq T 42) — —2k(qi t q2) * 5,4 — q1) (19) 
ME a 3k 

jd - qı) = z +92) —2k(qo— qi) (20) 
Adding (19) and (20), mg2 = —kq2 (21) 
Subtracting (20) from (19), mg, = —7kq, (22) 


Equation (21) is a linear equation in q» alone, with constant coefficients. Simi- 
larly (22) is a linear equation in q, with constant coefficients. Since the coeffi- 
cients on the right sides are positive quantities, we note that both (21) and (22) 
are differential equations of simple harmonic motion having the frequencies 
given in (14). It is the characteristic of normal coordinates that when the equa- 
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tions of motion are expressed in terms of normal coordinates they are linear 
with constant coefficients, and each contains but one dependent variable. 

Another feature of normal coordinates is that both kinetic energy and 
potential energy will have quadratic terms and the cross-products will be 
absent. Thus in this example, when (18) is used in (1) and (2) we get the 
expressions 


Wt k 
T= Ti +43). V = pai +43) 


The two normal modes are depicted in Fig. 7.22. 


Lk "TE 
(a) Symmetrical with c, — ,/ — and (b) asymmetrical with @2 = ,/ — 
m m 


Fig. 7.22 — eee ———_ 
(a) (b) 
: I " i5 
7.22 (a) See Fig. 7.23: 7 = 208 c x3) (1) 
I 2 I 2 
Y= 258 + 5k 2 — X1) 
l 
—k (s — x1x2 4 n) (2) 
l 1 
L=T-V= jor r3» c d + 53) (3) 
d /ƏL OL d /ƏL OL 
—(—~)-—=0, —(—])-—=0 (4) 
dt \ ox, Ox] dt \ 0x2 0x2 
mx, + k(2x; — x2) =0 (5) 
mx2 + k(x; —x1) =0 (6) 


(5) and (6) are equations of motion 


(b) Let the harmonic solutions be xı = Asinot, x» — Bsinot (7) 


Then x; = — Aw” sin ot, x= — Bo? sin ot, (8) 
Using (7) and (8) in (5) and (6) we get 


(2k — mo?)A —kB =0 (9) 
— kA —- (k — mo?)B -0 (10) 


m m 


Fig. 7.23 
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(c 


— 


Fig. 7.24 


7.23 (a) 
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The eigenfrequency equation is obtained by equating to zero the determi- 
nant formed by the coefficients of A and B: 
Qk — moe?) | —k 
11 
-k | (k— mo?) AR 





Expanding the determinant, we obtain 


mwt — 3nko* + I^ ed) 


2 - (AE (12) 





2 m 


| k | k 
wi = 1.618,/—, œ = 0.618,/ — (13) 
m m 


Inserting œ — «| in (10) we find B — 1.618 A. This corresponds to a 
symmetric mode as both the amplitudes have the same sign. 
Inserting œ = œz in (10), we find B = —0.618 A. This corresponds 
to asymmetric mode. These two modes of oscillation are depicted in 
Fig. 7.24 with relative sizes and directions of displacement. 


| k 
(a) Symmetric mode @; = 1.618,/ — 
m 


Lk 
(b) Asymmetric mode w2 = 0.618,/ — 
m 


Let x; and x2 be the displacements of the beads of mass 2m and m, 
respectively. 


] 1 9 
T = ~(Qm)x; + =(m)x5 (1) 
2 2 
I 2 I 2 
V = 5: kx] + 5k@2 — x) (2) 
1 3 1 
» -2 2 2 
L=m (s 4 54) —k (5 — X1X2 + m) (3) 


Lagrange's equations are 


d /ƏL OL d /ƏL OL 
—(—“)-—=0, —(—)-—=0 (4) 
dt \ 3x] Ox] dt \ 0x2 0x2 
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which yield equations of motion 


2mx, +k(3x, — x2) = 0 (5) 

mx, —k(x1— x2) 20 (6) 
(b) Let the harmonic solutions be 

xj} =Asinot, x= Bsinat (7) 

X; — —Ao?^sinot, X; -— —Bo?sinot (8) 


Substituting (7) and (8) in (5) and (6) we obtain 
(3k — 2mo?)A — kB 20 (9) 
kA 4- (mo? —k)B 20 (10) 


The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A and B: 


na? «|= ° 


(3k —2mo?) | —k 
k 
Expanding the determinant 
2m^o* — 5km w* + 2k* =0 
2k k 


O=—, = z 
|2k . 

(c) Put o — e, — ,/ — in (9) or (10). We find B — —A. 
m 


| k 
Put w = œ = a in (9) or (10). We find B = +2A. 
m 
The two normal modes are sketched in Fig. 7.25. 


OO Ci EE OE 


Fig. 7.25 (a) (b) 


(a) Asymmetric mode 


2k 
o,=,/— B=-A 
m 
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| k 
(b) Symmetric mode œ = 25 B=+2A 
m 


7.24 There are three coordinates x4, x» and x3, Fig. 7.26: 


X X 





"00000 


Fig. 7.26 


m M 
] . 1 1. 
r= sn] + ;MX + jn 


1 
V= 2 | a — x T (X3 — d 


l 2 2 2 
= 2 (xj = DAI ekg — 2003 x3) 


2 


1 1 1 1 
L = mă? + QM lmii-.k (x — 2x1x2 + 2x3 — 2x2x3 + x) 


2 2 2 2 


Lagrange’s equations 


d /9L IL d OL ðL d OL ƏL 
dt \ ax, Ox, dt VOX» dx. dt \dax3 3x3 — 


yield 


pss cu) e 
MX» -- k(—x1 + 2x2 — x3) = 0 
mx3 +k(—x. + x3) =0 


Let the harmonic solutions be 


xj-— Asinot, x = Bsinot, x3 = C sin æt 


x= — Aq” sin wt, X2 = — Bo» sin ot, x3 = — Co? sin ox 
Substituting (8) and (9) in (5), (6) and (7) 


(k —mw*)A —kB =0 
—kA+ (2k —Mw*)B —kC =0 
—kB+(k—mw’)C =0 


0 


(1) 


(2) 


(3) 


(5) 
(6) 
(7) 


(8) 
(9) 


(10) 


(11) 
(12) 
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The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A, B and C 


(k — mo?) —k 0 
—k | Qk— Mo?)  —k zs 
0 —k (k — mo?) 


Expanding the determinant we obtain 
œ (k — mo?) (o* Mm — 2km — Mk) = 0 (13) 


The frequencies are 


k kQ M 
o =0, «3-4 —. ma ) (14) 
m Mm 


The frequency wœwı = 0 simply means a translation of all the three particles 
without vibration. Ratios of amplitudes of the three particles can be found out 


Lk 
by substituting w2 and w3 in (10), (11) and (12). Thus when œ = @2,/ — is 


m 
substituted in (10), we find the amplitude for the central atom B = 0. When 
B = Qis used in (11) we obtain C = —A. This mode of oscillation is depicted 


in Fig. 7.27a. 
è m M m 
Fig. 7.27 (a) eoe e A Eu .- 
m M m 
(MEM Ls =< —o © > 


- kQm + M) . . 
Substituting @ = 03 = Mm in (10) and (12) yields 
m 


Thus in this mode particles of mass m oscillate in phase with equal amplitude 
but out of phase with the central particle. 

This problem has a bearing on the vibrations of linear molecules such as 
CO». The middle particle represents the C atom and the particles on either side 
represent O atoms. Here too there will be three modes of oscillations. One will 
have a zero frequency, w; = O, and will correspond to a simple translation 
of the centre of mass. In Fig. 7.27a the mode with «4 = «c» is such that the 
carbon atom is stationary, the oxygen atoms oscillating back and forth in oppo- 
site phase with equal amplitude. In the third mode which has frequency o3, 
the carbon atom undergoes motion with respect to the centre of mass and is 
in opposite phase from that of the two oxygen atoms. Of these two modes 
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only w3 is observed optically. The frequency «c» is not observed because in 
this mode, the electrical centre of the system is always coincident with the 
centre of mass, and so there is no oscillating dipole moment Wer available. 
Hence dipole radiation is not emitted for this mode. On the other hand in the 
third mode characterized by w3 such a moment is present and radiation is 
emitted. 

2 
725 (à) ?7 7 (1) 
2. A 
y= (2) 
Ay? 
Paste Pa 2(14 ; ) 
l 
r-l em Ax? 
uU eH 
2 2 [2 
2 
mgx 
=e 7 
L-T-V l 5 14 mgx? 
= — = -mx BEEN — 
2 [2 l 
| 52 L222 
(b) G= Sn T r*0*) —U(r) 
oL : : Pr 
Pr= = =m, r=— 
or m 
— —— — mr 0, g-—— 
ER mr? 
l p 
H = — | p + 2 U(r 
2m (E). v) 
7.26 (a) At any instant the velocity of the block is x on the plane surface. The 


linear velocity of the pendulum with respect to the block is / 0, Fig. 7.28. 
The velocity /0 must be combined vectorially with x to find the velocity 
v or the pendulum with reference to the plane: 


v? = x? - 20? - 2x lÓ cos (1) 


The total kinetic energy of the system 


Vs ae, Loeb: Od m 
E uu J-1[*^0* + 2x16 cos@) (2) 


Taking the zero level of the potential energy at the pivot of the pendulum, 
the potential energy of the system which comes only from the pendulum is 
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Fig. 7.28 





V — —mgl cos (3) 


l sol . 
L=T-—V = jM + m)x* + ml cos6 x0 + jl 6" + mgl cos 0 
(4) 
where we have used (2) and (3). 


0? 
(b) For small angles cos 0 — 1— — , in the first approximation, and cos > 1, 


in the second approximation. Thus in this approximation (4) becomes 


l 2 eg ee 0 
Eres MI gsm TENE mU 4 mgl be (5) 


(c) The Lagrange's equations 


d /ƏL OL d /oL OL 
OP ug e e (6) 
dt \ 30 00 dt Vox OX 


lead to the equations of motion 


X l0 4-g0 —0 (7) 
(M 4- m) 4- mló —0 (8) 


(d) Eliminating X between (7) and (8) and simplifying 
ð + -— —— 7820 (9) 


This is the equation for angular simple harmonic motion whose frequency 
is given by 


(o [OM t m)g 
j= V (10) 


326 


7 Lagrangian and Hamiltonian Mechanics 


7.27 (a) First, we assume that the bowl does not move. Both kinetic energy and 
potential energy arise from the particle alone. Taking the origin at O, the 
centre of the bowl, Fig. 7.29, the linear velocity of the particle is v — r0. 


Fig. 7.29 


There is only one degree of freedom: 





l 2 l 292 


T = mv = -mr 
2 2 
V = —mgr cos 0 
m. 242 
L= 225 0^ 4- mgr cosO 


Lagrange's equation 


d /98L ƏL 0 

dt \ ag dq 

becomes 

d /8L OL — 0 

dt \ a6 a0 

which yields the equation of motion 

mr^ + mgr sinO — 0 

or O+ B sin =0 (equation of motion) 
F 


For small angles, sin@ ~ 0. Then (6) becomes 


6+29=0 
r 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 
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(b) 


which is the equation for simple harmonic motion of frequency w = | | E 
r 


or time period 
T 
T 2-—— -2m|- (8) 


(i) The bowl can now slide freely along the x-direction with velocity x. 
The velocity of the particle with reference to the table is obtained by 
adding /@ to x vectorially, Fig. 7.29. The total kinetic energy then comes 
from the motion of both the particle and the bowl. The potential energy, 
however, is the same as in (a): 


v^ — r?0^ -- x? — 2r 0X cos(180 — 6) (9) 


from the diagonal AC of the parallelogram ABCD 

_ 1 2 l 250 4 22 Aes 
T= 2 + ~ (r*0* 4- x 2rx0 cos 0) (10) 
V = —mgr cos 0 (11) 
Lar=y (Lagrangian) 


NE 2 1 E E E; 
nb T 0“ +X 2r x0 cos 0) + mgr cosO (12) 


(ii) and (iii). 

In the small angle approximation the cos @ in the kinetic energy can be 
neglected as cos 0 — 1 but can be retained in the potential energy in order 
to avoid higher order terms. 

Equation (12) then becomes 


1 . 1 : 
L= 4M + m)x* — mrx0 + zmr 0? + mgr cos 0 (13) 


We have now two degrees of freedom, x and 0, and the corresponding 
Lagrange’s equations are 


d /oL OL d /oL oL 
—(<)-“ 9 l(Lj-L-o (14) 
dt \ ox Ox dt \ 30 00 
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which yield the equations of motion 


(M 4- m) —mr 0 =0 (15) 
X—ró—g0-20 (16) 


Equations (15) and (16) constitute the equations of motion. Eliminating X 
we obtain 


n M+m\ 2g 
0 —0 —0 17 
«( " ) (17) 





which is the equation for simple harmonic motion with frequency œ = 


| (M 
Gers and time period 
M r 
27 M r 
T = — = 2m | —— (18) 
CO (M +m) g 


On comparing (18) with (8) it is observed that the period of oscillation is 
smaller by a factor [M/(M 4- m)1/?] as compared to the case where the 
bowl 1s fixed. 


7.28 Take the differential of the Lagrangian 


L(qi,.... Qn, disesar iis t) 


LL aL aL 
io Y (sto sab) e sr @ 


r=! 


Now the Lagrangian equations are 


d (8L aL =i (2) 
dt \ 0g, Ogr — 








and the generalized momenta are defined by 


OL 
ED (3) 
Or 





Using (3) in (2) we have 


i n i 
dt a) = Br (4) 
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Using (2), (3) and (4) in (1) 


n 
oL 
dE — x (pr dq "E Drdq,) ap a (9) 


r=1 
Equation (5) can be rearranged in the form 
^. ^. | OL 
d (x prd, i) = » (Grdpr — prdgr) — dt (6) 
The Hamiltonian function H is defined by 


n 


Hu sc mde E E (7) 


peel 


Equation (6) therefore my be written as 


n 
; oL 
dH = ) | (Grdpr — prdqr) — dt (8) 
r=] 
While the Lagrangian function L is an explicit function of q1,..., qn, 
di, ---, qn and t, itis usually possible to express H as an explicit function only 
of q1, .--, qn, P1, ---, Pn, t, that is, to eliminate the n generalized velocities 


from (7). The n equation of type (3) are employed for this purpose. Each 
provides one of the p’s in terms of the g’s. Assuming that the elimination of 
the generalized velocities is possible, we may write 


H edu eeeestünzDivsexc Du) (9) 


H now depends explicitly on the generalized coordinates and generalized 
momenta together with the time. Therefore, taking the differential dH, we 
obtain 


n 
OH OH OH 
n Yates) + ar de 


yel 


Comparing (8) and (10), we have the relations 








ƏH . OH, m 
Op, UU qr, ðq, mE Pr 
aH aL 

= (12) 


ot ðt 
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Equations (11) are called Hamilton's canonical equations. These are 27 is 
number. For a system with n degrees of freedom the n Lagrangian equations 
(2) of the second order are replaced by 2n Hamiltonian equations of the first 
order. We note from the second equation of (11) that if any coordinate q, is not 
contained explicitly in the Hamiltonian function H, the conjugate momentum 
p, is a constant of motion. Such coordinates are called ignorable coordinates. 


The generalized momentum p, conjugate to the generalized coordinate q, 


is defined as 





= pr. If the Lagrangian of a dynamical system does not 
qr 
contain a certain coordinate, say q;, explicitly then p; is a constant of motion. 


(a) The kinetic energy arises only from the motion of the particle P on the 
table as the particle Q is stationary. The potential energy arises from the 
particle Q alone. 

When P is at distance r from the opening, Q will be at a depth /—x from 
the opening: 


1 1 

T= jv, — sm? + 1767) (1) 

V = —mg(l — r) (2) 
— _ — 1 -2 2.72. 2. 

Le V XOU 4 r^0*^) 4- mg(l — r) (3) 


For the two coordinates r and 0, Lagrange's equations take the form 


d /oL OL d £9L OL 
—()-“-=0, —(~)-—=0 (4) 
dt \ or or dt \ 30 00 


Equations (4) yield 
y -—r0?— g (5) 
d - 
— 0) —0 
x (mr^0) 
r^Ü — C — constant (6) 


Equations (5) and (6) constitute the equations of motion. 
Initial conditions: At r — a,r0 — ./ag 


i= jE (7) 
a 


Using (7) in (6) with r = a, we obtain 


(b 


— 


pug (8) 
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Using (6) and (8) in (5) 
2 3 
2 FE a` g 
= qu mMM 9 
m ee (9) 


(c) (i) Since Q does not move, P must be at constant distance r = a from 
the opening. Therefore P describes a circle of constant radius a. 
(ii) Let P be displaced by a small distance x from the stable circular orbit 
of radius a, that is 


r=a+x (10) 
psy (11) 


Using (10) and (11) in (9) 


2 a? HN a e 
i-es 


38x 
or x Xx -— 
a 
3 
GE Asc So (12) 
a 


which is the equation for simple harmonic motion. Thus the particle P 
when slightly displaced from the stable orbit of radius a executes oscilla- 
tions around r — a. 

This aspect of oscillations has a bearing on the so-called betatron oscil- 
lations of ions in circular machines which accelerate charged particles to 
high energies. If the amplitudes of the betatron oscillations are large then 
they may hit the wall of the doughnut and be lost, resulting in the loss of 
intensity of the accelerated particles. 


7.30 (i) x =acosé, y — bsinO, r? =a cos% 0 + b? sin? 0 (1) 
X — —aÓ sin0, = bô cos 0 (2) 
1 1 
T = ;mG^ +y = ja sin? 0 -- D? cos? 0)? (3) 
1 1 
V = mgy + jr = mgb sind + ska" cos? 0 + b* sin? 0) (4) 


l , 
L= 5n (a sin? 0 + b? cos? 0)0? — mgb sinO 


1 
— zka cos? 0 + b? sin? 0) (5) 
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(ii) 


(iii) 
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Lagrange's equation 


d(8LY 3L a 
dt V 30 00 — 


yields 


m (a? sin? 0 -- b? cos? 0)0 -- m (a sinÓ cos 0 — b? sin 0 cos 0)0? 
4 mgb cos 0 + k(—a? sin 8 cos 0 + b? sin 0 cos amu 


Or m(a? sin? 6 + b? cos? 0)0 — (a? — b^)(k — mô?) sin 0 cos 0 


4 mgbcos0 — 0 (6) 
Equilibrium point is located where the force is zero, or 9V/80 — O. 
Differentiating (4) 

o V 2 25 ed 
3g ^" "&bcos0 -- k(b — q^) sin Ó cos Ó (7) 


Clearly the right-hand side of (7) 1s zero for 0 — E 
Writing (7) as 


[mgb + k(b? — a°) sin 0] cos 0 (8) 
Another equilibrium point is obtained when 


mgb 


sin ð = — 9 
k(a? — b?) e») 
provided a > b. 
2 
An equilibrium point will be stable if 39i > 0 and will be unstable if 
2 
39i < 0. Differentiating (8) again we have 
0^ V "RE To 9 
398 — k(b* — a^)(cos^ 0 — sin^ 0) — mgbsinO (10) 
For 0 — T (10) reduces to 
k(a? — b^) — mgb (11) 
; ; ui e AR. cy. MED Ns 
Expression (11) will be positive if a^ — b^ 4- E and 0 — 5 will be 


a stable point. 
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For 0 — 2 (10) reduces to 


k(a? — b^) -- mgb (12) 


b 
Expression (12) will be positive if a” > b* — ae and 0 — -5 will be 


a stable point. 
(iv) T =2 | A(8) 
iv — 22m. ——— 
V^(8) 


y (-=) — k(a? — b?) + mgb, by (12) 


1. 
A(0) is the coefficient of 56° in (3) 
A(0) 2 m(a? sin? 0 -- D? cos? 0) 
IT 5 
A (-5) — ma 
a 
2 


ma 


T 22 ———————————— 
n k(a? — b?) + mgb 


7.31 In prob. (7.12) the following equations were obtained: 


(mı + m2) lı + mzl282 + (m, 4- m2)g01 = 0 (1) 
16> + g0o + 0, = (J (2) 


For lı = h = l and m; = m — m, (1) and (2) become 


210, +102 +220, — 0 (3) 
là; + 10, + g% =0 (4) 


The harmonic solutions of (3) and (4) are written as 


0; —Asinot, 0,— Bsinot (5) 


6, = — Aa” sin at, 6, = — Bo sin ot (6) 
Substituting (5) and (6) in (3) and (4) and simplifying 


2(lo* — g)A - lo^ B 20 (7) 
lo A 4- (Io? — g)B —0 (8) 


The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A and B: 
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Xlo =p) lw _ 
lo? (Ig = g) 


Expanding the determinant 
Po’ —dlew +29" =0 
o? = (242) 7 

$ 


e ose]. (0 — TH 


7.32. While the method employed in prob. (6.46) was based on forces or torques, 
that is, Newton's method, the Lagrangian method is based on energy: 


l -2 » 
I ;" (x7 + x5) (1) 


For small angles y; and y2 are negligibly small 


Í 
V — zkGu x2)? 4- mgb(1 — cos 01) + mgb(1 — cos 62) 


2 x? 
For small angles 1 — cos 6; = 4 =L, 
2. 2p 
2 
Similarly, 1 — cos 6z = 22- 
Í 2b? 
] mg 
V = kou - x2)? 4 zp i + x5) (2) 
i 1 mg 
L= mG Fa j= ska -2a 5; €i =) (3) 


The Lagrange’s equations for the coordinates x; and x» are 


d /ƏL OL d /ƏL OL 
—(<~)-“~ =o, =(=)-“=0 (4) 
dt \ 3x] Ox] dt \ 0x2 0x2 


Using (3) in (4) we obtain 


: mg 
mi + (k-+ —*) x1 — kxz =0 (5) 
mi — kx + (k + ==) x2 = 0 (6) 
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7.33 


Fig. 7.30 


Assuming that xj and x2are periodic with the same frequency but different 
amplitudes, let 


x) = Asinot, x; = -Aow sin ot (7) 


x = Bsinaot, X% = -Bæ sin ot (8) 


Substituting (7) and (8) in (5) and (6) and simplifying 


(k + == —ma*) A-kB = 0 (9) 
-kA + (k+ 7> — mo?) B =0 (10) 


The frequency equation is obtained by equating to zero the determinant 
formed by the coefficients of A and B: 
2 
(k + 78 — mo”) —k of 
—k (k + 7% — mo?) 





Expanding the determinant and solving gives 


| 2k 
oi = J$ andon = = 


In agreement with the results of prob. (6.46). 


Let the origin be at the fixed point O and OB be the diameter passing through 
C the centre of the circular wire, Fig. 7.30. The position of m is indicated 
by the angle 6 subtended by the radius CP with the diameter OB. Only one 
general coordinate q = 0 is sufficient for this problem. Let o = wt be the 
angle which the diameter OB makes with the fixed x-axis. From the geometry 
of the diagram (Fig. 7.30) the coordinates of m are expressed as 
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x =r cos wt + r cos (0 4- o) (1) 
y =r sint +r sin (0 + ot) (2) 


The velocity components are found as 


x = _r osin ot — r (Ô + w) sin (0 + œt) (3) 
ý =r wcos æt — r (Ô + w) cos (0 + œt) (4) 


Squaring and adding and simplifying we obtain 
x^ 4 y? 2 rao E r^(0 4- o^ -- 2r?o(0 4- 0) cosó (5) 


1 . : 

T = ;mr^ [or + (6 +)? 4- 2(0 + v») cos 6] (6) 
Here V = O, and so L = T. The Lagrange’s equation then simply reduces to 
d /oT OT 
oh) (7) 
dt \ 30 90 
Cancelling the common factor mr? (T) becomes 
d . . l 
a OOTO REN (8) 
which reduces to 


6+ sing —0 (9) 


which is the equation for simple pendulum. Thus the bead oscillates about the 
rotating line OB as a pendulum of length r = a/w”. 


7.34 (a) The velocity v of mass m relative to the horizontal surface is given by 


combining s with x. The components of the velocity v are 


Uy = X + 5 cosg (1) 
Vy = —S sina (2) 
v^ — v; v, = 4° +87 + 2k 5 cosa (3) 


Kinetic energy of the system 


1 c 1 2 2 e o 
T — Mi + 5m (s 4- X 4- 25X cosa) (4) 


Potential energy comes exclusively from the mass m (spring energy + 
gravitational energy) 
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k 
V=50- D? -- mg(h — s sina) (5) 
M ] k 
L=T-V= Ud inc (6 
2 2 2 
— mg(h — s sina) (6) 


(b) The generalized coordinates are gj = x and g2 = s. The Lagrange’s 
equations are 


d /oL OL d /oL OL 
dt \ ox Ox dt \ os Os 


Using (6) in (7), equations of motion become 


(M+m)x +ms cosa = 0 (8) 
mx cosa +ms + k(s — so) =0 (9) 
where so = / + (mg sina)/k. 

Let x = Asinot and s—so= Bsinat (10) 
X——o,Asinot, ï= -Boa sinoat (11) 


Substituting (10) and (11) in (8) and (9) we obtain 


A(M +m)+ Bcosa = 0 (12) 
Amw* cosa + B(mw* — k) = 0 (13) 


Eliminating A and B, we find 


m pc (14) 
m(M +m sin* a) 


Components of the velocity of the ball as observed on the table are 


7.35 vy =x+ycosa (1) 
Vy = ysina (2) 
u? = vf +v =k + 97 + 2k} cosa (3) 
1 1 1 l 2 
T (ball) = jv + 5 foo = smu" + 5 x smr o? 
I 
= zmo? + zmo’ — ig (4) 


T (wedge) — “(Ml Hm) (5) 
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7 1 
T (system) = me + y + 2xycosa) + ae -- m)x? (6) 
V (system) = V (ball) = —mgy sina (7) 


7 1 
L= igne 9 +2 Qon OM 4m) -- mgy sina (8) 


Lagrange's equations 


d /àaL OL d /oL OL 

hay (ssl (ee | Ps (9) 
dt \ 0x Ox dt \ ody dy 

become 

Im, 1 .. " 

u* 4 ;my cos o. 4- (M 4- m)x —0 (10) 
ZR d. a 

c gr wee (11) 


Solving (10) and (11) and simplifying 


" 5mg sin o cos o 
x= - (for the wedge) 
5M + (5+ 7sin*a)m 
— SOM + 12m)g sina 
* 16M + (5 + 7 sin? am) 


For M =m anda = 77/4 


(for the ball) 


4... 08 

X = — 
27 

|. 8542 

= 


|. 189 


Chapter 8 
Waves 


Abstract Chapter 8 deals with waves. The topics covered are wave equation, pro- 
gressive and stationary waves, vibration of strings, wave velocity in solids, liquids 
and gases, capillary waves and gravity waves, the Doppler effect, shock wave, rever- 
beration in buildings, stationary waves in pipes and intensity level. 


8.1 Basic Concepts and Formulae 


The travelling wave: The simple harmonic progressive wave travelling in the posi- 
tive x-direction can be variously written as 


LRL 
y = Asin Scu — x) 


. Í X 
— Asin2t|——-— 
pd 


— Asin(ot — kx) 


— Asin2x f ¢ a 3 (8.1) 


U 


where A is the amplitude, f the frequency and v the wave velocity, à the wave- 
length, œ = 2x f the angular frequency and k = 27x /à, the wave number. 
Similarly, the wave in the negative x-direction can be written as 


. 2m 
y = Asin 5 0 + x) (8.2) 


and so on. 

The superposition principle states that when two or more waves traverse the same 
region independently, the displacement of any particle at a given time is given by 
the vector addition of the displacement due to the individual waves. 

Interference of waves: Interference is the physical effect caused by the superposi- 
tion of two or more wave trains crossing the same region simultaneously. The wave 
trains must have a constant phase difference. 
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Vibrating strings: Stationary waves are formed by the superposition of two 
similar progressive waves travelling in the opposite direction over a taut string 
clamped by rigid supports. 

Wave equation: 


3y Fə? 
T a ee (8.3) 
012 nx? 
Wave velocity: 
Usa Fu (8.4) 


where F is the tension in the string and u is the linear density, i.e. mass per unit 
length. 
The general solution of (8.3) is 


y — fi(vt — x) + favt + x) (8.5) 
Harmonic solution: 


y = 2A sin kx cos æt (8.6) 


When the displacement in the y-direction is maximum (antinode) the amplitude 
is 2A, the antinodes are located at x — A/4, 34/4, 54/4... and are spaced half a 
wavelength apart. The amplitude has a minimum value of zero (nodes). The nodes 
are located at x = 0, 4/2, A... and are also spaced half a wavelength apart. Ends 
of the strings are always nodes. Neighbouring nodes and antinodes are spaced one- 
quarter wavelength apart. 

The frequency of vibration is given by 


U N JF N | F 
f=-=—J—-=— /— (8.7) 
à 2LV uw 2LY pA 


where o is the density and A the cross-sectional area of the string and N = 
1,2,3,.... Vibration with N = 1 1s called the fundamental or the first harmonic, 
N = 21s called the first overtone or the second harmonic, etc. 

Power: The energy per unit length of the string is given by 


E — luV; (8.8) 


where Vo is the velocity amplitude of any particle on the string. Since the wave is 
travelling with velocity v, the power (P) is given by 


l l 
Px = Ev = ; IL Vo v = ; Vo v Fu (8.9) 
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Waves in Solids 
In solids, compressional and shearing forces are readily transmitted. 


(1) Transverse waves in wires/strings in which the elastic properties of the material 
are disregarded: 


v=/F/u (8.4) 


(11) Transverse waves in bars/wires 
l 
V « T Vip (8.10) 


where Y is Young’s modulus of elasticity. 
(iii) Longitudinal waves in wires and bars 


V =4Y/p (8.11) 
(iv) Torsional vibrations in wires/bars 


V — yn/p (8.12) 


where 77 is the shear modulus of elasticity. 
In all these cases the material of restricted dimension 1s considered. 


Waves in Liquids 


The wave motion through liquids is influenced by the gravity and the characteristics 
of the medium such as the depth and surface tension. 


Canal Waves 


If the wavelength is large compared with the wave amplitude, surface tension effect 
is small. The controlling factors are then basically gravity (g) and the boundary con- 
ditions. Furthermore, if the surface is sufficiently extensive so that the wall effects 
are negligible then the depth (A) alone is the main boundary condition. The velocity 
(v) of the canal waves is given by 


V = gh (8.13) 


Surface Waves 


These are the waves found on relatively deep water. The velocity of deep water 
waves is given by 


V = VaAfan (8.14) 
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For long waves in shallow water 
a V gh (8.15) 


Capillary Waves 


Surface waves are modified by surface tension S. If h is large compared with à 


|. 2ms gh 


Yea (8.16) 
px 290 


The minimum value of A is given by minimizing (8.16) 


loc ee (8.17) 
gp 


If A is sufficiently large the second term dominates and the controlling factor being 
mainly gravity. Thus, the velocity of the gravity waves is given by 


V = J/eh/2n (8.18) 


If à is very small, the first term in (8.16) dominates and the motion is mainly con- 
trolled by capillarity and 


2 
= ane (8.19) 
p 
Acoustic Waves 
3E T: 
ee e (plane wave equation for displacement) (8.20) 
0t? 0x? 
0^ P 304 P : 
Dm Ve (plane wave equation for pressure) (8.21) 
0t? 0x? 


where 


V = /B/po (8.22) 


B being the bulk modulus of elasticity. 


Sound Velocity in a Gas 


IPP 
V= p (Laplace formula) (8.23) 
p 
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Sound Velocity in a Liquid 





B 
pue (8.24) 
p 
where Bry is the isothermal bulk modulus. 
The energy in length A is given by 
_i 2 Ad 
Di 5 POW A‘ (8.25) 
The energy density 
_ E nae 
E EA 5 pow A (8.26) 


The intensity, i.e. the time rate of flow of energy per unit area of the wave front 
1 
l=; pV Ara (8.27) 
Intensity Level (IL):Decibel Scale 


IL = 10 log(I/Io) (8.28) 


where log is logarithmic to base 10, Jo is the reference intensity (the zero of the 
scale) and IL is expressed in decibels. 


Stationary Waves in Pipes 
(1) Closed pipe (pipe closed at one end and opened at the other) 
fi — V/AL, f? —3V/AL, fa =5V/4L... 
(1) Open pipe. (pipe opened at both ends) 
fice VIAE, 22 VIE, fam9VJIZL. 


Doppler effect is the apparent change in frequency of a wave motion when there 
is relative motion between the source and the observer. 
(a) Moving Source but Stationary Observer 
If the source of waves of frequency f moves with velocity v and if v, is the sound 


velocity in still air then the apparent frequency f would be 


est 


UE 





(8.29) 


where the minus sign is for approach and plus sign for separation. 
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(b) Source is At Rest, Observer in Motion 


Let the observer be moving with speed vg. Then 


VU 
paj a (8.30) 
U 
where the plus sign is for motion towards the source and the minus sign for motion 
away from the source. 


(c) Both Source and Observer in Motion 


(v = vo) 


8.31 
(v F vs) ) 


f =f 
(d) If the medium moves with velocity W relative to the ground along the line join- 
ing source and observer, 


2 (v+ W c vo) 
f TUNES TWh) (8.32) 


Shock waves are emitted when the observer’s velocity or the source velocity 
exceeds the sound velocity and Doppler’s formulae break down. The wave front 
assumes the shape of a cone with the moving body at the apex. The surface of the 
cone makes an angle with the line of flight of the source such that 


sind = v/Uvs (8.33) 


The ratio vs/v is called Mach number. An example of shock waves is the wave 
resulting from a bow boat speeding on water, a second example is a jet-plane or 
missile moving at the supersonic speed, a third example is the emission of Cerenkov 
radiation when a charged particle moves through a transparent medium with a speed 
exceeding that of the phase velocity of light in that medium. 

Echo is defined as direct reflection of short duration sound from the surface of a 
large area. If d is the distance of the reflector, V the speed of sound then the time 
interval between the direct and reflected waves is 


T —2d/v (8.34) 


Reverberation: A sound once produced in a room will get reflected repeatedly from 
the walls and become so feeble that it will not be heard. The time ¢ taken for the 
steady intensity level to reach the inaudible level is called the time of reverberation: 


Tr = 0.16V/KS (Sabine law) (8.35) 
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where V is in cubic metres and S in square metre for the volume and surface area 
of the room, respectively, and K is the absorption coefficient of the material of the 
floor, ceiling, walls, etc. summed over these components. 

Beats: When two wave trains of slightly different frequencies travel through the 
same region, a regular swelling and fading of the sound is heard, a phenomenon 
called beats. 

At a given point let the displacements produced by the two waves be 


y = A sin æt (8.36) 
y= Asinagt (8.37) 


By the superposition principle, the resultant displacement is given by 


y=yi + yo =[2Acos2n(fi — fo)t/2]sin2a(fi + fa)t/2 (8.38) 
The resulting vibration has a frequency 
T= Urt (8.39) 


and an amplitude given by the expression in the square bracket of (8.38). The beat 
frequency is given by fj ^ f». 


8.2 Problems 


8.2.1 Vibrating Strings 


8.1 Show that the one-dimensional wave equation is satisfied by the function 


y = Ay (x + vt). 


$8.2 Show that the equation y — 2A sin(nzx/L) cos 2zt ft for a standing wave is a 
solution of the wave equation 


where F is the tension and u the mass/unit length. 


8.3 A cord of length L fixed at both ends is set in vibration by raising its centre a 
distance h and let go. Obtain an expression for the displacement y at any point 
x and time f as a series expansion assuming that initially the velocity is zero. 
Also show that even harmonics are absent. 


8.4 Show that the superposition of the waves y; — Asin(kx — ot) and y? — 
3A sin(kx + wt) 1s a pure standing wave plus a travelling wave in the negative 
direction along the x-axis. Find the amplitude of (a) the standing wave and (b) 
the travelling wave. 
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8.5 


8.6 


8.7 


8.8 


8.9 


8.10 


8.11 


8.12 


8.13 


8.14 


8.15 
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A sinusoidal wave on a string travelling in the +x direction at 8 m/s has a 
wavelength 2 m. (a) Find its wave number, frequency and angular frequency. 
(b) If the amplitude is 0.2 m, and the point x — O on the string is at its equi- 
librium position (y — 0) at time t = 0, find the equation for the wave. 


A sinusoidal wave on a string travelling in the +x direction has wave number 
3/m and angular frequency 20 rad/s. If the amplitude is 0.2 m and the point 
at x = Q is at its maximum displacement and t = 0, find the equation of the 
wave. 


Show that when a standing wave is formed, each point on the string is 
undergoing SHM transverse to the string. 


The length of the longest string in a piano is 2.0 m and the wave velocity of 
the string is 120 m/s. Find the frequencies of the first three harmonics. 


Two strings are tuned to fundamentals of fı = 4800 Hz and f, — 32 Hz. Their 
lengths are 0.05 and 2.0 m, respectively. If the tension in these two strings is 
the same, find the ratio of the masses per unit length of the two strings. 


The equation of a transverse wave travelling on a rope is given by y = 
5 sin x (0.02x — 4.00t ), where y and x are expressed in centimetres and t is in 
seconds. Find the amplitude, frequency, velocity and wavelength of the wave. 


A string vibrates according to the equation y = 4sin jrx cos 20xt, where 
x and y are in centimetres and f£ is in seconds. (a) What are the amplitudes 
and velocity of the component waves whose superposition can give rise to this 
vibration? (b) What is the distance between the nodes? (c) What is the velocity 
of the particle in the transverse direction at x = 1.0cm and when t = 9/4 s? 


A wave of frequency 250 cycles/s has a phase velocity 375 m/s. (a) How 
far apart are two points 60° out of phase? (b) What is the phase difference 
between two displacements at a certain point at time 10^? s apart? 


Two sinusoidal waves having the same frequency and travelling in the same 
direction are combined. If their amplitudes are 6.0 and 8.0 cm and have a phase 
difference of 77/2 rad, determine the amplitude of the resultant motion. 


Show that the one-dimensional wave equation is satisfied by the following 
functions: 


(a) y = A ln(x + vt) and (b) y = A cos(x + vt). 


(a) A cord of length L is rigidly attached at both ends and is plucked to a 
height h at a point 1/3 from one end and let it go. Show that the dis- 
placement y at any distance x along the string at time t in the subsequent 
motion is given by 








y — —— sin — cos —— -4- — sin —— cos — — sin —— cos 
2 


35/2 TX mut 1 . 2nx 2mnvt |l . 4mx Ar vt 
S n 
L L 4 L L 16 L L 


(b) and that the third, sixth and ninth harmonics are absent. 
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8.16 


8.17 


8.18 


8.19 


8.20 


8.21 


8.22 


8.23 


Given the amplitude A — 0.01 m, frequency f — 170 vibrations/s, the wave 
velocity v — 340 m/s, write down the equation of the wave in the negative 
x-direction. 


(a) Show that the superposition of the waves yj = A sin(kx — wt) and y2 = 
+A sin(kx + ot) is a standing wave. (b) Where are its nodes and antinodes? 


The wave function for a harmonic wave travelling in the positive x-direc- 
tion with amplitude A, angular frequency œw and wave number k is yı = A sin 
(kx — ot). 
The wave interferes with another harmonic wave travelling in the same direc- 
tion with the same amplitude, frequency and wave number, but with a phase 
difference 6. By using the principle of superposition, obtain an expression for 
the wave function of the resultant wave and show its amplitude is |2A cos 56 |: 
If each wave has an amplitude of 6 cm and they differ in phase by 77/2, what 
is the amplitude of the resultant wave? 
For what phase differences would the resultant amplitude be equal to 6 cm? 
Describe the effects that would be heard if the two waves were sound waves, 
but with slightly different frequencies. How could you determine the differ- 
ence between the frequencies of the two harmonic sound sources? [you may 
use the result sin 0, -- sinO» — 2cos 3 (01 — 05) sin TO + 05)]. 

[University of Durham] 


Show that the average rate of energy transmission P, of a travelling sine of 
velocity v, angular frequency w, amplitude A, along a stretched string of mass 
per unit length, ji, is P = 11 vo? A?. 


A fork and a monochord string of length 100 cm give 4 beats/s. The string is 
made shorter, without any change of tension, until it is in unison with the fork. 
If its new length is 99 cm, what is the frequency of the fork? 


352 es LE represents a moving pulse, where x and y are in metres 


and ¢ in seconds. Find out the velocity of the pulse (magnitude and direction) 
and point out whether it is symmetric or not. 
[adapted from Hyderabad Central University 1995] 


(a) A piano string of length 0.6 m is under a tension of 300 NN and vibrates 
with a fundamental frequency of 660 Hz. What is the mass density of the 
string? 

(b) What are the frequencies of the first two harmonics? 

(c) A flute organ pipe (opened at both ends) also plays a note of 660 Hz. 
What is the length of the pipe? (you may take the speed of sound as V — 
340 m/s). 


[University of Manchester 2006] 


(a) Sketch the first and second harmonic standing waves on a stretched string 
of length L. Deduce an expression for the frequencies of the family of 
standing waves that can be excited on the string. 
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8.25 


8.26 


8.27 


8.28 
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(b) The wave function of a standing wave on a string that is fixed at both ends 
is given in SI units by y(x, t) = (0.024) sin(62.8x) cos(4711). 
Find the speed of the waves on the string, and the distance between nodes 
for the standing wave. 
[hint: You may need to use sin 01 + sin 6&2 = 2 cos 5 (02 — 01) sin ; (01 -F 
02)]. 


A progressive wave travelling along a string has maximum amplitude 

A = 0.0821 m, angular frequency œ = 100rad/s and wave number k = 
22.0rad/m. If the wave has zero amplitude at t = 0 and x = O for its starting 
conditions 


(i) State the wave function that represents the progressive wave motion for 
this wave travelling in the negative x-direction. 
(ii) State the wave function for this wave travelling in the positive 
x-direction. 
(ii) Find the wavelength (A), period (T ) and the speed (v) of this wave. 
(iv) Find its amplitude at a time t — 2.5s at a distance x = 3.2 m from its 
origin, for this wave travelling in the negative x-direction. 


[University of Wales 2008] 


The speed of a wave on a string is given by v — i a Show that the right-hand 
side of this equation has the units of speed. 


For a sinusoidal wave travelling along a string show that at any time r the 
slope oy at any point x is equal to the negative of the instantaneous transverse 


velocity oy of the string at x divided by the wave velocity v. 


(a) Consider a small segment of a string upon which a wave pulse is travel- 
ling. 
Using this diagram, or otherwise, show that the wave equation for trans- 
verse waves on a stretched string is 


0^y wary 
əx? Fər 


where u is the mass per unit length and F is the tension. 

(b) Show that the wave function representing a wave travelling in the posi- 
tive x-direction, y(x — vt), is a solution of the wave equation. Obtain an 
expression for the velocity, v, of the wave (Fig. 8.1). 


Two wires of different densities are joined as in Fig. 8.2. An incident wave 
yj = A, sin(@t — k,x) travelling in the positive x-direction along the wire 
at the boundary is partly transmitted. (a) Find the reflected and transmitted 
amplitudes in terms of the incident amplitude. (b) When will the amplitude of 
the reflected wave be negative? 
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Fig. 8.1 


Fig. 8.2 





8.29 For the wave shown in Fig. 8.3 find its frequency and wavelength if its speed 
is 24 m/s. Write the equation for this wave as it travels along the +x-axis if its 
position at t = 0 is as shown in Fig. 8.3. 


6 cm 15cm 


Fig. 8.3 


8.30 In prob. (8.29) if the linear density of the string is 0.25 g/m, how much energy 
is sent down the string per second? 
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(a) Show that when a string of length L plucked at the centre through height 

h, the energy in the nth mode is given by E, = M s 
wave velocity and M is the total mass of the string. 

(b) Compare the energies in the first and the third harmonics of a string 


plucked at the centre. 





where v is the 


8.2.2 Waves in Solids 


8.32 


8.33 


8.34 


(a) A steel bar of density 7860 kg/m? and Young’s modulus 2 x 10!! N/m? 
and of length 0.25 m is rigidly clamped at one end and free to move at the 
other end. Determine the fundamental frequency of the bar for longitudi- 
nal harmonic vibrations. 

(b) How do the frequencies compare with (i) rod free at both ends; (ii) bar 
clamped at the midpoint; and (iii) bar clamped at both the ends. 


A 2kg mass is hung on a steel wire of 1 x 10^? m? cross-sectional area and 


1.0 m length. (a) Calculate the fundamental frequency of vertical oscillations 
of the mass by considering it to be a simple oscillator and (b) calculate the 
fundamental frequency of vertical oscillations of the mass by regarding it as a 
system of longitudinally vibrating bar fixed at one end and mass-loaded at the 
other. Assume Y — 210!! N/m? and p — 7800 kg/m? for steel. 


Show that for kl < 0.2, the frequency equation derived for the mass loaded 
system for the bar of length / clamped at one end and loaded at the other 
reduces to that of a simple harmonic oscillator (you may assume that the fre- 
quency condition for this system is, k/ tankl = M/m). 


8.2.3 Waves in Liquids 


8.35 


8.36 


8.37 


(a) Find the velocity of long waves for a liquid whose depth is 4/4 and com- 
pare it with (b) the velocity for a similar wavelength A in a deep liquid and (c) 
that for canal waves. 


Find the maximum depth of liquid for which the formula v? — g/ represents 
the velocity of waves of length A within 1%. You may assume that the velocity 


of surface waves is given by v = ,/ gee) which is valid for relatively deep 
waters. 


In an experiment to measure the surface tension of water by the ripple method, 
the waves were created by a tuning fork of frequency 100 Hz and the wave- 
length was 3.66 mm. Calculate the surface tension of water. 
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8.38 


8.39 


8.40 


8.41 


8.42 


8.43 


8.44 


Compare the minimum velocities of surface waves at 10°C for mercury and 
water if the surface tensions are 544 and 74 dyne/cm, respectively, and the 
specific gravity of mercury is 13.56. 


It is only when a string is perfectly flexible that the phase velocity of a wave 
on a string is given by ./7T/j. The dispersion relations for the real piano wire 
can be written as 


T 2 
12 = u + ak 
where œ is a small positive quantity which depends on the stiffness of the 
string. For perfectly flexible string, a = 0. Obtain expressions for phase 
velocity (vp) and group velocity vg and show that up increases as wavelength 
decreases. 


The dispersion relation for water waves of very short wavelength in deep water 
is œ = 2s where S is the surface tension and p is the density. 
(a) What is the phase velocity of these waves? 

(b) What is the group velocity? 

(c) Is the group velocity greater or less than the phase velocity? 


The general dispersion relation for water waves can be written as 
S 

ow = (st i A) tanh kh 
p 


where g is acceleration due to gravity, p is the density of water, S is the surface 
tension and h is the water depth. Use the properties of tanh x function viz. for 
x >> l,tanhx = 1 and for x << 1, tanh x = x. 

Show that (a) in shallow water the group velocity and the phase velocity are 
both equal to ./gh if the wavelength is long enough to ensure that Sk*/v = 
An^S/A^p << g. (b) Show that for deep water the phase velocity is given by 


Up = ,/ | + Sk/p and find the group velocity. 


For water p = 10° kg/m? and S = 0.075 N/m. Calculate vp and vg in deep 
water for small ripples with 4 = 1 cm and for large waves with A — 1 m. 


The relation for total energy E and momentum p for a relativistic particle is 
E? = c? p? + m?c^, where m is the rest mass and c is the velocity of light. 
Using the relations, E = œw and p = fik, where o is the angular frequency 
and k is the wave number and fi = Ah/2zt, h being Planck’s constant. Show 
that the product of group velocity vg and the phase velocity vp, vpvg = c^. 


Taking the surface tension of water as 0.075 N/m its density as 1000 kg/m?, 
find the wavelength of surface waves on water with a velocity of 0.3 m/s. 
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Which one of these would be preferable to use in determining the surface 
tension by means of ripples? 


Waves in deep water travel with phase velocity given by d = g/k, where g 

is the acceleration due to gravity and k is the wave number, 27/2. Obtain an 

expression for the group velocity and show that it is equal to vp/2. 
[University of Manchester 2006] 


The dispersion relation for sound waves in air is co = uk. Find the phase 
velocity and the group velocity. 


The phase velocity vp for deep water waves is given by w = (g/k + Sk/p). 


Show that the phase velocity is minimum at à = 27 / oe 


8.2.4 Sound Waves 


8.48 


8.49 


8.50 


8.51 


8.52 


8.53 


8.54 


8.55 


Let both displacement and pressure of a plane wave vary harmonically. Obtain 
a relation between pressure amplitude and displacement amplitude. Also show 
that the displacement is 90° out of phase with the pressure wave. 


Assuming o — 1.29 kg/m? for the density of air and v = 331 m/s for the 
speed of sound, find the pressure amplitude corresponding to the threshold of 
hearing intensity of 107!? W/m?. 


For ordinary conversation, the intensity level is given as 60 dB. What is the 
intensity of the wave? 


A small source of sound radiates energy uniformly at a rate of 4 W. Calculate 
the intensity and the intensity level at a point 25 cm from the source if there is 
no absorption. 


The maximum pressure variation that the ear can tolerate is about 29 N/m^. 
Find the corresponding maximum displacement for a sound wave in air having 
a frequency of 2000 Hz. Assume the density of air as 1.22 kg/m? and the speed 
of sound as 331 m/s. 


If two sound waves, one in air and the other in water, have equal pressure 
amplitudes, what is the ratio of the intensities of the waves? Assume that the 
density of air is 1.293 kg/m), and the speed of sound in air and water is 330 
and 1450 m/s, respectively. 


The pressure in a progressive sound wave is given by the equation P = 
2.4 sinzr(x — 330t), where x is in metres, t in seconds and P in N/m?. Find 
(a) the pressure amplitude, (b) frequency, (c) wavelength and (d) speed of the 
wave. 


A note of frequency 1200 vibrations/s has an intensity of 2.0 ju. W/m?. What 
is the amplitude of the air vibrations caused by this sound? 
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8.56 


8.57 


8.58 


8.59 


8.60 


8.61 


8.62 
8.63 


8.64 


8.65 


8.66 


8.67 


8.68 


Show that a plane wave having an effective acoustic pressure of a microbar in 
air has an intensity level of approximately 74 dB. Assume that the density and 
speed of air is 1.293 kg/m? and sound velocity is 330 m/s. 


Calculate the energy density and effective pressure of a plane wave in air of 
70 dB intensity level. Assume the velocity of sound in air to be 331 m/s and 
the air density 1.293 kg/m?. 


Find the pressure amplitude for an intensity of 1 W/m/ at the pain threshold. 
Assume that sound velocity is 331 m/s and gas density is 1.293 kg/m?. 


Find the theoretical speed of sound in hydrogen at 0°C. For a diatomic gas 
y = 1.4 and for hydrogen M — 2.016g/mol; the universal gas constant 
R — 8.317 J/mol/K. 


The density of oxygen is 16 times that of hydrogen. For both y — 1.4. If the 
speed of sound is 317 m/s in oxygen at 0°C what is the speed in hydrogen at 
the same pressure? 


Two sound waves have intensities 0.4 and 10 W/m7”, respectively. How many 
decibels is one louder than the other? 


If one sound is 6.0 dB higher than another, what is the ratio of their intensities? 


A small source radiates uniformly in all directions at a rate of 0.009 W. If there 
is no absorption, how far from the source is the sound audible? 


For the faintest sound that can be heard at 1000 Hz the pressure amplitude is 
about 2 x 10° N/m. Find the corresponding displacement amplitude. Assume 
that the velocity of sound is 331 m/s and the air density is 1.22 kg/m. 


Two sound waves of equal pressure amplitudes and frequencies traverse two 
liquids for which the velocities of propagation are in the ratio 3:2 and the 
densities of the liquids are in the ratio 3:4. Compare the (a) displacement 
amplitudes, (b) intensities and (c) energy densities. 


One sound wave travels in air and the other in water, their intensities and 
frequencies being equal. Calculate the ratio of their (a) wavelength, (b) pres- 
sure amplitudes and (c) amplitudes of vibration of particles in air and water. 
Assume that the density of air is 1.293 kg/m?, and sound velocity in air and 
water is 331 and 1450 m/s, respectively. 


Show that the characteristic impedance pv of a gas is inversely proportional 
to the square root of its absolute temperature 7. What is the characteristic 
impedance at (a) O°C and (b) 80°C? 


A beam of plane waves in water contains 50 W of acoustic power distributed 
uniformly over a circular cross-section of 50cm diameter. The frequency 
of the waves is 25kc/s. Determine (a) the intensity of the beam, (b) the 
sound pressure amplitude, (c) the acoustic particle velocity amplitude, (d) the 
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acoustic particle displacement amplitude and (e) the condensation amplitude. 
Assume that the velocity of sound in water is 1450 m/s. 


Derive Laplace formula for the sound velocity in a gas. 


An empirical formula giving the velocity of sound in distilled water as a func- 
tion of temperature at a pressure of one atmosphere in the range 0 — 60°C is 
v = 1403 4- 5t — 0.0617 + 0.000327 where t is the temperature of water in 
°C and v is in m/s. (a) Determine the velocity of sound in distilled water at 
20°C and (b) find the change of velocity of sound per degree Celsius at this 
temperature. 


8.2.5 Doppler Effect 


8.71 


8.72 


8.73 


8.74 


8.75 


8.76 


A railway engine whistles as it approaches a tunnel, and the sound is reflected 
back by the wall of the rock at the opening. If the train is proceeding at a 
speed of 72 km/h and if the effect of the wind be neglected, find the ratio 
of the relative frequencies of the reflected and direct sounds as heard by the 
driver of the engine. 

[University of Aberystwyth, Wales] 


Two trains move towards each other at a speed of 90 km/h relative to the 
earth's surface. One gives a 520 Hz signal. Find the frequency heard by the 
Observer on the other train. 


Two trains move away from each other at a speed of 25 m/s relative to the 
earth's surface. One gives a 520 Hz signal. Find the frequency heard by the 
Observer on the other train (sound velocity — 330 m/s). 


A whistle of frequency 540 Hz rotates in a circle of radius 2 m at an angular 
speed of 15.0 rad/s. What are the maximum and minimum frequencies heard 
by a listener, standing at a long distance away at rest from the centre of the 
circle (sound velocity — 330 m/s). 


In the Kundt's tube experiment, the length of the steel rod which is stroked is 
120 cm long and the distance between heaps of cork dust is 8 cm when the rod 
is caused to vibrate longitudinally in air. If the ends of the tube are sealed and 
the air replaced by a gas and the experiment repeated, the distance between 
heaps is observed to be 10 cm. (a) What is the velocity of sound in the gas if 
the velocity in air is 340 m/s. (b) What is the velocity of sound in the rod? 


A sound source from a motionless train emits a sinusoidal wave with a source 
frequency of f; — 514 Hz. Given that the speed of sound in air is 340 m/s 
and that you are a stationary observer. Find the wavelength of the wave you 
observe 


(i) When the train is at rest 
(ii) When the train is moving towards you at 15 m/s 
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(iii) When the train is moving away from you at 15 m/s> 
[University of Aberystwyth, Wales 2007] 


8.2.6 Shock Wave 


8.77 (a) What is a shock wave? 
(b) What is the Mach number when a plane travels with a speed twice the 
speed of the sound? 
(c) Calculate the angle of Mach cone in (b). 


8.2.7 Reverberation 


8.78 Calculate the reverberation time of a room, 10m wide by 18m long by 4m 
high. The ceiling is acoustic, the walls are plastered, the floor is made of con- 
crete and there are 50 persons in the room. Sound absorption coefficients are 
acoustic ceiling 0.60, plaster 0.03, concrete 0.02, the absorbing power per 
person is 0.5. 


8.2.8 Echo 


8.79 A man standing in front of mountain at a certain distance beats a drum at 
regular intervals. The drumming rate is gradually increased and he finds the 
echo is not heard distinctly when the rate becomes 40/min. He then moves 
nearer to the mountain by 90m and finds that the echo is again not heard 
when the drumming rate becomes 60/min. Calculate (a) the distance between 
the mountain and the initial position of the man and the mountain and (b) the 
velocity of sound. 

[Indian Institute of Technology 1974] 


8.80 A rifle shot is fired in a valley formed between two parallel mountains. The 
echo from one mountain is heard 2 s after the first one. 


(a) What is the width of the valley? 
(b) Is it possible to hear the subsequent echoes from the two mountains simul- 
taneously, at the same point? If so, after what time, given sound velocity 
— 360 m/s. 
[Indian Institute of Technology 1973] 


8.2.9 Beat Frequency 


8.81 Two whistles are sounded with frequencies of 548 and 552 cycles/s, respec- 
tively. A man directly in the line between them walks towards the lower 
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pitched whistle at 1.5 m/s. Find the beat frequency that he hears. Assume the 
sound velocity of 330 m/s. 


A tuning fork of frequency 300c/s gives 2 beats/s with another fork of 
unknown frequency. On loading the unknown fork the beats increase to 5/s, 
while transferring the load to the fork of known frequency increases the num- 
ber of beats per second to 9. Calculate the frequency of the unknown fork 
(unloaded) assuming the load produces the same frequency change in each 
fork. 

[University of Newcastle] 


8.2.10 Waves in Pipes 


8.83 


8.84 


8.85 


8.86 


8.3 


An open organ pipe sounding its fundamental note is in tune with a fork of 
frequency 439 cycles/s. How much must the pipe be shortened or lengthened 
in order that 2 beats/s shall be heard when it sounded with the fork? Assume 
the speed of sound is 342 m/s. 

[University of Durham] 


A light pointer fixed to one prong of a tuning fork touches a vertical plate. 
The fork is set vibrating and the plate is allowed to fall freely. Eight com- 
plete oscillations are counted when the plate falls through 10 cm. What is the 
frequency of the tuning fork? 

[Indian Institute of Technology 1997] 


Air in a tube closed at one end vibrates in resonance with tuning fork whose 
frequencies are 210 and 350 vibrations/s, when the temperature is 20°C. 
Explain how this is possible and find the effective length of the tube. Assume 
that the velocity in air at O°C is 33, 150 cm/s. 

[University of London] 


An open organ pipe is suddenly closed with the result that the second overtone 
of the closed pipe is found to be higher in frequency by 100 vibrations/s than 
the first overtone of the original pipe. What is the fundamental frequency of 
the open pipe? 

[University of Bristol] 


Solutions 


8.3.1 Vibrating Strings 


8.1 The one-dimensional wave equation is 


———L (1) 


8.3 


8.2 
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Given function is y = A./x + vt 


Oy A 

ax — 2./x + vt 
8y A o (2) 
0x? A(x + vt)3/2 

oy Av 


ðt 2/ (x + vt) 
0^ y HN A v? (3) 
3t?  A(x-cwty? 


Equation (1) is satisfied with the use of (2) and (3). 








The wave equation is 
3y wary (1) 
əx? For? 
~. (Nx , 
y = 2A sin ee cos(2zft) (standing wave) 
0 2A 
i ii COS (==) cos(2z7ft) 
Ox L L 
32 JAn a? n?z? 
25 — (E) sin (=) cos(2zft) — — 13 4 (2) 
oy nzx 
sedo (=) sin (2ft 
T f T (27ft) 
0^ y 2,2, , (TX 23 
m —8z^ f^Asin D) cos(2ztft) — —4An^ f^y 











u 0^ y Anz? f?y Any n^n?y 3 
rT a CUu A d 
nA 
L= = 
2 
Thus 
uay 3y 
F at2 8x? 


Let the string AB of length L be plucked at the point C, distant d from the end 
A and be raised through height h, Fig. 8.4. 
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Fig. 8.4 


The general form of the displacement at any point x and time f is given by the 
Fourier expansion 


OO 
t 
»= Donsin (F) os (27) (1) 
n= 





The coefficient a, is obtained from 


2 [ (a (2) 
dn = — sin | —— 
n L Jo YO L X 


where yọ = y(x, 0). 

We break the integral into two parts, one from 0 to d and the other from d to L. 
In the interval from 0 to d the equation of the initial configuration of the string 
for a typical point p(x, y) 1s 


h 
- i Or y= for o x «ud 


and in the interval d to L, the equation for P'(x, y) is 


h h(L — 
Msc or yes dee d cmd 
L-x L-—d L —d 





so that by substituting (1) into (2) with t = 0 


27 ih L n(f, — 
a=) Esin (ZE) | AEP sin an (3) 
L\Jo d L 2 Xen L 
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Integrating by parts 
2nL | (nzd (4) 
= —___—__ sin | —— 
a RP d) L 


1 
Here d = jb so that (4) becomes 


Sh . ynx 
ay = 3 sin (=) 


If n is an even integer then the corresponding aj is zero. If n is an odd integer, 


then the sine term alternates in sign as sin 3 — ], sin 2s — —],sin X ES bloc 
so that we may write 
Sh B 
an = (- DOP” (5) 
un 
Using (5) in (1) 








— += sin —— cos — — sin —— COS 
L L 25 L L 49 L L 





_ 3x 37 ut Ll ox 5z vt 1 . Trx aes | 


Note that the even harmonics are absent. Since the intensity of a wave is pro- 
portional to the square of its amplitude, then for the sound emitted by the string, 
the fundamental would have an intensity of 81 times the third harmonic and 625 
times the fifth harmonic, etc. 

Formula (4) shows that the nth harmonic will be absent if sin (274) — 
0. an — Oif d — L/n, 2L/n, 3L/n, i.e. nd/L is any integer or whenever 
there is any node of the nth harmonic situated at D, Fig. 8.4. If the string is 
divided into n equal parts and is plucked at any dividing point, the nth harmonic 
will disappear from the resultant vibration. In particular, any force applied at 
the midpoint of the string cannot produce even harmonics. Further after the 
application of force at the midpoint of the string, if this point be lightly touched 
the string ceases to vibrate. This is because odd harmonics cannot be sustained 
with a node at the midpoint, and the even harmonics are already absent for 
reasons discussed above. 


Y= T 
= Asin(kx — ot) + 3A sin(kx + at) 
= [A sin(kx — wt) + Asin(kx + wt)] + 2A sin(kx + at) 
= 2A sin kx cos œt + 2A sin(kx + at) 


where we have used the identity 


, ; C+D C—D 
sin C + sin D = 2 sin 5 COS 5 
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Thus the resultant wave = standing wave + travelling wave in the negative 
direction. 
The amplitudes are (a) 2A (b) 2A 


(a) The wave number k = em = a -—m 


Frequency f = 5; = $ = 4 Hz 
Angular frequency w = 2r f = (27) (4) = 8x rad/s 
(b) y = Asin(kx — et) — Asinz (x — 8t) 


Let y — Asin(kx — ot 4- $) 


At x = 0, t = 0, the wave has the maximum displacement and y = A: 


A — Asin(0 — 0 4- $9) 
Or in$-12$-7 
1 
y = Asin (x — æt + ;") = Acos(kx — at) 


y = 0.2 cos(3x — 20t) 


y —2Asinkxcosot (standing wave) 


dy ; 
— — —2Aosin kx sin ot 
Ot 
. OP es ue a es Lc 
Acceleration, a — az = 2A sinkx cos@t — —o*y. 


This is the defining equation for the SHM. 











f _ Nv 
POL 
1 x 120 
= — 30 H 
N= 5 g 
2 x 120 
= = 60H 
P -—-—yx2 : 
f 3 x 120 90H 
— = Z 
5 2x2 
4 x 120 
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89 pl JE 
2Lı \ m 

oe 1 IF 
== 2L2 \ m2 


ba _ (Lifi)? _ 0.05 x 4800)" |, 


“m ap (2.0 x 32)? 





8.10 y =S5sinz(0.02x — 4.001) — 5sin2z(0.01x — 2.00f) (given equation) (1) 
y = Asin2z (- — ft) (standard equation) (2) 


Comparing (1) and (2) 


1 
AT ee DU or à = 100cm 
v = fà = 2 x 100 = 200 cm/s 


1 
8.11 y —4sin 2m cos20zt (standing wave) (1) 
y = 2A sin kx cosæt (standard equation) (2) 
Comparing (1) and (2) 


(a) 2A =4or A =2em,k = > w = 20r 


9 


wo 207 
v= — = — = 40cm/s 
k  x/2 
23i 27t 
(b) à = — = — = 4cm 
k m2 


À 
Distance between nodes = 5 = 5 = 2 cm 


3 1 
(c) = = —(4) (207) sin 57x sin 20mt 


3 | Bü sim- sido es 
— u- En — 7 SIN — SIN TT = 
a; r1, 1-9/4 2 


8.12 The wave is of the form 
y = Asin(kx — ot + ¢) 


(a) o — 2x f = (277)(250) = 5007 rad/s 
o 500r 4m 


— cu m 
U 375 3 
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$ — 60 — — rad 
3 
pop Le 
k 41/3 


(B) peaks Gon d0 y= = rad — 90° 
8.13 yı = Aı sin(kx — at) 
y2 = Áz sin (kx — œt + 2| — A»cos(Kkx — at) 


y= yi +t y2 
= A, sin(kx — wt) + A2 cos(kx — at) 


= | A? + A? — An 
T J/ A1 * A5 
— cosa. Then ————— = sina 
rr. yr 


ym JA 4- A5[sin(kx — wt) cos æ + cos(kx — œt) sing] 


= / A2 -- A5 sin(kx — «t 4- a) 


which has the amplitude A = ,/ Af + A>} = V6? + 82 = 10cm. 


—— ————— sin(kx — ox) 4- cos(kx — at) 


Graphical Method 


This method was outlined in prob. (6.50). The waves are represented as vectors, the 
magnitudes being proportional to the amplitudes, the orientation according to the 
phase difference. Here the vectors OA and AB are laid in the head-to-tail fashion, 
Fig. 8.5. The amplitude of the resultant wave is given by OB which is found to be 
10 cm from the right angle triangle OAB 


10cm / | 8cm 





























Fig. 8.5 O 6 cm 


8.3 Solutions 


8.14 (a) y = Aln(x + vt) 








dy A 0^ y A 
ax  x-wt 9x2 (x + ut)? 
3y Av 0? Av? 
üt x +t’ I (x4 vw? 
] 8?y A 0? y 
292 (x tut? Ox 


Thus the wave equation is satisfied. 
(b) y = Acos(x + vt) 


2 


0 0 

o» — —A sin(x + vt) c —Acos(x + vt) 

Ox 0x? 

oy Asin(x + vt) 

— = —vAsin(x + v 

ot 

0? y 2 

—— = —v A cos(x + vt 

aj ( ) 
1 3?y 0^ y 
— 4 = —Acos DeL 
v2 ðt? USD 0x? 


Thus the wave equation is satisfied. 


8.15 (a) By prob. (8.3) 
o nx nr vt 
y = da sin (F) cos ( T. ) 
n= 


2h L? , nid 
— —————————— sin RES 
o ecd L 


L 
Here d — a and (2) becomes 





Oh ` nrm 
n mai 3 
Inserting (3) in (1) 





3 np. mx wut 1 . (/2rx 27 ut 
y = —_ | Sin (=) cos | — | + — sin| —— ] cos 
2x? L L 4 L L 
1 . (47x 4vt 
=— smn | ——— HOST € 15 
16 L L 


363 


(1) 


(2) 


(3) 


(4) 


(b) Forn = 3, 6 or 9, the sine term in (3) becomes zero. Therefore, the third, 


sixth and ninth harmonics will be absent. 
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8.16 General equation for a progressive wave in the negative x-direction is 


y = Asin(kx + at) 
@ = 2nf =2n x 170 = 3407 rad/s 
w 340x 


Ty cg cum 


y — 0.01 sin zr (x 4- 340t) 


8.17 (a) yı = Asin(kx — at) 
y2 = Asin(kx + at) 
y = y1 + y2 = 2A sin kx cos æt 
where we have used the identity stated in prob. (8.4). 


(b) The nodes are formed when kx = nz or x EXT 


nÀ 
or x — — 
2 
À 
x20, =, A;.. 
2 
; AT n 
The antinodes are formed when kx = 5 r= a 
135 
Ap ED, = eed 
444 


8.18 yi = Asin(kx — at) 
y2 = Asin(kx — wt + ô) 
y=y, + y2 = A[sin(kx — owt) + sin(kx — wot + ô)] 


1 Ô 
— 2Acos —ósin | kx — ot 4- — 
2 2 


1 
Thus the amplitude of the resultant wave is 2A cos a 


For A = 6cm and 6 = T the amplitude of the resultant wave will be 2 x 


6 cos = or 6/2 cm. 


1 
For 2A cos —6 = 6 





cos =ô = — = = 
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8.19 


8.20 


8.21 


If two sound waves with slightly different frequencies are produced then beats 
are heard. These consist of regular swelling and fading of the sound. In one 
set of waves compressions and rarefactions will be spaced further apart, in 
another they will be close enough. At some instant, two compressions arrive 
together at the ear of the listener and the sound is loud. At a later time, the 
compression of one wave arrives with the rarefaction of the other and the 
sound will be faint. Beats are thus caused due to interference of sound waves 
of neighbouring frequencies in time. The beat frequency is equal to the differ- 
ence fj ^ f» for the two component waves. Beats between two tones can be 
detected by the ear up to a frequency of about 7/s. 


Consider an infinitesimal element of length dx of the string of linear mass 
density u. The mass element dx will execute SHM with amplitude A. The 


1 
maximum kinetic energy will be 2 (udx)o? A?. 


Energy transmitted across the string per second, i.e. power 


l dx 2 42 l 2 42 
P= Pm A^ = — A 
(^ Jo [LU®@ 


Let the fork of frequency f be in unison with 99 cm of the string. Then 


| 1 F (1) 
I= 5399 i 


When the length of the string was 100 cm the frequency must have been less 
by 4 beats. Thus 


(2 d F ] 
f —.2x100V u v) 


Dividing (1) by (2) and solving 





f 100 
f-4 99 
We get f — 400/s. 


0.10 


D) = —— JL 

e CUP 
0.10 

y(0, 0) = —— = 0.025 


0.10 


Let y(x,t) = 0.025 = ———_. 
a ee) 4+ (2x - 0? 
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Solving we find 


pe - — 0.5 m/s along the 4- x — direction. 
N [uu ee 
ow, y(—x,t) = x 
4+ (2x +t) T 


Therefore, the pulse is not symmetric. 


N [F 


F 300 


— — — —4 
= iP = 66006 = 4.78 x 10 ' kg/m 


u 


(b) The frequencies of the first two harmonics are f2 = 2f = 1320 Hz and 


f = 3f = 1980 Hz. 


(c) For open pipe length is 


À U 340 


2 2f 2x660 





= 0.2576 m 


8.23 (a) First harmonic — second harmonic (Fig. 8.6) 


Fig. 8.6 


m e 


(a) First harmonic (b) Second harmonic 


fn 


T AN 
ee “ N=1,2,3 
M u = ĮI, 4, 3,... 


(b) The standard equation for the standing wave is 


y(x, t) = 2A sin kx cos wt (1) 
Given equation is 

y(x, t) — 0.024 sin(62.8x) cos(4711) (2) 
Comparison shows that 


k—62.8 and w=471 
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471 
Wave velocity v = — = —— = 7.5 m/s 
k 62.8 
270 2m 
À ——— -———-—0.m 
k 62.8 


À . 
Distance between nodes = 5 = E — 0.05m 
8.24 y = Asin(kx + at) 


(i) y 282 x 107? sinQ2x 4- 1007) (negative x-direction) 
(li) y = 8.2 x 10~2 sin(100t — 22x) (positive x-direction) 


" 20 20 
(ii) à = — = — = 0.2856 m 
k 22 
D 27 
T = — = — = 0.0628 m 
w 100 
100 
v = — = — = 4.545 m/s 
k 22 


(iv) y = 8.2 x 107? x sin(22 x 3.2 + 100 x 2.5) 
— 82 x 107? x sin(51 x 27) 20 


825 [F]? [MLT] , 
ie) = [Gar] = Er ]= 


8.26 Let the travelling wave be represented by 


y = Asin(kx — æt) 


0 
Then m — kA cos(kx — wf) (1) 
X 

o 

ue —wAcos(kx — at) 

Ot 
o 

— —vkA cos(kx — ot) = T (2) 
Ox 


o o 
Combining (1) and (2), = =.= Jy, 
Ox Ot 


8.27 (a) Letalong string of linear density u be stretched by a force F. Assume that 
the damping is negligible. Take the x-axis in the direction of the undis- 
placed string and y-axis in the direction perpendicular to it. If 0 is the 
angle between the tangent to the string and the x-axis, the tension in the 
horizontal direction (x-axis) would be Tcos @ and in the vertical direction 
(y-axis) it would be T sin 0. Assuming that 0 is very small, cos@ ~ 1 and 
consequently the x-component of the tension remains constant. We are 
therefore concerned only with the y-component of the tension. 
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(b 


— 


8 Waves 


Referring to Fig. 8.1 note that the forces across Ax the element of length 
of the string make angles 0; and 0» with the x-axis. Let 0? = 0 and 0; — 
0 + d0. To find the equation of motion of this element subject to these 
forces, the difference in tension acting across Ax in the y-direction is 


dF, = F{sin(@ + dé) — sin 0} 
= F{sin@ cos(d@) + cos @ sin(d@) — sin 0} 

but cos(d0) — 1] and  sin(d0) — dO, since dé is small : 
dF, = F cos dð = Fd(sin0) 


In the small angle approximation 


, dy 
sind ~ tand = — 
Ox 


this last quantity being the gradient of the curve 


0 9 0^ y 
dF, = F——dx = F (— )dx (1) 
Ox dy Ox? 


The mass of the element Ax is jz dx, and its acceleration in the y-direction 
is d?y/dt*. Hence by Newton’s second law of motion 


ðt? 0x? 
d-y wary 

or —— — —— 2 
Ox F ot? ia 


Let y(x — vt) be a solution of (2) 
0 0 
S — vt) — y'(x — vt) (x — vt) 2 —vy'(x — vt) 


where y' is another function of (x — vt) defined by y'(x — vt) = 
dy(x — vt) 


d(x — vt) | 


The second derivative with respect to time gives 


0^ y(x — vt) 


23 "(x — wt) (3) 


Ll v^ y 
where y"(x — vt) is yet another function of (x — vt) defined by 


dy’(x — vt) | d*y’(x — vt) 


goes ae d(x— vt) d(x —vt)? 
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8.28 (a) 


(b) 


proceeding along similar lines, differentiation of the function y(x — vt) 
with respect to x yields 


DOW L yv) (x — ut) — y ( — wt) 
Ox Ox 
0^ y(x — vt) _ pil 
— = f (x — vt) ~ 


where y(x — vt) and y"(x — vt) are the same functions of (x — vt) as in 
(3). Substitution of (3) and (4) into (2) shows that y(x — vt) is a solution, 
provided we set 


The incident wave has the form 

y1 — A, sin(ot — kı x) (1) 
The reflected wave has the form 

y? — As5sin(ot 4 kıx) (2) 
The transmitted wave has the form 

y3 = A3 sin(æt — kox) (3) 


The boundary conditions at the boundary (x = 0) are that the displace- 
ment and its first derivative be single valued: 


¥1lx=0 + ¥2|x=0 = ¥3 Ix=0 


A, + Ao = A3 (4) 
à», Ax, ays, 

Ox in Ox a Ox a 

— ki Aı + k1 A2 = —k2 A3 (5) 
Solving (4) and (5) 


k1 — ko)A 2k A 
Ay = & 2) L, dines 141 
kj +ko kj +k2 





(6) 


A» 1s negative when ko — kj; or — > — or u2 > pı, 1.e. wire 2 has 
U2 v1 
greater linear density than wire 1. 
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5 
8.29 5 = 15cm 


à = 6cm 
v 2400 

f =- = —— = 400 Hz 
À 6 

œw = 2x f = 2512 rad/s 
2m 


k = — = 1.047/cm 
À 


A = 6cm 
y— Asin(ot — kx) — 6sin(2512t — 1.047x) cm 


1 
8.30 P = 52A nv = 27r? f? A’ uv 


= 27° x (400)? (0.06)? (2.5 x 1074) (24) = 68.2 W 


8.31 (a) The amplitude of any point of the plucked string at time t may be 


written as 
= Ys COS (nf sin (— -) + Y» Sin ct sin (Z2 Y -) (1) 
n 


The kinetic energy of vibration of an element of length of string dx in the 
nth mode is given by 


l 2 
dK, = 3 PON) 


1 
— 5 A9 as sin Opt + by COS Mpt)* sin? (kp, x)dx (2) 


where we have used the value of velocity y by differentiating (1) for the 
nth mode with respect to f. 
The potential energy of an element of string of length dx is 


I 2 
2 
l 5 ; dd 
- 3H, (ag cos ct + bn sin œt)" sin^ k,x dx (3) 


where we have used (1). 
Adding (2) and (3), the total energy 


— d diu ee ugs eni un 4 
dE, = dK, + dU. = z HOn lan + 4) sin^ k,x dx (4) 
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The total energy of the entire string is obtained by integrating from 0 to L 


1 L 
E,= J dE, = 51 (5 + b?) | sin? (k,x)dx 
0 
L 


L L 
Now | sin? (kyx)dx = | ane (== )ax "E 
0 0 L 2 


l l 
E, — 2 Loz (a2 + b2) = 4 Mos; +b?) 


where M is the total mass of the string. 
8h 
== (see prob. 8.3). Further 


(b) For the string plucked at the centre an = 
n rn 


nv 
On = k,v = —— and b, = 0. Thus the energy of vibration 


Tl Sh | 16Mh?v? 


E = —— | — > E Á — 
" A4LL n?n? n?m? L? 
E1 B 9 
E3 |] 


8.3.2 Waves in Solids 


8.32 (a) For the rod clamped at one end and free at the other (fixed—free) 


n- Jy 
n = — E =2 13-5342 
h ALYV p (n ) 
| |y 


l 2 x 10!! 
ALV o 4x025V 7860 


(b) (i) For the rod free at both ends (free—free) 


[ey ee ee 
— — /— (n=1,2,3,... 
“IL p 


(ii) For the rod clamped at the midpoint 


(So qneques c) 

— — [— (n=1,3,5,... 

T DL 5 

(iii) For the bar clamped at both ends (fixed—fixed) 


fe inei. 
=— /— (n=1,2,3,... 
~~ OLN p 
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For the case (a) (bar clamped at one end only) the frequency of the fundamen- 
tal is half that of a similar free-free (case (b) (1)) or fixed-fixed (case (b) (111)) 
bar and only the odd-numbered harmonic overtones are present. This is to be 
expected since the effect of clamping a free—free bar at its centre is to suppress 
all its even harmonics. 

For case (b) (ii) rod clamped at the midpoint only odd partials are present 
similar to case (a) (fixed—free) and differs from case (b) (1) (free-free) where 
all the partials are present. However the fundamental has the same frequency 
in cases (b) (i1) and (b) (1). 


] jk 
8.33 (a) pe E 


nm 


F F/A FL kL 
Now k = — and Y = — = — = — 
x 


1x 107° x2 10!! 


Ee es = 159c/s 
2m mL 2t 2 x 1.0 


(b) For the given system 
kLtan(kL) — — 
Mass of the bar, M — pAL — 7800 x 1 x 107? x 1.0 — 0.078 kg. The 


frequency condition becomes 


0.078 


The solution to the above equation is 


kL = 0.196 


wL 


— = 0.196 
U 


7 1 0.196 0.196 [2 x 10H 
or f= = —  — = 158c/s 
2n 2n L p ~ In x 1.0 7800 


Observe that the results of (b) are nearly the same as those for (a), showing 
thereby for small values of kL, the mass loaded system approximates that of 
a simple harmonic oscillator with the mass fixed at the end. 


8.34 The frequency condition for this system is 


kL tan(kL) = — 
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Expanding tan (kL) by series 








3 5 
kL ku + yg e =~ 


15 


If kL < 0.2, we may retain only the first term within the brackets: 





M 
ju 
m 
2p? M 
v2 


f= o | M 
20 ~ On L ~ On L 


KL 
But Y = a OMER 


f= k 
EPLAE 


8.3.3 Waves in Liquids 
) 8 P 2m AN gÀ 
8.35 (a) v=" > tanh(kh) = 2 tan n(= - JE > tan h e 


9.8 
— —— x 0.917 X 
27 


v = 1.2/4 m/s 


(b) v -R-42 = 1.25/24 m/s 
(c) p ie [E e [8 — 1.564 m/s 


8.36 The fractional error introduced by the use of the formula v — 4 gh is 


Jgh — > tanh(kh) 


| t tanh(kh) 


= 0.01 
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8.37 


8.38 
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tanh x 





Put kh = x, then — 0.96 


s x | 025A 
This gives the solution x = 0.25 or h = = 





— 0.044. 
7 


Surface conditions are modified by the surface tension S. For the capillary 
waves 


2 ànS  gA 27h 
v~ = | —— + —— } tanh | —— (1) 
px 2m À. 


2 
Ifh >>, tanh (=+) — 1, and 


2 2nS gr 


= — 2 
pA 2m (2) 


Substituting A = 0.366cm, p = 1.0g/cm?, g = 980 cm/s? and v = fà = 
100 x 0.366 = 36.6 cm/s in (2) we find S = 74.7 dynes/cm. 


For capillary waves when h >> A 


2,  2n$ 8^ 


— 1 
U oA Om (1) 


The minimum value of the wavelength A,, can be found out by minimizing (1): 


90(7) | 2xS  g 


0A pr2, + 2m 


2 
din = 2./— (2) 
gp 


Ignoring the second term in the right-hand side of (1) and using (2) 
( gs | 1/4 
v= | — 
p 

For mercury and water 

S MA SA 
v ("^ (3 

p1 p2 


544 \'/4 (74 I^ 
= | —_ : { — = 0.858 : 1 
13.56 1 
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2 
839 9 P |y 
kè pu 





F k* 
= /—|1+a—v+4-.--] (for small a) (2) 
u 2F 


Since k = 27 /À, vy increases as A decreases. 


The group velocity is given by 


k dv | 
Vg =W t-r =p Hak = 


S 
840 (a) © = a i 





w S 
Sask 
B a ele 
Use 
gres 
S KS 35S 
Spe 
p 20Vk 2p 


(c) From (a) and (b) vg > vp 
8.41 (a) o? — (st 4 1°) tanh(kh) (1) 
p 


If kh << 1, then tanh (kh) = kh and (1) becomes 


S 
"ES (se + 1°) kh (2) 
p 
If ee second term in the brackets is smaller than the first one 
—k? ««g 
p 
w = ghk? 
w = ky gh (3) 


p= 2 = Veh 4) 
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dw 
Ve = de =/geh (5) 
Ug = Up 
(b) kh >> 1, tanh(kh) = 1 and (1) becomes 
S 
wo = gk + =i 
p 
2 
w g S 
— = > + —k 
k? k T p 
w lge Sk 
p 
U= —— 
g Up dk 
kis. Xf  SEY 
-w36 3 ~ ;) 
Using (6) 
g 3 ks 
Ug 2k 20 
Up = g ks 
= -+ p 
k p 


For short wavelengths k is larger, the first term in both the numerator and 


3 
denominator will be smaller and vg = 5 YP while for long wavelengths, k is 


1 
smaller and Ug = 5 Ye: 


With reference to prob. (8.41) for small ripples, A is small and k is large so 
that the second term in (6) dominates over the first term in the radical. 


Sk 2T 2z x 0.075 
=) =. Sy ar ss 
p Àp 0.01 x 1000 


3 
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For large waves, first term in (6) is important: 
À 9.8 x 1.0 
Up = Jo E Eu e = 1.25 m/s 
k 2i 23 
l 


8.48 E? — c? p? -- m?c^ 


hao = eR k + mcs 











2.4 
Hi^c 
w = | c?k2 + Pau 
w Do m?c^ 
Vsa = = = 
P k ne 
do ck c? 
V —— _ _— —— 
g 
dk wee m2c4 
c^k? c? + 
h2k2 


gA | 2x5 
8.44 vp — 0x Es 9 (1) 


Substituting vp = 30cm/s, g = 980cm/s?, S = 75 dynes/em and p = 
1 g/cm*, on simplification (1) reduces to the quadratic equation in A: 


A* — 5.7674 + 1.153 = 0 
The two roots are 4; = 5.56cm and A» — 0.207 cm. 


In determining surface tension it is preferable to use the shorter wavelength 
because the surface effect will dominate over gravity: 


8.45 y= —=,/2 
k k 
do 1 /g 
Vo S — Z = = 
* gk 2Ņ\k 
1 


Ug — 5 Up 
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w y RT 
DUX VM 
_ dw yRT 
s= ak V M 
g Sk 
8.47 v = © + — 1 
IUOS $ (1) 


aop) g 5 _ 6 
d kK p 
2 
ke e 
i S 


6.3.4 Sound Waves 


8.48 Let the displacement be represented by 


y = Acos(kx — at) (1) 
0 

oY = —kAsin(kx — ot) 

Ox 


9 
but P — -BI — BkA sin(kx — cot) 
X 


where B 1s the bulk modulus: 


B — vp 
P — [koov? A] sin(kx — at) (2) 


P represents the change from standard pressure Po. The term in square bracket 


represents maximum change in pressure and is called the pressure amplitude 
Pmax. Then 
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where Pmax = kpov? A (4) 


If the displacement wave is represented by the cosine function, (1), then the 
pressure wave is represented by the sine function, (3). Here the displacement 
wave is 90° out of phase with the pressure wave. 


1 
8.49 I= z Pmax/ Pov 


Pmax = V 2I pov = V2 x 107!2 x 1.29 x 331 = 2.92 x 10? N/m* 


I 
8.50 IL = 10 log — 
Io 


60 — 10 log 





10712 
log / 4- log 107 26 log / — —6 
I = 10° W/m? = 1p W/m? 


HN Power E 4 


51 I = —— = ——~ = 5.093 x 107* W/m” 
E Zn n ^ nn 
I 5.093 x 107^ : 
IL = 10 log — = 10 log ———— ——— - 10 log(5.093 x 10°) 
Io 10-2 


= 10flog 5.093 + 8] = 87dB 


P, max — F max 








52 A= = 
i koov? | 2zpofv 


20 
where we have substituted k = = and v = fà: 


29 
A= a °m 
27 x 1.22 x 2000 x 331 
P? 
8.53 = = 
2 pov 


By problem, Pmax(air) = Pmax (water) 


TGs PwUw 1000 x 1450 
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8.55 


8.56 


8.57 


8.58 


8.59 
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, l 
P=2.4sina(x — 330t) = 2.4 sin 27 & — 165 
P= Py sin 27 (= —f r) (standard expression) 


On comparing the two expressions we find 


(a)2.4N/m?, (b)165Hz, (c)2.0m, (d)v = fà = 165 x 2 = 330 m/s 


[= 27 py A* fv 


1 I l 2 x 107° E 
Xj exero — ÉL ———— —128x10^*m 
rf \ 2pov 1200x \ 2 x 1.293 x 330 


P, = 1 microbar = 107° bar = 0.1 N/m? 








P? 0.1)? 
I = — = e = 9 345010 W/m? 
pov 1.293 x 330 
— I aA 2.34 x 107? 
= 09 — = O ———————— 
E Ip B 10-12 


= 10(7 + log 2.34) = 73.7dB ~ 74dB 


I 
IL — 10 log — 
Ío 





I 
70 = 10 log 10-22 — lO[log 7 4- 12] 


logi=-5 [= 10 ^W/m? 


Energy density 
I 10% Bend 
E = — = —— = 3 x 10 ° J/m 
U 391 


Effective pressure 


P. — V Ipov = V 10-5 x 1.293 x 331 = 0.0654 N/m? 


Pmax = /2Ipov = V2 x 1 x 1.293 x 331 = 29.26 N/m? 


y RT 1.4 x 8.317 x 273 
v = | — = ,| —— s = 1256 m/s 
M 2.016 x 1073 
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|y P 
8.60 , — D (Laplace formula) 
p 


Hi ES cedo cd 
vo V pH 


UH — Avo — 4 x 317 = 1268 m/s 


8.61 IL = 10 log ( 2 \ = 10 log ( 2? 14 dB 
i = O — = O —— = 
SAT 8 (04 


I 
8.62 IL = 10 log = = 6 
1 


jos: = 0.6 
h 
I 
^2 2398or4 
Ii 


8.63 The threshold of hearing intensity is taken as 1077 W/m?. Let r be the dis- 
tance from the source at which the sound can be audible 


power 
— Amr? 


0.009 
r= |S = | = 2.677 x 104 m = 26.8km 
4z x 10-2 4z x 10-22 


27r 
8.64 Pmax = kpov? A = WUNA = 2r pov f A 


- 10- 2 


Prax 2 x 107° 











A= — — CT x 107! m 
2npoovf 2m x 1.22 x 331 x 1000 
Pmax 
a) A= 
8.65 (a) E 
A pv 4 2 8 
— = — — z= — X — = — 
A» 01 VI 3 3 9 
1 2 
(b) I Z + Pmax 
2 pov 
li 022 4 2 8 
= = =- xX - = - 
I» Prvi 3 3 9 
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I 
(c) E =- 
U 

Ej I, v2 85 2 16 

= n a i M a a Ss MM 

E^ h vi 9 3 27 
U 
8.66 (a) A= — 
J 

ÀA VA 331 


BA une cU ex ss 
Aw vw 1450 Co fa = fw) 


(b) Pmax = V21 pov 


1.2903 331 
Bi, eee ee n Tiu C: Ia = Iw) 
PW vw 1000 ^ 1450 


2I 


(c) A— 5 
pvo 





WU 1000 . 1450 
EN LS EL IUS Fie end f= 
PA VA 1.293 ^ 331 (. IA — Iw and fa — fw) 


8.67 Characteristic impedance of a gas 


Z = pov (1) 
B 
Nowv=,/— o p= a 
PO U 
B M 
Z=—=B /—— (2) 
U yRT 
Th Z : 
us x — 
JT 


(a) At 0°C, v = 331 m/s, po — 1.293 kg/m? 


Z = pov = 1.293 x 331 = 428 rayl 


1 
b) Z — 
T 


219 
Z(80*C) 2 Z(0*C) x ,| 2—5——— = 428 x 0.879 — 376rayl 
273 + 80 
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8.68 


8.69 


Power BH 50 


——— = ——___ = 955 W/m” 
area m (0.25)? B 


(a) I = 


(b) Pmax = 2I pov = V2 x 255 x 103 x 1450 = 2.72 x 104 N/m? 


E om 23:255 
Cc = ———— = U ie 
pov4n? f? 1000 x 1450 x 472 x (25 x 103)? 


— 1.19 x 107m 
(d) Umax = Aw = 1.19 x 1077 x 27 x 25 x 10° = 0.019m 


( s o 2RA L2nA£ 22 x 19 x 1077 x 25 x 10 
EM y T 1450 


— 1.29 x 10^? 


Consider sound waves of finite amplitude. Now, the bulk modulus is constant 
only for infinitesimal volume changes: 


d 
py (1) 
dV 
where the acoustic pressure p has been replaced by the pressure change dp. 
Now, Vo = mass = constant 


Vee 
dp | ap 
dP dP 

o -V— =p— =B 
dV dp 


where we have used (1) 


„= j2- dP (2) 
Ve Vdp 


When a second wave passes through a gas the changes in volume are assumed 
to be adiabatic so that 

P 

— = C = constant (3) 
pY 
where y is the ratio of specific heats of the gas at constant pressure to that at 
constant volume. Differentiation of (3) gives 


—~yPp’—'do + p’dP =0 
dP yP 
dp p E 


Or 
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Using (4) in (2), we get 


P 
VS a (Laplace formula) (5) 
V Po 


where Po and po refer to equilibrium conditions of pressure and density. 
The velocity ug at O°C can be found out by substituting y — 1.4, Py = 
1.013 x 10° N/m? and po — 1.293 kg/m?. We find vy — 331.2 m/s, in good 
agreement with the experiment. 

With the assumption of isothermal changes we would have obtained the 
formula v = ./Po/po, (Newton’s treatment) which gives a value of 2096 
lower. 


8.70 (a) vlj-ao — 1403 4- 5 x 20 — 0.06 x (20)? 4- 0.0003 x (20)? — 1481.4 m/s 
d 
(b) T — 5 — 0.12f + 0.000972 


d 
E 1-20 = 5 — 0.12 x 20 -- 0.0009 x (20)* — 2.62 m/s/°C 


8.3.5 Doppler Effect 


5 
8.71 v,— 72km/h — 72 x Tams = 20 m/s 
Ufs 








= direct 
fo E (direct) 
je vjs (reflected from the wall of the rock) 
vV — Us 


fọ v+vs 340-20 9 
fo u—v, 340-20 8 





5 
8.72 vo = vs = 90km/h = 90 x — = 25 m/s 


v = 350m/s 
520(350 + 25 
J= A = A eto pile! = 600 Hz. 
U — Us 350 — 25 
— 330 — 25 
873 p= ICW _ 599 G97) _ MSS Hz. 
V + Us 330 + 25 


8.74 Let the whistle rotate clockwise, Fig. 8.7. At point A the linear velocity of 
the whistle will be towards the distant listener and at B away from the listener. 
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Fig. 8.7 


Listener 


Maximum frequency will be heard when the whistle will be at A and minimum 
when it is at B: 


D.eur-15Xx2--90m/s 

vf, 330 x 540 
ELI. LL eU ROT 
Heo low O g 
vf, 330 x 540 


v—u 2330-30 





fmin = = 495 Hz 


8.75 (a) The frequency of the rod is fixed, and so also for the air and the gas. The 
distance between successive heaps of cork dust is equal to the distance 


between two neighbouring nodes which is j^ Fig. 8.8: 








A 
2 
Fig. 8.8 
Vair = nm 
Ugas — f ^gas 
À 10 
air 


Vair 340 
b = Ff, = — -À = |=| (2L 
(b) vrod J rod "ER rod E "i ox) (2Lroa) 


340 
= ( — | 2 x 1.2) = 5100 m/s 
0.16 


8.76 (i) v= fA 


340 
oo T 
f 514 
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w=. 340-15 


(ii) 0’ = : s; 06m 
340 4- 15 
did A = e z — — 0.69m 


8.3.6 Shock Wave 


8.77 (a) If an object flies with a supersonic speed (speed greater than that of 
sound) a shock wave is emitted, a booming sound. In the two-dimensional 
drawing, Fig. 8.9, the wave fronts CB and DB represent the V-shaped 
wave. In three dimensions the bunching of the wave fronts actually forms 
a cone called the Mach cone. The shock wave lies on the surface of 
the cone. 


(b) The half-angle 0 of the cone called the Mach cone is given by 


ut U 1 
SiO == S 
Ust Pe 2 


The Mach number = id E 
Up 


(c) The Mach angle 0 — 30? 





Fig. 8.9 Shock wave 


8.3.7 Reverberation 


8.78 If V is the volume, S the surface area and K the absorption coefficient then 
the reverberation time fg is given by 


0.16V 
R = 

24 8i 
V —10x 18 x4 — 720n? 


(Sabine Law) 
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VS) Hl X18: 0.6 
+ 10 x 18 x 0.02 + (18 x 44+ 10 x 4) x 2 x 0.03 +. 50 x 0.5 
= 143.3 
_ 0.16 x 720 | 


ie 
B 143.3 ? 


8.3.8 Echo 


8.79 The drum rate, that is, frequency when the echo is inaudible, is 40/min or 


2/3 per second. Therefore, the time period of drum beats t; — 5 s. Time for 
the echo, £1 = ae where x is the initial distance from the mountain and v is 
the sound velocity. 


2X 3 
Thus — = — (1) 
U 2 


On moving 90 m towards the mountain ht is x — 90 m from the mountain, the 
drum rate is 60/min or 1/s and again the echo is not heard. 
Thus 


2(x — 90) 
MÀ 


l (2) 
Solving (1) and (2) we get 
x =270m and v = 360m/s. 


8.80 (a) Ifthe width of the valley is d m and the rifle shot is fired at a distance x 
from one of the mountains the echoes will be heard in time f, and f» s: 





2X 
ti = — (1) 
U 
d — 
popu (2) 
U 
Adding (1) and (2) 
tct cdd PE = 
a ~ y 260 


Therefore d — 1080 m. 
(b) Solving (1) with £; = 2s and v = 360m we find x = 360 m and therefore 
d — x = 720m. Subsequent echoes will be heard after 6, 8, 10,...s. 


388 


8.3.9 Beat Frequency 


8.81 


8.82 


When the man moves towards the source 


(v + vo) fs 
U 


Jo es 


When the man moves away from the source 


i = (v EH 
/ vo / / 
fo — fo = y Ms Is) fs Js 
1.5 


= — (548 + 552) + 548 — 552 = 1 
330. am i 


Beat frequency = 1/s. 
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Suppose the frequency of the unknown fork (unloaded) is n. Then n = 300+2 


Case (1) Suppose n = 300 — 2 = 298 


Let the frequency of the loaded unknown fork be nı and the loaded known 


fork be n»: 
300—n425 
298 -n2 =9 


Also frequency changes in both the forks are the same 


300 — n2 = 298 — nı 
or n)—n|,—2 
Subtracting (2) from (1) 


ny —n; = —6 


Obviously (3) and (4) are inconsistent. 
Case (ii) Suppose n = 300 + 2 = 302 


300 —n,; =5 
302 —n2 = 9 
also 300 — no = 302 — ny, 


Or n| — n» -— 2 
Subtracting (5) from (6) 


n|— n5 —2 


(1) 
(2) 


(3) 


(4) 


(5) 
(6) 


(7) 


(8) 


Thus (7) and (8) are consistent. Therefore, correct solution is n = 302. 


8.3 Solutions 389 


8.3.10 Waves in Pipes 


8.83 


8.84 


8.85 


U 342 
p 


= = 0.3895m 
2f 2x 439 





The new frequency with the changed length L is 
fi = 43942 = 441 
fi = 439 — 2 = 437 

U 342 








bri es — 0.3877 m 
2f; 2x44l 
v 342 
jo = 0.3913 m 
2fj 2x43] 


The pipe must be shortened by 0.3895 — 0.3877 — 0.0018 m or 1.8 mm or 
lengthened by 0.3913 — 0.3895 — 0.0018 m — 1.8 mm, so that 2 beats/s may 
be heard when it is sounded with the fork. 


Time taken for the plate to fall is 


m 2h 2x10 1 
Vege V 980 7 


Time period 





] l 
= = — S 


t 
T = — 
8 7x8 56 





1 
Frequency, f = 7 56 Hz 


Aaa 20-F 2753 
v= UU = vo = 33150,/ ———— = 34343 cm/s 
213 212 


A | QN-«ctDv QN c1) x 34, 343 





L = (2N + 1)- = AN eu 12 d 
tener 1 4 fi 4 x 210 = 
U (2M +1) x 34343 
Also L = (2M + 1) — = —————__ (M = 0, 1, 2...) (2) 
4 fo 4 x 350 


Equating right-hand sides of (1) and (2) and simplifying 


QN+1) 3 


QM+1) 5 o) 


The choice of N = 1 and M = 2 satisfies (3). Using N — lI in (1) or M in (2) 
gives L = 122.65 cm. 
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8.86 


8 Waves 


Resonance with tuning forks of different frequencies is possible because 
resonance for f = 210 occurs with the first overtone of the tube and for 
f = 350 it occurs with the second overtone. 


E (open pipe, fundamental) 
2L 
fi = (open pipe, first overtone) 
Su 
p= AL (closed pipe, second overtone) 


f2 — fı = 100 (by problem) 


5v U U 
— — — = — = 100 
AL L 4L 


U 
Fundamental frequency of open pipe, f — op 200 Hz. 


Chapter 9 
Fluid Dynamics 


Abstract Chapter 9 is concerned with fluid dynamics comprising equation of 
continuity, Bernoulli’s equation, Torricelli’s theorem, Reynolds number, viscosity 
and terminal velocity. 


9.1 Basic Concepts and Formulae 


Steady flow (laminar flow): In this type of flow, the velocity of the fluid (liquid or 
gas) at a point is always the same although the velocity of the fluid may be different 
at different points along the line of flow. 

Irrotational flow: In this type of flow the element of fluid at each point has no net 
angular velocity about that point. It implies the absence of eddies and vortices. 

Incompressible fluid flow: A liquid is incompressible if its density is constant. 

Stream lines are imaginary curves drawn through a fluid to indicate the direction 
of motion of the flow of the fluid. 

Tube of flow is a bundle of stream lines which define the boundary of the fluid. 

Turbulent motion and Reynold’s number: For any liquid through a pipe there 
exists a critical velocity at which the laminar flow suddenly changes into turbulent 
type of flow. The stability of fluid flow is described by a dimensionless quantity 
called Reynold’s number (R). 


R = pvd/n (9.1) 
where ņ and p are the viscosity and density of the fluid, respectively, d is the diam- 


eter of the pipe and v is the velocity. If 


R « 2200, the flow is steady 
R — 2200, the flow 1s unstable 
R > 2200, the flow is usually turbulent 


The Equation of Continuity 
The principle of conservation of mass leads to the equation of continuity. For steady 


flow, the mass of fluid passing all sections in a stream of fluid per unit time is 


391 


392 9 Fluid Dynamics 
constant. At two points 1 and 2, 
p1À1V4 — 02 À2v» — constant (one-dimensional flow) (9.2) 
For incompressible fluids, 0; = p2, and (9.2) is reduced to 
Q = Avı = Áv = constant (9.3) 


0 
V.pv 4 m = 0 (equation of continuity in three dimensions) (9.4) 


For steady incompressible flow, o — constant and (9.4) reduces to 


Vy | OU, | OW; 
Ox Oy OZ 





= 0 (9.5) 


Bernoulli's equation for steady, non-viscous, incompressible flow 


P I 4 I 
— + gh + -v^ = constant (9.6) 
p 2 
l 
or P + pgh + rai = constant (9.7) 


In (9.6) the first term P/p is the pressure head or the potential energy per unit mass 
of the liquid due to the pressure, the second term hg is the elevation head or the 
potential energy per unit mass of the liquid due to gravity and the third term v?/2 
is the kinetic energy per unit mass of the liquid. Thus, Bernoulli’s equation results 
from the conservation of energy. 

Torricelli’s theorem: A tank is filled with a liquid. An orifice is located at the 
side of the tank, at a depth h below the surface of the liquid. Then the velocity of 
emergence of the liquid from the orifice is given by 


v=/2gh (9.8) 


The venturi meter: It works as a gauge to measure the flow speed of a liquid. Let a 
liquid of density o flow through a pipe of cross-sectional area A with velocity v. At 
the constriction, called throat, the area is reduced to a (Fig. 9.1). A manometer con- 
taining a suitable liquid of density serves to register the pressure difference between 
points 1 and 2. In Bernoulli's equation the gravitational energy term will be absent 
as the centre of the cross-sectional areas A and a is at the same horizontal level. 


Finally, we obtain 
io = h 
iem Z(p — p)gh (9.9) 
p(A? — a?) 
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Fig. 9.1 





The pitot tube is a device to measure the flow speed of a gas. If o' is the density of 
the liquid in the manometer, o the density of the flowing gas and h the difference in 
height in the limbs of the manometer, then 


Deng! 
ron (9.10) 
p 


Viscosity: The coefficient of viscosity of a liquid is the tangential force per unit 
area per unit velocity gradient. The backward tangential force acting on any liquid 
layer is 





du 
F = —nA— (9.11) 
dy 


where dv/dy is the velocity gradient which is identical with v/y for constant gra- 
dient. The negative sign shows that the viscous drag acts opposite to the velocity of 
the liquid. 


Poiseuille's Method for Viscosity Determination 


Volume V flowing per second through a tube of radius a and length L under pressure 
head P is given by 





x Pat 
V= (9.12) 
Sn L 
Terminal velocity 
Drag force F = 6rnrv (Stokes law) (9.13) 


When a sphere of radius r and of density pọ is dropped in an extensive fluid of 
density p its speed increases linearly as for a free fall (v = gt). However, due to 
viscous drag v approaches asymptotically to a constant value vr given by 


2or2 
m= amu (9.14) 
9n 
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9.2 Problems 
9.2.1 Bernoulli's Equation 


9.1 The radius of a water pipe decreases from 10 to 5 cm. If the average velocity in 
the wider portion is 4 m/s, find the average velocity in the narrower region. 


9.2 Verify if the continuity equation for steady incompressible flow is satisfied for 
the following velocity components: 


Vy = 3x7 — xy+ o. vy = ay — 6xy + y^. vz = —2xy — yz t Dy 


9.3 Air streams horizontally across an aeroplane wing of area 4m’, weighing 
300 kg. The air speed is 70 and 55 m/s over the top surface and the bottom 
surface, respectively. Find (a) the lift on the wing; (b) the net force on it. 


9.4 A venturi meter has a pipe diameter of 20 cm and a throat diameter of 10 cm. 
If the water pressure in the pipe is 60,000 Pa and in the throat is 45,000 Pa, 
calculate the rate of flow of water in m?/s. 


9.5 A pitot tube which is used to determine the speed of an aircraft relative to 
air is mounted on the wing of a plane. The tube contains alcohol of density 
810 kg/m? and registers a level difference of 15.0 cm. Assuming that the den- 
sity of air at NTP is 1.293 kg/m?, find the plane's speed in km/h relative to the 
air. 


9.6 A garden sprinkler has 80 small holes each 2.5 mm? in area. If water is supplied 
at the rate of 2 x 107? m?/s, find the average velocity of the spray. 


9.7 For steady, incompressible flow which of the following values of velocity com- 
ponents are possible? 
(a) v, — 3xy 4- y?, U, — 5xy + 2x 
(b) vy = 3x2 + y^, Vy = —Óxy 

9.8 If the speed of flow past the lower surface of the wing of an aeroplane is 


100 m/s, what speed of flow over the upper surface would give a pressure dif- 
ference of 1000 Pa? Assume an air density of 1.293 kg/m?. 


9.9 A venturi meter has a pipe diameter of 4 cm and a throat diameter of 2 cm. The 
velocity of water in the pipe section is 10 cm/s. Find (a) the pressure drop; (b) 
the velocity in the throat. 


9.10 Water is observed to flow through a capillary of diameter 1.0 mm with a speed 
of 3 m/s. Viscosity of water in CGS units is 
(a) 0.018 at 0°C 
(b) 0.008 at 30°C 
(c) 0.004 at 70°C 
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Calculate the Reynold’s number and test at which of these three temperatures 
is the flow likely to be streamlined. Assume that for Reynold’s number R < 
2200 flow is steady. 


9.11 A horizontal tube AB of length L, open at A and closed at B, is filled with an 
ideal fluid. The end B has a small orifice. The tube is set in rotation in the hor- 
izontal plane with angular velocity w about a vertical axis passing through A, 


pai 
Fig. 9.2. Show that the efflux velocity of the fluid is given by v — ol Y^ 1 
where / is the length of the fluid. 


Fig. 9.2 


9.12 A pitot tube, Fig. 9.3, is mounted along the axis of a gas pipeline of cross- 
sectional area A. Calculate the rate of flow of the gas across the section of the 
pipe if h is the difference in the liquid column and pr, and p; are the densities 
of the liquid and the gas, respectively. 





Fig. 9.3 Pitot tube 


9.13 Water flows in a horizontal pipe of varying cross-section. Two manometer 
tubes fixed on the pipe, Fig. 9.4, at sections A, and A» indicate a difference 
Ah in the water columns. Calculate the rate of flow of water in the pipe. 


9.14 A cylinder filled with water of volume V is fitted with a piston and is placed 
horizontally. There is a small hole of cross-sectional area s at the other end of 
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Fig. 9.4 


the cylinder, s being much smaller than the cross-sectional area of the piston 
(Fig. 9.5). Show that the work to be done by a constant force acting on the 
piston to squeeze all water from the cylinder in time f is given by 


E 1 oV? 
2520 


where p is the density of water. Neglect friction and viscosity. 


Fig. 9.5 





9.15 Acylindrical vessel with water is rotated about its vertical axis with a constant 
angular velocity w. Show that 


(a) the water pressure distribution along its radius is given by P = Po+ 
;po?r?, where p is the density of water and Po is the pressure at the 
central point. 

(b) Show that the figure of revolution of water is a paraboloid. 


9.16 A manometer is fixed to a water tap. When the valve is closed the manometer 
shows the reading of 3.5 x 10° Pa. When the valve is open the reading becomes 
3.1 x 10° Pa. Find the speed of water. 


9.2.2 Torricelli’s Theorem 


9.17 A water container is filled up to a height H. A small hole is punched at the 
side wall at a depth A below the water surface. Show (a) that the distance from 
the foot of the wall at which the stream strikes the floor 1s 24/A(H — h); (b) 
the second hole through which the second stream has the same range must be 
punched at a depth H — A. 
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9.18 


9.19 


9.20 


9.21 


9.22 


9.23 


9.24 


In prob. (9.17) show that the hole must be punched at a depth h = H/2 for 
maximum range and that this maximum distance is H. 


A large tank is filled with water at the rate of 70 cm?/s. A hole of cross-section 
0.25 cm? is punched at the bottom of the tank. Find the maximum height to 
which the tank can be filled. 


A tank of cross-sectional area A is filled with water up to a height h1. Water 
leaks out from a small hole of area ‘a’ at the bottom. Find the time taken for 
the water level to decrease from hf, to ho. 


A large tank is filled with water. The total pressure at the bottom is 3.0 atm. If 
a small hole is punched at the bottom what is the velocity of efflux? 


Two tanks with a large opening are filled with a liquid. A hole of cross- 
sectional area A; is punched in tank | and another of cross-sectional area 
A2 in tank 2 at depths h; and A2, respectively. If Ay = 2A and the volume 
flux is identical, then what should be the ratio h; /h2? 


A wide container with a small orifice in the bottom is filled with water and 
kerosene. If the water column measures 60cm and kerosene column 40 cm, 
calculate the efflux velocity of water. Take the specific gravity of water as 1.0 
and kerosene as 0.8 and neglect viscosity. 


A wide vessel filled with water is punched with two holes on the opposite side 
each with cross-sectional area of 1.0 cm?. If the difference in height of the 
holes is 51 cm, calculate the resultant force of reaction of the water flowing 
out of the vessel. 


9.2.3 Viscosity 


9.25 


9.26 


9.27 


9.28 


Water is conveyed through a tube 8 cm in diameter and 4 km in length at the 
rate of 120 l/min. Calculate the pressure required to maintain the flow. Coeffi- 
cient of viscosity of water, 7 = 0.001 SI units. 1 atm = 1.013 x 10° Pa. 


Two capillary tubes AB and BC are joined end to end at B. AB is 16cm long 
and of diameter 0.4 cm. BC is 4 cm long and of diameter 0.2 cm. The compos- 
ite tube is held horizontally as in Poiseuille's experiment, with A connected to 
a vessel of water giving a constant head of 3 cm and C open to air. Calculate 
the pressure difference between B and C. 


Two raindrops fall through air with terminal velocity of vp cm/s. If the drops 
coalesce what will be the new terminal velocity? 


Q cm? of water flows per second through a horizontal tube of uniform bore 
of radius r and of length /. Another tube of half the length but radius 2r is 
connected in parallel to the same pressure head. What will be the total quantity 
of water flowing per second through these two tubes? 


398 9 Fluid Dynamics 


9.29 In prob. (9.28) if the tubes are connected in series then what quantity will flow 
through the composite tube? 


9.3 Solutions 
9.3.1 Bernoulli's Equation 
9.1 From continuity equation 


A,v, = A2v2 


E A\v] rr? vy 10? x 4 











— — ——————— — 6m S 
2 A2 ur. 52 / 
9.2 v, = 3x? — xy + 2z? 
Uy — 2x^ — 6xy - y? 
v; 2 —2xy — yz - 2y' 
Q Ux y QU 
Ox 7 dy ee OZ z 
QU QU QU 
V- v = — + + — = (6x — y) + (6x +2y) -y=0 
Ox oy o 


Thus the continuity equation for steady incompressible flow is satisfied. 
9.3 Pressure difference across the wing 
Au l n2. 2 
p= zr} — v3) 


i 
-jX 1.293 x (70? — 55?) — 1212 Pa 


(a) Lift — (pressure difference) (area) 
= 1212 x 4 = 4848 N 


(b) Net force = Lift — Weight of plane 


= 4848 — (300 x 9.8) 
= 1908 N in the upward direction 


1 A? 
94 AP—-ov(—-—1 
ee (a!) 


A nR? (2) 
a Tr 5 
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1 
60,000 — 45,000 — ;* 1000 x 15v? 
or v = l.414m/ s (throat) 


Rate of flow of water 


Q = vA = (1414) (t x 0.01?) — 0.0444 m? /s 


2ghp! | [2x 9.8 x 0.15 x 8IO 
95 y — [29b LL Jo TO Rn T = 42.9m/s = 154.5km/h 
p 1.293 


9.6 Total area of the holes 


A = 80 x 2.5 x 107 m? = 2 x 1074 m? 


Q = Áv 
Q 2x10 

v=% =- = ]10m/s 
A 2 x 1074 


9.7 (a) v, 2 3xy + y’ Uy xy 2x 








o 0 

a = 3y; — = 5x 

Ox dy 

o 0 

Lo duds s 
Ox dy 


Therefore, steady incompressible flow is not possible. 


(b) v, 23x? y? Uy, = —Oxy 








o 0 

a= 6x; e —6x 
Ox dy 
0 o 

= po edo 0 
Ox dy 


Thus, steady incompressible flow is possible. 


1 
9.8 AP = ;^Qi — v3) 


LA ri V zx UU + 100% = 107.45 m/ 
U] — —— U^, = —— = à m/s 
p : 1.293 
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9.9 (a) Q = Uthroatà. — UpipeA 


A D? 4° 
Uthroat = Upipe - Upipe 12. = 10x 22 — 40 m/s 


l| 5fA* 
4 


1 2 4 6 
= — x 1000 x 40° | — — 1} = 12x 10° Pa 
2 25 


Dv 
9.10 Reynold’s number R = = where p is density, D diameter, v velocity and 


n coefficient of viscosity. 


1 x 0.1 x 300 
(aj go ia 
0.018 
Flow is steady because R < 2200 
1 x 0.1 x 300 
(i) e cu a a 
0.008 
Flow is turbulent because R > 2200 
1 x 0.1 x 300 
(c) R= — —_—_ = 7500 
0.004 


Flow is turbulent because R > 2200 


9.11 Consider a mass element dm of the fluid at distance x from the vertical axis. 
The centrifugal force on dm is 


Lan oi. — dm We — ay SU 
dF = dm œx = dm = dm—v 
dt dx 


vdv — o?x dx 


[ o [m 


U Q^ > / 
2 2 

— -|1 
l 

9.12 Applying Bernoulli’s equation to points A and B, 


1 
pat 5 Pav — Pg (1) 


Pat pigh = Pg (2) 


9.3 Solutions 


9.13 


9.14 


Comparing (1) and (2) 


2ghpr 
v=_ | —— 
Me 
Apply Bernoulli’s equation at the sections A; and A»: 
P, + l 2 Py + l 2 
-pv = — pv 
1 5P 1 2 zP 2 
l nu. 2 
Pe Ee et) 
29A = ve — vs 
QO = vA] = v242 





vj A] 
v= 
2 re 
Using (4) in (2) 
A cA 
Og Ah — v2 Ua — ^0 
A 
2 
2gAh 
UN D 2 
A5 7 A1 
O=A ie 2g Ah 
= A101 = A1A2/ 2> 
A5 7 Aj 


Volume of water flowing out per second 
Q = sv 


where v is the speed and s is the cross-sectional area. 
Volume flowing out 


V= Qt = svi 

L5 F FL W 
=~ PU = P = — = — = — 
2 A AL V 


where L is the length of the cylinder and W is the work done. 


| 1oV? 
2 5242 


where we have used (2). 
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(1) 


(2) 
(3) 


(4) 


(1) 


(2) 
(3) 


(4) 
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9.15 (a) The components of mar parallel to the x-axis and z-axis are mœ 


(b) 


Fig. 9.6 


moz, respectively. Taking y in the upward direction 
dp = p(w*xdx + w*zdz — gdy) 


In the x — z-plane, y = constant. Hence dy = 0. 
Integrating (1) 


— po?x? . pag 
P— 2 








PC 


where C is the constant of integration. 


2 
C) 
= —@ +2) +C 


"S 
| 


zu uut 
p = po atr = 0, then C = po 


1 
p= pot spor 
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2 


x and 


(1) 


Particle at P is in equilibrium under centrifugal force and gravity, Fig. 9.6. 
Let PM be tangent at P (r, y) making an angle @ with the r-axis. PN is 


normal at P. If N is the normal reaction 


N cos 0 = mg 
N sinb = mær 
Qr 
tang — —— 
g 
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dy — o*r 
dr g 
w2 
y= |=% [rar te 
8 
ort 
= C 
y 2g 


| lofr* 
ES 7 





r 


Figure of revolution of the curve is a paraboloid. 


9.3.2 Torricelli’s Theorem 
9.16 Using Bernoulli’s equation 
Pa + tow = Pi + to 
2 2 
3.1 x 10° + ; x 1000v$ = 3.5 x 10° +0 
v2 = 8.94m/s 


9.17 (a) Use Bernoulli’s equation at two points A and B at height ha and hp, 
respectively, Fig. 9.7. 


pv* 
P+ pgha = P + pghp + —— (1) 


where P is the atmospheric pressure, o is the density of water and v is the 
efflux velocity. 


po— | 


Fig. 9.7 F—R— 
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Calling h4 — hg =h (2) 


v— gh (3) 


Using simple kinematics, the range 


R=vt=/2eh MÀ 
R=2V/h(H — h) (4) 


(b) In (4) R is unchanged if we replace A by H — h. Therefore, the second 
hole must be punched at a depth H — h to get the same range. 


9.18 From prob. (9.17) 


R 24 h(H — h) (1) 


Maximum range is obtained by setting dR/dh = O and holding H as constant. 
This gives h = H/2 and substituting this value in (1), we get Rmax = H. 


9.19 For the water level to remain stationary volume efflux = rate of filling = x 


vA = (/2gh) AY 70 cm? /s 
x^ (70)? 


h= — —_"" ____s_ 40cm 
209A? 2 x 980 x (0.25) 





9.20 Let the water level be at a height x at any instant. The efflux velocity will be 
v = ./2gx. As the water flows out, the level of water comes down, Fig. 9.8. 


Fig. 9.8 ee V = {29x 
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9.21 


9.22 


9.23 


Volume flux, Q — av — a2gx 


Volume flux is also equal to Q — n 


d 
We then have a/2gx — A 


hy 
-facia a a-v 


Pressure at the bottom due to water column = (3 — 1) atm = 2 atm = 2 x 
10° Pa. 


P=hpg 
P č 2x 10° . 200 


= pg 1000g 


UE 2I ae = — 20 m/s 


Second method 





Apply Bernoulli's equation 
B om | 2 
Pi + ;^Vl = PF 2,9 


where the left side refers to the point inside the tank and right side to a point 
outside the tank. 


3 5 l 2 
3x10 +0=1x10 T AADU 
v2 = 20 m/s 


Q — v4 A1 — v2A2 


(/2gh1) CA2) = (V2gh2) A 


hy 1 


hy 4 
Apply Bernoulli ’s equation to a point just outside the hole and a point at the 
top of the kerosene surface. If P is the atmospheric pressure, hı and h2 the 


heights of water and kerosene columns, respectively, 0; and po» the respective 
densities, 
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1 
P + 52i =P+hipig+hoprg 


h 
v1 = ,/ 2g (r -- ua) 
pl 


Substituting hı = 60cm, h2 = 40cm, p, — l, p? — 0.8 and g — 980, we 
find v, — 425 cm/s or 4.25 m/s. 


9.24 Volume efflux at A and B, Fig. 9.9 


Fig. 9.9 





QA — VAS 
Qp = upS 
(Mass efflux), = pva S 
(Mass efflux)p = pupS 


Force Fa = (rate of change of momentum), 


= PvASVA = pSvi 

= pS(2Zgh) = 2pS¢h 

Fp = 2eSg(h + Ah) 

Fg—FA—2opSg^h 

(because the vector force is in the opposite direction) 


—2 x 1000 x 1.0 x 10^ x 9.8 x 0.51] 2 LON 


9.3.3 Viscosity 
9.25 Volume of liquid flowing per second 


mr*P 
© 8l 





9.3 
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E 8glV — 8 x 0.001 x 4000 x 0.002 
EE 3.14 x (0.04)4 
P — 0.0796 x 10? 


— 0.0796 x 10? Pa 








Pressure head h — — — ——————— — 0.8m 
pg 1000 x 9.8 
anjQ  85gQ (0.16) 870 (0.01) 
A BU gra m (2x103)2 mx10-2 0) 
870 x (0.04) 
Pg — Py — ——————— 2 
E : mx10- t. v 
Adding (1) and (2) 
870 x 0.05 
PA — py — ———— 3 
i 0 w x102 ©) 
Dividing (2) by (3) 
Pg — P 
a ME ae 
PA — Po 
Pg — Po = 0.8 x (Pa — Po) = 0.8 x 3 = 2.4 cm of water. 
9.27 The terminal velocity vr is given by 
24 (i=) 
ma e — (1) 
y n 


where r is the radius of the drop, pı and p2 are the densities of the drop and 
air, respectively, g is the gravity and ņ is the coefficient of viscosity. If the new 
radius is r' and the new terminal velocity v7, then 


Up r 
bit a D 2 
mE (2) 


Under the assumption that the drops are incompressible, the volume remains 
constant: 


4 4 
(= ep 
3 3 
r' 2215, (3) 
Using (3) in (2) 


Up 223 up = 43 uy 
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xP rí 
9.28 For the first tube Qı = FI Q 
n 
znPQr)  32xPr* 
For the second tube Qo — ————— — ———— —32Q 
anl /2 anl 


9.29 


Total quantity of water flowing is 


Q1 + Q2 = Q +320 =33Q 


Let the pressure at the beginning of the first tube be Pı and at the end P2. Since 
the water flow must be continuous, the rate of flow in the two tubes must be 


identical, that is, Q; — Q». Let the atmospheric pressure be Po. 














anl 
Pi -P= í zd (for the first tube) 
mr 
8n (1/2 ani 
P> — Po = 8n(/2)Q2 E Q1 (for the second tube) 
z (2r)^ 32 r^ 
Adding (1) and (2) 
anl 3301 
Pı — Po = — 
[o9 mr 32 
anl Q 
But P — Po = z (for single tube of length / and radius r) 
my 


320 


Comparing (3) and (4), we get Q; = 33^ 


(1) 
(2) 


(3) 
(4) 


Chapter 10 
Heat and Matter 


Abstract Chapter 10 is devoted to kinetic theory of gases, collision cross-section, 
mean free path, van der Waal's equation, thermal expansion of solids, liquids and 
gases; gas equation, heat conduction in composite slabs and sphere; Newton's law of 
cooling, radiation problems covering Boltzmann law and Wien's law, specific heat 
and latent heat, thermodynamics, indicator diagrams, the Carnot, Otto and Sterling's 
cycles, thermodynamic relations, elasticity and surface tension. 


10.1 Basic Concepts and Formulae 


The mean free path à of a gas molecule is the average distance travelled by the 
molecule between successive collisions 


A=) x;/N (10.1) 

The average time of collision T is related to à and <v> the mean speed by 
A c Er eV (10.2) 
where f = 1/T (10.3) 


is the collision frequency. 
N (v) dv = 4x N[m/2nkT]? v? exp[-mv?/2kT]dv (Maxwell’s law) — (10.4) 


Assuming Maxwell’s law of velocity distribution, 


Most probable speed vp = UL -J= (10.5) 
mM 


Average speed < v >= ,/ — = (10.6) 
nmm 
SkT SRT 
Root-mean-square speed V < v2 > = ,/—— = "Mo (10.7) 
m 
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where k is Boltzmann constant, T the absolute temperature, m the particle mass, 
R the gas constant and M the molecular weight. 


U 


eS (10.8) 
An./2r2 N 


where N— nV,n is the number of molecules per unit volume and V is the volume 
of the gas. 


Gas Laws 
PV —nRT (gas equation) (10.9) 
T T: 
pi 02 (10.10) 
P| P5 
Thermal Expansion 
L — Lo[1 4- «AT ] (linear expansion) (10.11) 


where a is the coefficient of linear expansion, f is the coefficient of areal expansion 
and y that of volume expansion. 


Thermal Expansion and Elasticity 


Force F = Yaa AT (10.13) 


where Y is Young’s modulus and a the cross-sectional area. 
The coefficient A of apparent expansion of a liquid 


A=y-g=y-3a (10.14) 


where y is the absolute volume coefficient of expansion of liquid and g that of the 
container. 


Em mass expelled 
Apparent expansion of liquid — —— —— —— — — — — ——— 
(mass left) (temperature rise) 
Heat Transfer 
Heat conduction through a slab: 


d T, —T 
m jd pude 50 (10.15) 
dr d 
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Rate of heat flow is directly proportional to the temperature gradient dT'/dx and 
the cross-sectional area and inversely proportional to the thickness. The constant of 
proportionality k is known as thermal conductivity. 

Heat conduction is through a composite slab made of two slabs of thickness dı 
and d» and thermal conductivity k, and k2, respectively, in series, the end tempera- 
tures being T; and 7>. The equivalent conductivity is given by 





di 4- d» 
kg = —————————— 10.16 
eq di . d ( ) 
kı k2 
The temperature of the interface is given by 
kı T kT 
GO GE) 
[e os (10.17) 
kı 2 k2 
dı dz 
The rate of flow of heat in a composite slab made of n slabs in parallel: 
dQ — (Ti -= T2) «An 
-s — $23 ki A; (10.18) 
> kidi 
keg = 10.19 
Convection 
Rate of cooling: 
dO 
n — C(0 — 09) (Newton's law of cooling) (10.20) 


where 0 is the mean temperature, 0, the room temperature and C a constant. 


Radiation 


Rate of energy loss: 


ae 
mim cA (7; — 7j) (Stefan-Boltzmann formula) (10.21) 


where A is the area of the radiator, T; is its absolute temperature, 7» is the absolute 
temperature of the surroundings and o is known as Stefan-Boltzmann constant. 


Wien’s Law 


Im: T=b=3x10°m—K (10.22) 
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The wavelength Àm for the maximum intensity of black body spectrum is inversely 
proportional to the absolute temperature of the body. 


Thermodynamics 

Process Quantity that remains constant 
(1) Isobaric Pressure 
(i1) Isochoric Volume 

(i11) Isothermal Temperature 


(iv) Adiabatic Heat 


First law of Thermodynamics 
AQ=AU+W (10.23) 


AQ is positive if heat is absorbed by the system and negative if heat is evolved. 
Internal energy U of a system tends to increase if energy is added as heat and tends to 
decrease if energy is lost as work done by the system. Both Q and W are dependent 
while U is path independent. 

Work done by the system: 


Isobaric process: W = i PdV = P(V, — V2) 
Isochoric process: W = 0, AQ = AU 


V. 
Isothermal process: W = —nRT In (s). dU = 0, dQ = dW 
1 


1 
Adiabatic process: W = zah — Pi Vi), dQ = 0, dU = —d W 


where y is the ratio of two specific heats (cp/cy). 


The change in entropy 


asa fF (10.24) 
T 


Enthalpy (H ) is the total heat and is defined by 
H=U+PV (10.25) 
Gibb’s function (G) is defined by 
G=U+PV-TS (10.26) 


Number of degrees of freedom 


f= — (10.27) 
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Heat Engines Thermodynamic efficiency 


Work done by the gas W 
Heat put into the system — Qin 





The Carnot cycle consists of two isothermal processes and two adiabatic processes. 
The Sterling cycle consists of two isothermal processes and two isochoric pro- 
cesses. 
The Otto cycle consists of two adiabatic processes and two isochoric processes. 


e — (Qn — Qc)/ Qu (10.29) 
e = (Ty — Tc)Ty (10.30) 


where the symbols H and C are for hot and cold reservoirs. 


Elasticity 


Stress = force/area = F/A 

Strain = elongation/original length = AL/L 

Young's modulus(Y) = stress/strain = FL/AAL 

Shear modulus (7) = shear stress/shear strain = Fy/AAx 





AP 
Bulk modulus (K) = pressure increment/volume strain = —AV]V 
Poisson's ratio (o) — lateral contraction per unit length/longitudinal elongation 
per unit length. 
Relations for the elastic moduli: 
ae 2n(1+oa)=3K(1 — 20) (10.31) 
> = Zn oO) = — ZO š 
3K +n 
3K —2 
= (10.32) 
6K + 2n 
Surface Tension 
Excess pressure in a drop 
P =25/r (10.33) 
Excess pressure in a bubble 
P = 45/r (10.34) 
Pressure in a bubble due to electric charges 
P — o? [289 (10.35) 


where o 1s the charge density and &o is the permittivity. 
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Energy released in coalescing n droplets each of radius r into a large drop of 
radius R 


AW =4ar7(n —n7/?)S (10.36) 

AW = 47 R?(n3 — 1S (10.37) 
Capillary rise: 

2S cos 0 = (h+r/3)rpg (10.38) 


where 0 is the angle of contact, r is the radius of the bore and 7 is the height of the 
liquid column. 


10.2 Problems 


10.2.1 Kinetic Theory of Gases 


10.1 Define the mean free path of a gas both mathematically and in words. Calcu- 
late the mean free path of a molecule in a gas if the number of collisions is 

2 x 10!°/s and the mean molecular velocity is 1000 m/s. 
[University of Manchester 2008] 


10.2 (a) Consider a gas that has a molecular weight of 28 and a temperature of 
27°C. What is the rms speed of molecule of the gas if it has a Maxwellian 

velocity distribution? The ideal gas constant is 8.31 J/mol K. 
(b) What is the mean free path of a molecule if the pressure is 2 atm (1 atm = 
101.3 kPa), the temperature is 27°C, and the cross-section is 0.43 nm?? 
Using the average velocity from part (a) calculate the collision frequency 

for the molecule. Boltzmann's constant is 1.38 x 1077? J/K. 


10.3 (a) By considering a volume, V, of ideal gas, containing N spherical 
molecules with radius r, show that the mean free path of the molecules 
can be defined by the equation 


= V 
Az /2r2N 


(b) Hence, or otherwise, calculate the mean free path of air at 100°C and 
1.01 x 10° Pa. Assume that the molecules of air are spheres of radius 
r = 2.0 x 107! m. 
(k — 1.38 x 1072 J/K) 
[University of Aberystwyth, Wales] 


10.4 Figure 10.1 shows the Maxwell-Boltzmann velocity distribution functions 
of a gas for two different temperatures, of which first (curve fi) is for 
Tı = 300K. 
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Fig. 10.1 Maxwell— 
Boltzmann velocity 
distributions 


10.5 


10.6 


10.7 


1.5 
1.0 -.. J. ee ios k 


0.5 





55 inl su 7, 
0 500 1000 1500 


V [ms] 


(a) Read the approximate value for the most probable speed of the molecules 
from the diagram for each of the two cases. 

(b) What is the temperature, 75, when the velocity distribution is given by f2? 

(c) Indicate the average speeds in the diagram for each of the two 
temperatures and give the ratio between the two average speeds. 

(d) The gas consists of 5mol of molecules. If the molecular velocity 
distribution is given by f», estimate the number of those molecules in 
the gas which have a speed between v4 — 800 m/s and vg = 900 m/s. 


If the Maxwell-Boltzmann distribution of speeds is given by 


—m v? 


m 3 LE 
f (v) — 4r (I) ve 2kT 


o2 


show that the most probable speed is defined by the equation 


App Me 
MD TI 


For carbon dioxide gas (CO2, molar mass = 44.0 g/mol) at T = 300K, 
calculate 


(i) the mean kinetic energy of one molecule 
(ii) the root mean square speed, Vrms 
(iii) the most probable speed, Ump 
(iv) the average speed, va, 


(R = 8.31 J/K/mol, k = 1.38 x 10773 J/K, Na = 6.02 x 1077/mol) 


(a) Give three assumptions that are made when deriving the properties of an 
ideal gas using a molecular model. 
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(b) A weather balloon is loosely filled with 2m? of helium at 1 atm. and 
27°C. The balloon is then released, and by the time it has reached an 
elevation of 7000 m the pressure has dropped to 0.5 atm. and the balloon 
has expanded. If the temperature at this elevation is —48°C, what is the 
new volume of the balloon? 


10.8 van der Waal’s equation can be written in terms of moles per volume as 


The van der Waal’s parameters for hydrogen sulphide gas (H2S) are a = 
0.448 J m? /mol? and b. — 4.29 x 107? m? /mol. Determine an estimate of 
the number of moles per volume of H2S gas at 127°C and a pressure of 
9.80 x 10? Pa as follows: 


n 
(a) Calculate as a first approximation using the ideal gas equation, — — HE 


T 
(b) Substitute this first approximation into the right-hand oe of the equation 
derived in part (a) to find a new approximation of Ż y «n the left-hand 


side) that takes into account real gas effects. 


10.2.2 Thermal Expansion 


10.9 Two parallel bars of different material with linear coefficient of expansion 
o1 and o», respectively, are riveted together at a distance d apart. An increase 
in temperature AT will cause them to bend into circular arcs with a common 
centre subtending an angle 0 at the centre (Fig. 10.2). Find the mean radius of 


curvature. 


-4— d —» 






Fig. 10.2. Expansion of a bimetal strip of bars 
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10.10 


10.11 


10.12 


10.13 


10.14 


A 20 m long steel rail is firmly attached to the road bed only at its ends. The 
sun raises the temperature of the rail by 30°C, causing the rail to buckle. 
Assuming that the buckled rail consists of two straight parts meeting in the 
centre, calculate how much the centre of the rail rises? For steel a = 12 x 
10-°/°C. 


What should be the lengths of a steel and copper rod if the steel rod is 4cm 
longer than the copper rod at any temperature. a(steel) = 1.1 x 107>/°C; 
a (copper) = 1.7 x 107°/°C. 


A 1 1 glass flask contains some mercury. It is found that at different tem- 
peratures the volume of air inside that flask remains the same. What is the 
volume of mercury in this flask? Coefficient of linear expansion of glass = 
9 x 1079/*C; coefficient of volume expansion of mercury = 1.8 x 1074/°C. 

[Indian Institute of Technology 1973] 


A steel wire of cross-sectional area 0.5 mm? is held between two fixed sup- 
ports. If the tension in the wire is negligible and it is just taut at a temperature 
of 20°C, determine the tension when the temperature falls to O°C (assume 
that the distance between the supports remains the same). Young’s modulus 
of steel = 2.1 x 10!! dynes/cm?; a = 12x 107°/°C. 

[Indian Institute of Technology 1973] 


A glass vessel just holds 50 g of toluene at O°C. What mass of toluene will it 
hold at 80°C if between O and 80°C the expansion coefficients are constant. 
The coefficient of linear expansion of glass is 8 x 10~°/°C and the absolute 
expansion of toluene is 11 x 107*°C. 

[University of Dublin] 


Gas Laws 


10.15 


10.16 


10.17 


10.18 


Determine the constant in the gas equation given that a gram molecule of a 
gas occupies a volume of 22.41 at NTP. [University of Durham] 


A bubble of gas rises from the bottom of a lake 30 m deep. At what depth will 
the volume be thrice as great as it was originally (atmospheric pressure = 
0.76 m of mercury; specific gravity of mercury — 13.6)? 


A balloon will carry a total load of 175 kg when the temperature and pressure 
are normal. What load will the balloon carry on rising to a height at which 
the barometric pressure is 50cm of mercury and the temperature is —10?C, 
assuming the envelope maintains a constant volume? 

[University of London] 


Two glass bulbs of volume 500 and 100 cc are connected by a narrow tube 
whose volume is negligible. When the apparatus is sealed off, the pressure 
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of the air inside is 70cm of Hg and the temperature 20°C. What does the 
pressure become if the 100 cc bulb is kept at 20°C and the other is heated 
to 100°C? 

[University of Durham] 


10.2.3 Heat Transfer 


10.19 


10.20 


10.21 


10.22 


10.23 


10.24 


Two slabs of cross-sectional area A and of thickness dı and d? and thermal 
conductivities kų and k2 are arranged in contact face to face. The outer face 
of the first slab is maintained at temperature T1?C, that of the second one at 
T>°C and the interface at T°C. Calculate 


(a) Rate of flow of heat through the composite slab 
(b) The interface temperature 
(c) The equivalent conductivity 


n Slabs of the same thickness, the cross-sectional area A4, Ao, ... , A, and 
thermal conductivities k1, Kk», ... , ky, are placed in contact in parallel and 
maintained at temperatures 71 and T». Calculate 


(a) the rate of flow of heat through the composite slab 
(b) the equivalent conductivity 


A bar of copper and a bar of iron of equal length are welded together end 
to end and are lagged. Determine the temperature of the interface when the 
free end of the copper bar is at 100°C and the free end of the iron is at 
O°C and the conditions are steady. Thermal conductivities: copper = 92, 
iron = l6cal/m/s/?C. 

[University of Durham] 


A block of ice is kept pressed against one end of a circular copper bar of 
diameter 2 cm, length 20 cm, thermal conductivity 90 SI units and the other 
end is kept at 100°C by means of a steam chamber. How long will it take 
to melt 50 g of ice assuming heat is only supplied to the ice along the bar, 
L — 8 x 10^ cal/kg. 

[University of Dublin] 


At low temperatures, say below 50 K, the thermal conductivity of a metal 
is proportional to the absolute temperature, that is, k = aT, where a is a 
constant with a numerical value that depends on the particular metal. Show 
that the rate of heat flow through a rod of length L and cross-sectional area A 


aA 
and whose ends are at temperatures T; and T» is given by Q — Ar (T? — 1h 
Find the radial flow of heat in a material of thermal conductivity placed 


between two concentric spheres of radii r4 and r? (r1 « r2) which are main- 
tained at temperatures Tı and h (Ti > D). 
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10.25 


10.26 


10.27 


10.28 


10.29 


10.30 


10.31 


10.32 


10.33 


10.34 


Find the radial rate of flow of heat in a material of thermal conductiv- 
ity k placed between a co-axial cylinder of length L and radii rı and ro, 
respectively (rj « r2), maintained at temperatures Tj and 75, respectively 
(Ti > T). 


A small pond has a layer of ice on the surface that is 1 cm thick. If the air 
temperature is —10°C, find the rate (in m/h) at which ice is added to the 
bottom of the layer. The density of ice is 917 kg/m”, the thermal conductivity 
of ice is 0.59 W/m/K, and the latent heat of fusion is 333 kJ/kg. Assume that 
the underlying water is at O°C. 


An object is cooled from 85 to 75°C in 2 min in a room at 30°C. What time 
will be taken for the object to cool from 55 to 45°C. 


A calorimeter containing first 40 g and then 100 g of water is heated and sus- 
pended in the same constant temperature enclosure. It is found that the time 
to cool from 50 to 40°C in the two cases was 15 and 33 min, respectively. 
Calculate the water equivalent of the calorimeter. 


Two steel balls of identical material and surface quality have their radii in 
the ratio 1:2. When heated to 100°C and left to cool, they lose their heat by 
radiation. Find the rate of cooling d0 /dt for the balls. 


A resistance thermometer gives readings of 24.9 Q at the ice point, 29.6 X2 
at the steam point and 26.3 $2 at some unknown temperature. What is the 
unknown temperature on the Celsius scale? 

[The University of Wales, Aberystwyth 2004] 


Solar constant (S) is defined as the average power received from the sun’s 
radiation per square metre of earth’s surface. Calculate S assuming sun’s 
radius (R) as 6.95 x 10° m, the mean earth—sun distance (r) as 1.49 x 10!! m, 
sun’s surface temperature T = 5740 K and Boltzmann’s constant o = 5.67 x 
1075 W/m? /K*. 


Calculate the temperature of the solar surface if the radiant intensity at 
the sun's surface is 63 MW/m". Stefan-Boltzmann constant o. — 5.67 x 
1075 W/m?/K*. 


Calculate the amount of heat lost per second by radiation by a sphere 10 cm 
diameter at a temperature of 227°C when placed in an enclosure at 27°C 
(o — 5.67 x 1075 W/m?/K*?) 

[Nagarjuna University 2002] 


A body emits most intense radiation at Ay — 480 nm. If the temperature of 
the body is lowered so that total radiation is now 1/16 of the previous value, 
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what is the wavelength of the most intense radiation under new conditions? 
Wien’s constant b = 3 x 1077 mK. 


10.2.4 Specific Heat and Latent Heat 


10.35 


10.36 


10.37 


10.38 


10.39 


10.40 


The latest heat of fusion of a material is 6 kJ/mol and the heat capacity (Cp) 
in solid and liquid phases of the material is a linear function of temperature 
Cp = 30.6 + 0.0103 7, with units J/mol/K. How much heat is required to 
increase the temperature of 1 mol of the material from 20 to 200°C if the 
fusion phase transition occurs at 80°C? 

[University of Manchester 2007] 


The variation of the specific heat of a substance is given by the expression 
C = A + BT?, where A and B are constants and T is Celsius temperature. 
Show that the difference between the mean specific heat and the specific heat 
at midpoint T/2 is BT?/12. 


The temperature of equal masses of three different liquids A, B and C is 12, 
18 and 28°C, respectively. When A and B are mixed the temperature is 16°C. 
When B and C are mixed, it is 23°C. What would be the temperature when 
A and C are mixed? 

[Indian Institute of Technology 1976] 


A 3.0 g bullet moving at 120 m/s on striking a 50 g block of wood is arrested 
within the block. Calculate the rise of temperature of the bullet if (a) the 
block is fixed; (b) the block is free to move. The specific heat of lead is 
0.031 cal/g°C. 


Calculate the difference in temperature between the water at the top and bot- 
tom of a 25 m high waterfall assuming that 15% of the energy of fall is spent 
in heating the water (J = 4.18 J/Cal). 

[University of Durham] 


A piece of lead falls from a height of 100m on to a fixed non-conducting 
slab which brings it to rest. Show that its temperature immediately after 
the collision is raised by approximately 7.1 K (the specific heat of lead is 
30.6 cal/kg 0°C between 0 and 100°C). 


10.2.5 Thermodynamics 


10.41 


(a) Define 


(i) an isobaric process 
(ii) an isochoric process 
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(iii) an adiabatic process 
(iv) an isothermal process 


(b) Show that the work done on a gas during an adiabatic compression from 
initial conditions (P1, V1) to final conditions (P5, V2) is given by the 
equation 


1 
W = —— (pV — pı V1) 
y— 1 


10.42 A sample containing 2 k mol of monatomic ideal gas is put through the cycle 
of operations as in Fig. 10.3. Find the values of Ta, Tp and Vc. 


Fig. 10.3 A thermodynamic P/atm 
cycle 
B 
2.0 ——— 
1.0 ——— 6 
0 ^ | 
93 | V/m? 


10.43 Show that for a monatomic ideal gas undergoing an adiabatic process, 
P V?/5 — constant. 


10.44 (a) State the first law of thermodynamics, expressing the law in its infinitesi- 
mal form. Explain carefully each term used and note whether or not each 
term is path dependent. 

(b) Show that the work done on a gas during an isothermal compression 
from an initial volume Vj to a final volume V? is given by the equation 


V2 
W = —nRT In| — 
Vi 


(c) An ideal gas system, with an initial volume of 1.0 m? at standard tem- 
perature and pressure, undergoes the following three-stage cycle: 
Stage 1 — an isothermal expansion to twice its original volume. 
Stage 2 — a process by which its volume remains constant, its pressure 
returns to its original value and 10* J of heat is added to the system. 
Stage 3 — an isobaric compression to its original volume, with 3 x 10*J 
of heat being removed from the system. 


(i) How many moles of gas are present in the system? 
(ii) Calculate the work done on the system during each of the three 
stages. 
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(iii) What is the resultant change in the internal energy over the whole 
three-stage cycle? 
(At STP, temperature = 0?C = 273.15 K and pressure = 1 atm = 
1.01 x 10? Pa, R — 8.31/J/K/mol.) 


The initial values for the volume and pressure of a certain amount of nitrogen 
gas are Vj — 0.06 m? and p; = 10° N/m’, respectively. 

First, the gas undergoes an isochoric process (process 1—2), which triples 
the pressure; then it is followed by an isobaric process (process 2—3), which 
reduces the volume by a factor of three; finally, the volume of the gas is 
tripled by an isothermal process (process 3-4). 


(a) Give the initial and final temperatures, T; and T4, of the nitrogen gas if 
the temperature after the first (isochoric) process is 7? — 1083 K. 

(b) Find the volume, V4, and pressure, p4, at the final state of the gas, then 
sketch the three processes in a p—V diagram. 

(c) How much heat is gained by the nitrogen gas during the first (1sochoric) 
process and how much heat is given away by the nitrogen gas during 
the second (isobaric process)? The amount of heat required to raise the 
temperature of 1 mol of nitrogen by 1 K while the gas pressure is kept 
constant is cy — 29.12 J/(mol K). 

(d) Find the change in the internal energy of the nitrogen gas by the end of 
the final process compared to the initial value. 

[University of Aberystwyth, Wales] 


When a gas expands adiabatically, its volume is doubled while its absolute 
temperature is decreased by a factor 1.32. Compute the number of degrees 
of freedom for the gas molecules. 


A heat engine absorbs heat of 10? k cal from a source, which is at 127°C and 
rejects a part of heat to sink at 27°C. Calculate the efficiency of the engine 
and the work done by it. 

[Osmania University 2004] 


A reversible engine has an efficiency of 1/6. When the temperature of the 
sink is reduced by 62°C its efficiency gets doubled. Find the temperatures of 
the source and the sink. 


Assuming that air temperature remains constant at all altitudes and that the 
variation of g with altitude is negligible 


(a) show that the pressure P at an altitude A above sea level is given by 
p — poexp(—Mgh/ RT), where M is the molecular weight of the gas. 

(b) show that n — no exp( —Mgh/ RT) where n is the number of molecules 
per unit volume. 

(c) taking the average molecular weight of air to be 29 g, calculate the height 
at which the air pressure would be half the value at sea level. 
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10.50 (a) Write down the efficiency for a Carnot cycle as a function of 


(i) the heat flows to and from the reservoirs and 
(ii) the temperatures of the two reservoirs. 


(b) Describe the working of an Otto engine and efficiency for the air stan- 
dard Otto cycle as a function of temperature as well as volume. Start by 
sketching this cycle in a standard P—V diagram. Explain the four steps 
of this cycle in terms of associated temperature and volume changes as 
well as the heat exchanged with external reservoirs. 

(c) Compare the Carnot and the Sterling cycle using P—V diagram. 


10.51 (a) 1 x 10^? m? of He at normal conditions (po = lI bar, To = 0°C) is 
heated to a final temperature of 500 K. What is the entropy change for 


(i) an isobaric and 
(ii) an isochoric process? 
Use CpPH* — 21 J/(mol K) and CyP* — 12.7/(mol K). 


(b) Calculate the change in entropy AS, for 1 kg of water being heated from 
0 to 50°C. Compare this change in entropy AS? for 0.5 kg of water at 
0°C being mixed with 0.5 kg of water at a temperature of 100°C. Use 
Cy2° = 4.13 x 10? J/(kg K). 


10.52 Consider a reversible isothermal expansion of an ideal gas in contact with the 
reservoir at temperature T, from an initial volume V; to a final volume V5. 


(a) What is the change in the internal energy of the system? 

(b) Calculate the work done by the system. 

(c) What is the amount of heat absorbed by the system? 

(d) Find the change of entropy of the system. 

(e) Find the change of the entropy of the system plus the reservoir. 


10.53 Internal energy, heat, enthalpy, work, and the Gibbs free energy (Gibbs func- 
tion) are all measured in units of joules. 


(a) What is the difference between these forms of energy? Write down the 
equations relating these forms of energy. 

(b) Which of the above are state variables? What properties distinguish a 
state variable from other variables? 


10.2.6 Elasticity 


10.54 (a) A 100MPa force is applied to the surface of a material (surface area, 
1 m7) that exerts a shear across the material (Fig. 10.4). The sample has 
a thickness of 10 cm and causes the surface to be displaced by 0.1 cm. 
What is the shear modulus of the material? 
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Fig. 10.4 Shear deformation 
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(b) What is the bulk modulus of a material if a 100 MPa increase in pressure 
causes a 1% reduction in its volume? 


[University of Manchester 2008] 


A wire has a length of 10 m and a cross-sectional area of 20 mm?. When a 
20 kg block of lead is attached to it, it stretches by 2.5 cm. Find 


(i) the stress 
(ii) the strain 
(iii) Young's modulus for the wire 


Show that the isothermal elasticity Kr = P and adiabatic elasticity Ky =y P. 


For a given material, the Young’s modulus is 2.5 times the rigidity modulus. 
Find its Poisson’s ratio. 


A 1.2m long metal wire is fixed securely at both ends to two solid supports 
so that the wire is initially horizontal. When a 29 g mass is attached from 
the midpoint of the wire, the midpoint is observed to move down by 20 mm. 
If the diameter of the wire is 0.1 mm, estimate the Young’s modulus for the 
wire material. 

[The University of Wales, Aberystwyth 2004] 


The rubber cord of a catapult has a cross-sectional area of 2 mm and an initial 
length of 0.2 m and is stretched to 0.25 m to fire a small object of mass 15 g. 
If the Young’s modulus is Y = 6 x 108 N/ m?, what is the initial velocity of 
the object that is released? 


A 10kg object is whirled in a horizontal circle on the end of a wire. The wire 
is 0.3 m long and has a cross-section 107? m? and has the breaking stress 
4.8 x 107 N/m?. What is the maximum angular speed the object can have? 


A steel wire is fixed at one end and hangs freely. The breaking stress for steel 
is equal to 7.8 x 10° N/m? and its density is 7800 kg/m?. Find the maximum 
length of the wire so that it does not break under its own weight. 
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10.2.7 Surface Tension 


10.62 If the surface tension of the liquid—gas interface 1s 0.072 N/m, the density is 
1 kg/L and the radius of the capillary is 1 mm, to what height will the liquid 
rise up the capillary? 

[University of Manchester 2007] 


10.63 A mole of gaseous molecules in a bubble obeys the ideal gas law. What is the 
volume of the bubble at a 100 m depth of water if the temperature is 293 K, 
the atmospheric pressure is 101 kPa, density of water is 1000 kg/m? and the 
ideal gas constant is 8.314 J/mol/K. 

[University of Manchester 2008] 


10.64 Let n droplets each of radius r coalesce to form a large drop of radius œR. 
Assuming that the droplets are incompressible and S is the surface tension 
calculate the rise in temperature if c is the specific heat and p is the density. 


10.65 A soap bubble of surface tension 0.03 N/m is blown from 1 cm radius to 5 cm 
radius. Find the work done. 


10.66 A small hollow vessel which has a small hole in it is immersed in water to 
a depth of 45 cm before any water penetrates into the vessel. If the surface 
tension of water is 0.073 N/m, what should be the radius of the hole? 


10.67 What will be the depth of water at which an air bubble of radius 0.3 x 107? m 
may remain in equilibrium (surface tension of water — 0.072 N/m and g — 
9.8 m/s?)? 


10.68 A capillary tube of radius 0.2 mm and of length 6cm is barely dipped 
in water. Will the water overflow through the capillary? If not what hap- 
pens to the meniscus (surface tension of water — 0.073 N/m and angle of 
contact — 0?)? 


10.69 A soap bubble of radius 2.0 cm is charged so that the excess of pressure due 
to surface tension is neutralized. If the surface tension is 0.03 N/m, what is 
the charge on the bubble? 


10.70 Two soap bubbles with radii r; and r? coalesce to form a bigger bubble of 


radius r. Show that r = ,/ K + Te: 


10.3 Solutions 


10.3.1 Kinetic Theory of Gases 


10.1 The mean free path A of a gas molecule is the average distance travelled by 
the molecule between successive collisions. 


A=x/N (1) 
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where x is the total distance travelled and N is the number of collisions. 
In terms of frequency f, average time of collision T and the mean molecular 
velocity v, 


À-—vT — — 


U 1000 


= = —8 


f 
/ |3RT 3 x 8.31 x 300 
10.2 (a) (v2) = M — 28x10 — 516.8 m/s 


(b) 


10.3 (a) 


R — kno — 1.38 x 107? x 6.02 x 10? — 8.3J/mol K 
PY  2x1.013%10' x1 


Ries a — 81.365 mol/m? 
RT 8.3 x 300 onm 
3 6.02 x 10? x 81.365 MC 
n — number/m? 2 ——— ——— —————- — 2.15 x 105 /m 
28 x 10-3 
1 1 = 
kaaa 
on 043 x 10-18 x 2.15 x 1025 
U 516.8 9 
ful. ee 10 s 


A 1.082 x 1077 


Collision cross-section between two molecules each of radius r is equiv- 
alent to collision of one molecule of radius 2r with another point size 
molecule. Therefore the cross -section will be 


o —nz(Qr) -4nr? (1) 


Consider a rectangular box of face area 1m? and length A metres. Then 
the volume of the box V = à m°. If n is the number of molecules per 
unit volume then A is such that the total projected area arising from n 
molecules will just fill up an area of 1 m?. 


nào = 1 
1 HN V 
no  4zrN 


(2) 


Or dem 
where we have used (1) and set n — N/V. 

Equation (2) in based on the assumption that the target molecules are 
stationary. In practice, the molecule hits moving targets. This leads to an 
increase of collision frequency by a factor of 4/2 and therefore a decrease 


in the cross-section by a factor 4/2. The corrected expression for mean 
free path is then 


V 


À =a 3 
Az /2r?N ©) 
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(b) R = Nok = 6.02 x 10? x 1.38 x 107%? — 8.3J/mol K (1) 
PV =NRT (2) 
1.01 x 10° V = 8.13 x 373 N (3) 


whence N = 33.3 mol/n? 


n — number/m? = 33.3 x 6.02 x 10? — 2 x 102 /n? 
1 1 


a= — s = 10 
no42 2x105 x 4r (10-10) v2 


10.4 (a) For curve fi, ump = 425 m/s; for curve f2, Ump = 850 m/s (Fig. 10.5). 


Fig. 10.5 Maxwell- 
Boltzman velocity 





distribution | | 
— 15| 
‘= i 
Hh = 
e 10[-- 
= 
0.5 
0.0 | Ll. L. 1" 
0 500 1000 1500 
v [ms 7] 
(b) Ump X VT 
Tiv (1) 850? 
Ump (2) 425 


(c) v = y 4/TUmp 
vı = 1.1287 x 425 = 480 m/s 
pj 1.1287 x 850 = 959 m/s 


vy /v2 = 1/2 

(d) and (e) 
2kT 
Ump — 4/ —— 


m 
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_ 2kT 2x 1.38 x 10 x 1200 


= gg SAA ok 
7 Vip (850)2 p 
4.584 x 10776 
= 1.66 x 10-27, amu = 27.6 amu 


Therefore the gas is N2. 
In 5 mol of gas total number (N) of gas molecules will be 


5 
N= 20 6.02 x 102? 2 1.075 x 10?? 


Number of molecules N (v) dv in the interval v and v + dv will be 


N(v)dv =4 v( i ) 2 nv (Maxwellian distribution) 
= ——— ——— ian distribution 
v)dv T kT v^ exp SET v (Maxwe u 
(2) 
800 + 900 
The mean value of the interval is v = EM — 850 m/s 


which happens to be identical with vmp found in (a). In this case (2) is 
reduced to a simpler form 


4N dv 


N(v)dv = ————_ 
oe JT € Ump 


Number of N5 molecules in 5 mol will be 
N — > x 6.02 x 10” = 1.075 x 10” 
The speed interval 

dv — 900 — 800 — 100 m/s 


Thus the required number of molecules is 


4 x 1.075 x 107 x 100 3 
N (v)dv 9 ———— ———— - 1.05 x 10 
Jn x 2.718 x 850 
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m 3/2 2 
10. =A ( ) 24,—mv^/2kT 
0.5 f(v) T E v^e 


d d 
I) = const. — bisa ener = 0 
dv dv 





e m 2T E _ "d —0 


2kT 
whence v = 0, œ, ,| — 
m 
2kT 


The most probable speed is Ump = ,/ —— 
m 


"E 3 
10.0 © E= ;KT EN 1.38 x 10723 x 300 = 6.21 x 1072! J 
E Í3RT 3 x 8.31 x 300 
il — — >= — —4]l23 
G1) Vv 44 x 1023 m/s 
(iii) ART 2x 8.31 x 300 336.6m/ 
= — ————————— — om 
me SVM 44 x 10-3 > 


(iv) SRT 8 x 8.31 x 300 380.0 m/ 
IV) U = =- ——— SS ~MmM/S 
wo VaM 44 x 10-37 


10.7 (a) Assumptions: 


(1) The molecules of a gas behave like hard, smooth spheres and of neg- 
ligible size compared to that of the container. 
(11) The molecules are in random motion undergoing collisions with one 
another and with the walls of the container for negligible duration. 
(111) Newton's laws of motion are applicable and the number of molecules 
is large so that statistics may be applied. 


PV Pa V: 
(D) 2 OSEE (from the gas equation) 


Ti T^ 
P, T 1 273 — 40 
Qu te Lies —3.1m? 
P, Ti 0.5 (273 + 27) 
n P 9.8 x 10° 
10.8 — = — = 994 8 mol /m? 
(à) > = Rr = 831x400 oo 
P+ n 
a2 b 
(by co e dd 
RT V 


_ [9.8 x 10° + 0.448 x (294.8)* 
7 8.31 x 400 
— 302.66 mol/m? 


| (1— 4.29 x 107° x 294.8) 
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10.3.2 Thermal Expansion 


10.9 Let the length of the bars be Lo, each at 0°C when they are straight. With the 
rise of temperature AT, their lengths will be (Fig. 10.2) 


L| —O0R|; — Lo(l --oa1 AT) (1) 
L5 —0R» — Lo(l-Fo2^AT) (2) 


Subtracting (2) from (1) 


O(R, — R2) = 0d — (a1 — a2)LoAT (3) 
R, —Ro=d 

Adding (1) and (2) 

O(Ry + Ro) = 2L0 + (a1 + a2)LoAT ~ 2Lo (4) 
(aj ta2)AT << 2 
R R L d 

Pate OC (5) 

2 0 (a; —a2)AT 


where we have used (3). 


10.10 Let the initial length of the rod be 2x and the final total length be 2(x + Ax). 
Let the centre of the buckled rod be raised by y, then 


AX em XUNT 
From the geometry of Fig. 10.6, 


y= (ed Ae Ha | Se Art x)" 
N 2xAx CS Ax << 2x) 


|? 


— V/2ax? AT 
— /2x 12x 10-9 x 20? x 30 = 0.5367 m 
= 53.67 cm 
gab A 
Fig. 10.6 Buckling of rail —— 2X———————4 


10.11 Let Lo(S) and Lo(Cu) be the lengths of steel and copper rod at 0°C, respec- 
tively. Let the respective lengths be L(S) and L(Cu) at temperature T°C. 
Then 
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10.12 


L(S) = Lo(S) + sT) (1) 
L(Cu) = Lo(Cu)(1 + acuT) (2) 


Subtracting (2) from (1) 
L(S) — L(Cu) = Lo(S) — Lo(Cu) + [LoS)as — Lo(Cuacy|T (3) 


Now in the RHS, Lo(S) — Lo(Cu) is constant. If L(S) — L(Cu) is to remain 
constant, then [Lo(S)a,; — Lo(Cu)acy] = O, at any temperature T. This 
gives us 


Lo(S) ou 17x10? 17 (4) 
Lo(Cu) as 11x10 11 





Furthermore, Lo(S) — Lo(Cu) = 4cm. (5) 
Solving (4) and (5) we obtain 

Lo(S) = 11.33cm; Lọo(Cu) = 7.33 cm 

Let the volume of mercury in the flask be Vo cm? and that of glass flask 
1000 cm? at initial temperature Tj. At a higher temperature T> the volume of 
glass will be 

Ve = 1000(1 + ye AT) (1) 
where AT — T» — Ti. The volume of mercury will be 

V — Vo(123- y AT) (2) 
The volume of air inside the flask at temperature 7» will be 


V, — V — 1000(1 + yp AT) — Vo(1 + yAT) 
= 1000 — Vo + (10007. — Voy) AT (3) 


The RHS will be constant if 
1000y, — Voy — 0 (4) 
for any value of AT. Therefore, 


1000 x 27 x 10-9 
Vi OCS o eec c acm 
y 1.8 x 1074 


where we have used y; — 3o. 
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10.13 y= 7/4 (1) 
AL/L 
YAAL YAAL YAAL 
a Pe ee eem (2) 
L Loi +aAT) Lo 
C^. aAT << 1) 


But AL =aLojAT 
F =YAaAT =2.1 x 10!8 x 0.5 x 1079 x 12 x 1079 x 20 = 2.52 N 


where we have used SI units. 


10.14 The coefficient of apparent expansion of a liquid 


A=y-g=y-3a=11x 104-3 x8 x 107° = 1.076 x 10? 


mass expelled 


Apparent expansion — ————————— — — ——— 
PP P (mass left) (temperature rise) 


NH W NH 50 — Wo 
= WAT WAT 
50 50 
Wo 46 g 


" 1: AAT 141.076x 10-2 x80 
Gas Laws 


10.15 PV — n RT (gas equation) 


.. PV (1.0129 x 10) 224 x 1077) 
AT (1.0) (273) 
— 8.31 J/mol/K 


R 


10.16 Po = 0.76 x 13,600 x 9.8 = 1.0129 x 10? Pa 
Pressure at depth 30m, P = 30 x 1000 x 9.8 = 2.94 x 10° Pa. 
.. Total pressure inside the bubble, P} = Po + P 


= (1.0129 + 2.94) x 10° = 3.9529 x 10° Pa 
P,V,— PM (Boyle's law) 

P,(3Vji) = Pi Vi 

P> = P| /3 = 1.376 x 10? Pa 


This corresponds to a water depth equivalent of 1.3176 x 10° — 1.0129 x 


10° = 0.3047 x 10° Pa. 


30 x 0.3047 x 10° 


Therefore water depth = ————_——__— = 3.11 m 
2.94 x 10° 
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T T 
10.17 (6 = Z 
Pi P5 
Mı = VA, M2 = V p2 
ME eb FED 
Mo p» Ph 
P, Ti 50 273 
My = —-—M, = = x — x 175 
P h 76 263 


= 119.5 kg 


10.18 Letn moles be total mass of air in the two bulbs. 
Initially, T = 273 + 20 = 293K, P = 76cm of Hg, V = Vi + V2 = 
100 + 500 = 600 cc. 


_ PV _ 70 x 600 
RT | 293R 


Finally, let n; and 1? moles be the mass of air in the small and large bulb, 
respectively. Under new conditions 











Pi V] 100P; 
nı = = 
1! RT; 293R 
P2 V2 500 P» 
"2— MT ^ 293R | 2= FH) 


100P | 500P, 70x 600 


But = = SO 
ut n=n tm = 303R ^ 373R 293R 








Cancelling off R, we find Pı = 85.23 cm of Hg. 


10.3.3 Heat Transfer 
10.19 (a) In the first slab, heat flow is given by 


| .dQi  kiAQq- T) 


d ^ — d — = 


In the second slab, heat flow is given by 


|. dO»?  bA(T — T2) 


d ^ d a 


Now the continuity of heat flow requires that heat flow must be the same 
in both the slabs (Fig. 10.7). Thus 
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Fig. 10.7 Heat flow in the Ty T T2 


slabs in series | 





ug ——— d;————-— 
Heat flow —— 
dQ; dQ, dQ 
p eee un en (3) 
dt dt dt 
Using (3) in (1) and (2) 
—dı d 
T, -r= (4) 
kų} A dt 
—d>7 dQ 
T — TI, = ——— 5 
2 kbA dt ©) 
Adding (4) and (5) 
-l Íd) d»5|dQ 
T -h= — |- += |= 6 
ii za ajy ©) 
dQ = A(T — T2) 
Lr e 7 
or 3 di d; (7) 
k ko 
(b) Rewriting (7) 
dO A(T, —Th) d A(T, — T2)k 
Te Lee (8) 
dt d di " d» d 
k ko 
with d = dı + dh, and the equivalent conductivity 
di 4 d» 
> Gb m 
k ko 
Formula (9) can be generalized to any number of slabs in series. 
d; 
ro - (10) 
l 
2: 
(c) Eliminating d Q/dt between (4) and (5) 
ki Ti /d ko T» /d 
_ (ki ti /di) + (k212/d2) (11) 


(Kk1/d1) + (k2/d2) 
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10.20 (a) The rate of flow of heat through the composite slab (Fig. 10.8) is 


given by 


do (Ti-T)« 
Lem ee" k: A; 
dt d dk 


(b) Rewriting (1) 


dQ (i-th) [xv Y kiAi 
eee (ha) Ge) 


1 


The equivalent conductivity of the system is 





kj Aj 
A — 2: i Ai 
à, Ai 
Fig. 10.8 Heat flow in a =a 4 


(1) 


(2) 


(3) 


— 


composite slab made of n Ay a 
slabs in parallel | 
Az 


T T 
dQ [E 
dt 


An 


(ki T\/d\) + (k2T2/d2) 


10.21 T = 
(k1/d1) 4 (k2/d2) 
as di = d» 
kiTy 4- kT 92 x 1004-16 x 0 
iss COE. .. PO in mur 
ki +k2 92 + 16 
10.22 Heat transferred/second 
d 05 —0 05 —0 
.9Q 42 —90 |, 2 — 90) 
dt d d 
7 (100 — 0) 
= 907 (0.01) L1 — 14.137 J/s 


Heat required to melt 0.05 kg of ice 


— 0.05 x 8 x 10^ — 4000cal — 16720J 
Time required — 16720/14.137 — 1183s. 


IEEE 
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10.23 Heat flow 


10.24 


dT dT 
dQ = A—k = AaT — 
dx dx 
or AaT dT =dQdx 
T, Q L 
Integrating Aa [ rar = Jao fa 
T 0 0 
Ada (5 7 
ere) = 
aA /, 5 7 
d dT 
9e ba 
dt dr 
1dQ d 
jp. i29 dr 
k dt 4x? 


When steady state 1s reached, d Q /dt will be independent of r and is constant 
(Fig. 10.9). Integrating 








T? r2 
J dT — ] dQ dr _ 1 1 1 \ dQ 
= 4xk dt J r?  4rk\n (1j dt 
Ti ri 
1 — r2) d 
T-T = Odg 
Atk ryn dt 
1 —rı)d 
or T-p= 04e 
Anak ryn dt 
d 
C2 = ane (T, — T) 
dt r2 — r] 
Fig. 10.9 Radial flow of heat 
through two concentric 
spheres 
10.25 Rate of flow of heat 
d dT 
LN (1) 


dt dr 
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10.26 


10.27 


Neglecting the area of the faces, area of the cylinder A = 277rL. For steady 
state, dO /dt = constant. We can then write (1) as 


dr 2r Lk 


r  dQ/dt 
Integrating 
[t- In(r2/r1) = Ee 27— T1) 


E 


2m Lk 
or  dQj/dt — o iene — T2) 


dQ/dt = kA(T, — T2)/d 


10 
= (0.59A) x —— = 590AJ l 
( INC /S (1) 


Let x m/s ice be added at the bottom of the layer. 
Mass of ice formed per second 


M=pxA (2) 
The required energy per second 

E=pxAL (3) 
Equating (1) and (3), o x AL = 590A 


590A 590 


= = —_______ = 1. 932x 107° m/s = 0.00695 m/h 
pAL 917x333 x 10? 




















do 
eu C(0 — 09) (Newton's law of cooling) 
01—0 01 4-0 
| a C | 17% — d (C — constant) 
t 2 
85 — 75 = + 75 | 
=C — 30 
2 
C= 0,1 
55 — 45 55 + 45 
— 0.1 2 — 30 


t = 5 min 
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10.28 


10.29 


10.30 


10.31 


dé K 
— — = — (0 — 0o) (K = constant) 
dt ms 


Let x be the water equivalent of the calorimeter. 











50—40 — K 50 + 40 ; 
5 (x+40~x 1) 2 
50—40 | K 50 4- 40 
33 (x +: 100 x 1) 2 j 
Dividing (2) by (3) 

x+100 11 

x+40 5 

or x = 10g 

d6_ Ko 6s) 

dt ms 2 


Now K « surface area or « r? and m « r?. 


dO /dt c 1/r 
(d0 /dt), LEA A 


(dó/dt); ry 1 
Assuming a linear variation of resistance with temperature 


Rr = Ro(1 t aT) 

29.6 — 24.9(1 + 100a) 

whence a = 1.8875 x 10° W/°C 
26.3 = 24.9(1 4- 1.8875 x 107? T) 


whence T = 29.79°C 


10 Heat and Matter 


(1) 


(2) 


(3) 


(1) 
(2) 
(3) 
(4) 


If R 1s the radius of the sun, r the mean distance of the earth from the sun, 


E the energy emitted from 1 m? of the sun's surface per se 


cond, T the abso- 


lute temperature of the sun’s surface and o the Boltzmann-Stefan constant, 


then 


|. An RE — R?oT* 
| 47 r 
_ (6.95 x 105)*(5.67 x 1075) (5740)* 


— 2 
(1.49 x 10112 nidi 
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10.32 Radiant intensity at the sun's surface is the power emitted by 1 m? of sun's 


10.33 


10.34 


surface. 
o T^ — 63 x 10° 
63 x 106 \ 1 
Teale — — 5773 K 
5.67 x 10-8 
dE 4 4 
——— =o0A u — T) (Stefan—Boltzmann formula) 
dt 
= om r^ (7; — 77) 
= «(5.67 x 1079)(0.05)? (500? — 300?) 
— 7.12 x 105 W 
ÀmT =b=3 x10 mK  (Wien’s law) (1) 
dE 1 
Eur (Boltzmann law) (2) 


dt 


If dE /dt goes down to 1/16 of its original value then by (2) the temperature 
T — T/2. Therefore àm —> 2Am by (1). Thus the wavelength under new 
conditions À;, — 2Ag — 2 x 480 — 960 nm. 


10.3.4 Specific Heat and Latent Heat 


80 200 


10.35 Q= [ naar «nz« | mCpdT 


T 2 3 2 
B CdT A+BT2)dT 1 BT BT 
10.36 oe em =e (4T+ 2) A+ 


20 80 
200 


20 
200 


— | 1 x (30.6 -- 0.0103 T)dT + 1 x 6000 


20 
= 11710J 


C. Cp relation for solid and 


liquid phase is identical) 


= faT T T 
2 


T > BT 
C (midpoint) = A + B(T/2) = A + a 


C — C (midpoint) 22:58 hee BE 
— midpoint) = < — — ——— 
n 3 4 12 
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10.37 Let the specific heats of liquids A, B and C be, respectively, Ca, Cp and Cc. 
When A and B are mixed, equilibrium of the mixture requires that 


MCA(16 — 12) — MCyg(18 — 16) 
Or Cp = C 


When B and C are mixed 


MCp(23 — 18) = MCe (28 — 23) 
or Ce =Cep = 264A 


When A and C are mixed, let the equilibrium temperature be T. 


MOT —19) 2 MOS T) —MSCaOS-— 
Ju» 5756 


10.38 (a) The block is fixed. The kinetic energy of the bullet is entirely converted 
into heat energy. Let m be the mass and v the velocity of the bullet. 


l 2 l —3 2 
Q = 5m? = 563 x 107°)(120)? = 21.6 J = 5.167 cal 


Rise in temperature 


Q 5.167 


AT 2 = = 
mc 3 x 0.031 


= 55.56°C 


(b) The block is free to move. In this case, after the collision some kinetic 
energy will go into the block + bullet system. 


1 1 
smu = 5 (Mu -— m)v; + Q (energy conservation) (1) 


mv =(M+m)v, (momentum conservation) (2) 


where M is the mass of the block and v, the final velocity of the block 
+ bullet system. Eliminating vı and simplifying 








Q ie L 3 x 10-3 x (120) 
— —mv — —xàx x 
2 M --m 2 50 4- 3 
— 20.38 J = 4.875 cal 
4.875 
AT = o = — i — = §2.42°C 
mc 3 x 0.031 


10.39 Potential energy available from m kg of water through a fall of h metres is 
mgh J. 15/100 mgh. Mechanical energy is converted into heat. 
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15 

10078" — mcAT x 4.18 2 m x 1000AT x 4.18 
15 x 9.8 x 25 

AT = 0.0088°C 


~ 100 x 1000 x 4.18 


10.40 Mechanical energy available, W = mgh 
Heat absorbed, H = mcAT J. 
Loss of mechanical energy = gain of heat energy 


mgh = mcAT J 
gh 9.8 x 100 


AT = — = ———— =7.66°C = 7.66K 
cJ | 30.6 x 4.18 


10.3.5 Thermodynamics 


10.41 (a) (i) In an isobaric process pressure remains constant. 
(ii) In an isochoric process volume remains constant. 
(iii) In an adiabatic process heat is neither absorbed nor evolved by the 
system. 
(iv) In an isothermal process temperature remains constant. 
(b) For adiabatic process use the relation 





PV’ =P, y — const. (1) 
Pi Vi 
Or rs (2) 
VY 


Work done on the gas 





v2 v2 d f d 
V V 
w=- | pav=- | aa = -rv — 
VY VY 
v1 v1 v1 
PT yoi- - l - 
— (wr = vi”) = — (Piv vy” — Pi vı) 
pes pe 
Í 
W = ed CES ye VID) (3) 


where we have used the relation PV” = P» Vj. 
W is positive if Vj > V (compression) and negative if V; < V2 
(expansion). 


10.42 Applying the gas equation 


— PaVa _ (1.013 x 10°)(44.8) 


nR (2000) (8.31) 
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As the process AB is isometric (isochoric), Vg = Va. 


TAPg 273 x2 
ee OK 
Pa 1 








As the process CA is isobaric, Charles’ first law applies. Thus 


Ve Va Va Ic 
Te TA TA 





As BC is an isothermal process, Tc = Tg = 546K. 


_ VaTp _ (44.8)(546) 
EN. TN 273 


Vc — 89.6 m? 


For adiabatic process, dQ = 0 so that dU = —dW. The energy of 1 mol of 
monatomic gas is given by 


3 
U = -RT 
2 
3 
dU = Kar 
2 
RT 
D RT 
—~RdT = ——— dV 
2 V 
dT n 2dV — 0 
T 3V 
Integrating 


2 
In T + 3 In V — constant 


or T V?/? = constant 
Eliminating T from the gas equation 
P V?P — constant 


(a) Up —-U; = AU = Q-—W (First law of thermodynamics) 


Let a system change from an initial equilibrium state 7 to a final equi- 
librium state f in a definite way, the heat absorbed by the system being 
Q and the work done by the system being W. The quantity Q — W 
represents the change in internal energy of the system. 

Both Q and W are path dependent while AU is path independent. 
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à) W= faw=- | Pav (1) 
PV = nRT; = constant 
ART| 
Or P= (T = constant for isothermal process) (2) 
Substituting (2) in (1) 


(c) 


10.45 (a) and (b) 


dV V. 
W = —nRT f — — —nRT In (2) 
Vi V Vi 
At the beginning of the cycle, P; — 1.01 x 10 Pa, V; 2 1m?, T; — 
213.15 K. 
At the end of stage 1, P» — 5.05 x 10^ Pa, Y= 2m?, I5 2273.15 K. 
At the end of stage 2, P3 — 1.01 x 10° Pa, V3 = 2m, D = T P3/ P = 
546.3 K. 


PiVı 1.01 x 10° x 1.0 
(i) n = = —____—_ = 44,5 mol 
RT, 8.31 x 273.15 
(ii) Stagel, Wy, = —nRT ln (V2/ Vi) 
— —44.5 x 8.31 x 273.15 In(2/1) = —70046J 
Stage2, W2 = PoAV = P3(V3 — V2) = P(V2 — V2) = 0 


Stage3, W3 = P3(V; — V3) = 1.01 x 10°(1 — 2) 








— —1.015 x 10°J 
(ii) AU — O, overall. 
Pi Av 
LL D 
P, V P, V 
haa a e ci E IE 


|» BPWV^ IAN 


„— PVı (0)005 


— = ——— = 2 mol 
RT, (8.31)(361) 








Fave PV 
T RR 
P3 V P» (V5/3 
n = Bn = £ 02/3) 083 — 361K 
P» V5 Py Vo 
T4 — T4 —361K (." process 3 — 4 isothermal process) 
P4 V4 E P3 V 


T4 T3 
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V3 V Ty. P 3P 
=) hec eS Ee Ne 


Wn ^ 3A575 ^ 3 
nRT 4 2 x 8.31 x 361 0.06 m? 
—— — ————— — 0.06m 


P4 





Vı = 
: P4 10? 
Thus the P, V, T coordinates of the initial and final points on the indi- 


cator diagram are identical. 
(c) Heat gained by N2 in the first (isochoric) process (Fig. 10.10): 


Isobaric 


Fig. 10.10 The P—V diagram 
3 2 


Isochoric 


Isothermal 
P | 4, 1 





Cy — Cp/y — 29.12/1.4 — 20.8 J/ (mol K) 
Q4 — nC, AT —2 x 20.8 x (1083 — 311) — 32115J 
Wi2 = 0 C." process 1 — 2 1s isochoric) 


AU, = QO; = 32115J 
Q» — nCp AT — 2 x 29.12 x (361 — 1083) — —42049J 


2 
Wa; 2 PAV = P)(V3 — Vo) = —3 x 10° x 3 x 0.06 = —12, 000J 


AU) = Q3 — W23 = —42049 + 12000 = —30049 J 
AUS 2:0 C." process 3 — 4 1s isothermal) 


(d) Net change in energy 
AU = AU: -- AU, -- AUS — 32115 — 30049 + 0 = 2066 J 


The expected value is zero. 
2 : 
10.46 Number of degrees of freedom, f — "NET we can find y from the relation 
y — 


TVI | zT y 
MeV" Th ug 
Vi h 
27-1 = 1.32 
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10.47 


10.48 e 








log 1.32 
whence y = 1 + = 1.4 
log 2.0 
2 
= E 5 
f 14-1 
The efficiency of the engine is 
T 300 
e=1- Ż=1- > =0.25 or 25% 
Tı 400 
Work done by the engine 


W =e x Qı = 0.25 x 10° cal 
— 0.25 x 10 x 4.18J 


— 1.05 x 108 J 
T^ 1 

a 1 
0n 6 (1) 
5T, — 67> = 0 (2) 


When the temperature of the sink is reduced by 62°C, the efficiency becomes 


e’ = 2e (3) 
T» — 62 1 

Papeete = ee (4) 
Ti 3 

2T, — 3T> — 186 = 0 (5) 


Solving (2) and (5), Tj = 372 K = 99°C, T = 310K = 37°C. 


10.49 (a) PV = PoV (isothermal conditions) (1) 


Dividing by m, the mass of air 


PV NH Po Vo 
m 7 m 
P Po 
or —_=— 
p PO 
Ppo 
E 2 
pres (2) 


where the density of air on earth's surface is po and pressure is Po, the 
corresponding quantities at height y being o and P. 
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Now, for a small increase in height dy, the pressure decreases by dp and 
is given by 


P 
dp = —pg dy = ~ p, 8 dy (3) 


where we have used (2). The negative sign shows that the pressure 
decreases as the height increases. 


Integrating 
h P : 
P 
| eee Pe 
pog J P 
0 Po 
p=- Pp (2) 
Pog Po 
pogh 
p = po exp (- =") (4) 
Po 
Now, PoVo = uRT (5) 


since the temperature is assumed to be constant and u is in moles. Fur- 
thermore 


uM 
Ed 6 
po m (6) 
where M is the molecular weight. Combining (5) and (6) 
po M 
a (7) 
Py, RT 
Substituting (7) in (4) 
Mgh (8) 
— poexp | ——— 
p = po exp RT 


If n is the number density, that is, the number of molecules per unit 
volume and mg the mass of each molecule then 


p= mon 

and Po = Mono 
p n 
ers (9) 
po no 
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(c) 


10.50 (a) 


(b) 


Combining (9) with (2) 
p n 
r iS 10 
m c (10) 
Using (10) in (8) 
Mgh (11) 
n — ngoexp | ——— 
0 exp RT 
P 1 Mgh 
— z= — Z exp = 
Po 2 RT 
RT 5.3] x 273 x 0.603 
h = — n2 — —— ———— ————— = 54224 m ~ 54 km 
Mg 0.029 x 9.8 
For a Carnot cycle 
(i) e= On = Qc 
Ou 
x Iu — fc 
(Gi) e= Ta 


The symbols H and C are for hot and cold reservoirs. 


The Otto cycle, Fig. 10.11, consists of two reversible adiabatic processes 
(paths AB and CD) and two reversible isochoric processes (path DA 
and BC). 

Suppose we start at the point C. The temperature 7c at C is low, 
slightly above atmospheric temperature. The cylinder is filled with air 
charged with the combustible gas or vapour. The air is compressed adia- 
batically to the point D. At D a spark causes combustion, heating the air 
at constant volume to the point A. The heated air expands adiabatically 
along the path AB. At B, a valve is opened and the pressure drops to that 
of the atmosphere. The point C is reached at constant volume. The cycle 
is complete. 





Q out 
isochoric 





Fig. 10.11 The Otto cycle V 
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During the isochoric heating and cooling no work can be done by or on 
the gas: 


2 T> 

AQ - AU - [au - c, [ ar - ca - ro (1) 
1 Tı 

so that 

Qout — Cy(Tp — Tc), Qin — Cy (Ta — Tp) (2) 


where the heats (positive) are those which are given out and put into the 
system, respectively. The thermodynamic efficiency 


work done by the gas W (3) 





f Um 
heat put into the system Qin 


Since the internal energy does not change over the entire cycle, by first 
law of thermodynamics, net heat added to the system equals the work 
done by the system, so that 








W = Qin p Oout (4) 
eoo EE Li Em LL BE) (5) 
Qin Qin Qin Ta — Tp 


In an adiabatic expansion or compression 


TV”! = constant (6) 
TAVI  — TSVj .ToVj = Tevě™' (7) 
T, = Ta ( 2 UU T, — T- ( “£ UU (8) 
Or — = s = —— 
A B Va D C Vp 


From Fig. 10.11 we note that 


V V, 

a = e Ey (compression ratio) (9) 
Using (8) and (9) in (5) 

e=(1—r'’) (10) 


Thus the higher the compression ratio the greater is the efficiency. 
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(c) 
A Carnot engine A Sterling engine 
(a) Me (b) 
£ —~—B 
- } 
a= 
Volume Volume 


Fig. 10.12 (a) Carnot cycle consisting of two isothermic processes AB and CD; two adiabatic 
processes BC and DA. (b) Sterling cycle consisting of two isothermic process AB and CD, two 
isochoric processes BC and DA 


PV 1.013 x 109 x 1 x 107? 


10.51 Lr 
(a) "^ — RT 8.31 x 273 


— 0.04465 mol 


(1) dO 2 nCpdT 


Ir 7 d 
d T T 
as= | Z =ne | G =ne - 
T T T, 
T; 


T 
= 0.04465 x 21 x In(500/273) = 0.567 J/K 


(ii dQ — nC,dT 
Tf 


Te 
d dT T; 
as= f Bano, fF =nevin( 7) 
T T Ti 
T; 


T 
= 0.04465 x 12.7 x 1n(500/273) — 0.343J/K 


(b) dQ, = mC,dT 


Tf 
AS c, [ 7 Cui 
= m —— — n n = 
1 V T V T 
T; 


1 


= 1.0 x 4.13 x 10° x In(313/273) = 695 J/K 


When 0.5 kg water at 0°C is mixed with 0.5 kg water at 100°C, the final 
temperature would be 50°C. 


AS» = 0.5 x 4.13 x 10° x In(313/273) 


+0.5 x 4.13 x 10? x In(313/373) 
— 282.35 — 362.15 — —79.8J/K 
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10.52 (a) 


(b 


— 


(c 


N 


(d 


— 


(e) 


10.53 (a) 
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The internal energy of an ideal gas is given by U = nCyT. In isothermal 
expansion where the temperature and the amount of gas remain constant, 
the internal energy does not change. Thus AU = 0. 


The work done is 
Və V 
nRT 
w=- f rav=-f (“A )av 
V 
Vi VW 


V 
"dV 
= -nRT | <> = <ART In(V2/ V1). 


Vi 


Using the first law of thermodynamics, AQ = AU + W, and putting 
AU = 0, we have 


AQ — W — nRT In(V5/ V1) 


The change in entropy is 


_ [19.1 
as- [a - [ 7 [ao 


because the temperature T does not change. Thus 
AS = nRIn(V5/ Vi) 


By assumption the temperature of the reservoir does not change and 
because it loses heat AQ to the gas, the entropy change of the reservoir 
will be 


ASres = —AS = —nR In(V>/ Vj) 


Therefore the entropy change of the system plus the reservoir equals 
zero, which is the definition of a reversible process. 


The internal energy U of a system tends to increase if energy is added 
as heat Q and tends to decrease if energy is lost as work W done by the 
system. 

Heat is energy that is transferred from one body to another due to differ- 
ence in temperature of the bodies. 

Enthalpy (H) is the total heat and is defined by 


H=U+PV 


10.3 Solutions 


45] 


Work (W) is energy that is transferred from one body to another body 
due to a force that acts between them. 
The function, G = U + P V —T S, is known as Gibb's function or Gibb's 
energy. 


Relations: 


(1) 


Gi) 


Enthalpy 

H =U PV 

dH = dU + PdV + VdP = Tds + Vdp 
Tds = dU + PdV 


(1) 
(2) 
(3) 


It follows that enthalpy is a function of entropy (S) and pressure 


(P). 
oH -f(S,P) 
m (27) 
dH =(—) aS+(—) aP 
IS Jp 9P Js 


Comparing (4) with (2) 


0H oH 
—  ] =T and {| —] =V 
0S /p OP Jy 


Gibb’s function: 


G=U-+PV-TS 
dG = dU + PdV + VdP — TdS — SdT 
But TdS = dU + PdV 

dG = VdP — SdT 


Thus G is a function of two independent variables P and T. 


G = f (P, T) 
0G 0G 
dG = | — | dP +| — | dT 
OP) > oT Jp 
Comparing (8) with (7) 
0G 
zc en 
(ss), 
0G 
“Z y =s 
(aP), 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 
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(a1) Internal energy: 


dO = TdS (11) 
dU = dQ — dW (12) 
dW = PdV (isobaric process) (13) 
dU = dQ — PdV (14) 
dU = TdS — PdV (15) 
oU 
(5) <T (16) 
OS Jy 
oU 
(5s) = —P (17) 
OV Js 


(b) The quantities U, T, S, P and V are functions of the condition or state of 


the body only, in other words, all the differentials are perfect differentials 
and are state variables. Since the differentials which occur in (15) are 
perfect differentials, they are valid for all changes whatever their nature. 
On the other hand, dQ is not a perfect differential, but represents only 
an infinitesimal quantity of heat, and for a cycle J dQ is not zero, but is 
equal to the work done. Similarly, dW is also not a perfect differential. 

Note that the internal energy, the entropy and the volume are all pro- 
portional to the mass of the substance under consideration, while the 
temperature and the pressure are independent of it. 

The condition of a given mass of a body (say 1 mol) can be defined by 
U,T,S, P, V or combinations of them, of which only two are indepen- 
dent. It follows that enthalpy and Gibb's function are also acceptable as 
state functions, apart from the internal energy but not the heat or work. 


10.3.6 Elasticity 


shear stress F/A — 100 x i/i 








10.54 (a) n = ————_ = = = 10!9 Pa 
shear strain Ax/y 0.1/10 
AP 100 x 10° 
(b) K = ——— = m 10!° Pa 
(—AV/V) 1/100 
; f 20 x 9.8 
10.55 (i) Stress = ——~ = 8 =~ **" — 9, x 106 Pa 
area A 20x 10-6 
i longati 2.5 x 107? 
Gi) Strain = ——=——_ = > = 25 x 10° 
original length 10 
T stress 9.8 x 10° 9 
(ili) Young's modulus = ——— = —————. = 3.92 x 10” Pa 


strain 2.5 x 10-3 
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10.56 For a perfect gas of 1 mol 


10.57 


10.58 


PV = RT (1) 
Under isothermal conditions T = constant. Differentiating (1) 
PdV + VdP =0 (2) 


The bulk modulus for the isothermal process 


Ky =-V - e (3) 
6) 


For adiabatic compression in which heat of compression remains in the gas 
PV” = constant (4) 


where y = C)/Cy is the ratio of specific heats at constant pressure and 
constant volume. Differentiating (4) 


yPVY ldV E V*dP —0 (5) 


Thus adiabatic elasticity Kg is given by 


dP 
Ky=—V (Sr). ="? (6) 


It follows that 
Ky = y KT (7) 


The adiabatic elasticity is greater than the isothermal elasticity by a factor y 
which is always greater than unity. 


Y =2n(1 +0) 
Y 1 
o = — — l=- x2.5-—1= 0.25 
2n 2 
From Fig. 10.13 the new length L’ = 2AD = 2\/ AC? + CD? 


= 24 (0.6)? 4- (0.02)? — 1.200666 m 
Elongation of the wire, AL — L' — L — 1.200666 — 1.20 — 0.000666 m. 


Strain = AL/L = 0.000666/1.2 = 5.55 x 1074 
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Fig. 10.13 Load fixed to the k 4.2 t ——————4 
midpoint of a horizontal wire A- C B 
T pT 
mg 


10.59 


10.60 


10.61 


For equilibrium 


2T cos = mg 


| mg 2x 107? x 9.8 
. 2cos0 2x (0.02/60) 


426.3 
Stress = — = ——— 
A  m(0.05 x 10-3)? 


stress — 5.43 x 1010 3 
Lu — = ————_ = 9.78 x 10°" Pa 
strain — 5.55 x 1074 


F=T = 426.3 N 





— 543 x 10!? pa 





l 
Elastic energy E = a (strain)? (volume) 


1 0.05 M? 
E=-=x6~x 108| == | 2x 107° x 0.25) = 9.375J 
2 0.20 


The elastic energy is converted into kinetic energy. 


1 
E= -mv? 
2 
2E 2 x 9.375 
v = | — = ,| —— = 35.3 m/s 
m 15 x 1073 
F — mo?r 


F mor 7 
Breaking stress = — = Am 4.8 x 10 


A 
4.8 x 107A 4.8 x 107 x 1079 
w = Q[————— = ,| — = 4rad/s 
mr 10 x 0.3 


Stretching force = weight of the wire = (volume) (density) x g 





F = LApg 


where L is the length of wire, o the density, A the area of cross-section and 
g the acceleration due to gravity. 
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Breaking stress = maximum stretching force/area 


_ LApg 
|. A 
7.8 x 108 = L x 7800 x 9.8 


L — 1.021 x 10^ m = 10.2km 


— Lpg 


Note that the result is independent of cross-sectional area of the wire. 
10.3.7 Surface Tension 


(^ i) 
= r 
(e 


2 cos O 


10.62 S= 


Assuming that the contact angle 0 — 0 


, r., 2x00m 19-7 
rpg 3 10-3 x 103 x 9.8 3 
— 0.01436 m 
= 1.436cm 


10.63 Pressure due to water column of depth A is 
P = hgp 
Total pressure of the bubble, ignoring surface tension, 


P' = P + Po = hgp + Po 
— 100 x 9.8 x 1000 + 1.01 x 10° 





— 10.81 x 10° 
P'V =nRT 
RT 1x8314 x 293 
a ce SxJU 
P’ 10.81 x 105 


10.64 As the drops are incompressible, the volume is constant. 


4 4 
n zr? = MR 

3 3 
R — rn!’ 


Decrease in surface area — 4zrr^n — 4r R? = 47r? (n — n?) 
Energy released = (decrease in surface area) (surface tension) 
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10.68 
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AW — 4zr? (n — n?) S 
Also AW =4nR?S (n^ = 1) 


Then there will be a rise in temperature as energy is converted into heat. 
Energy conservation gives 


mc A@ = 42 R*s (n^ — 1) 


4 1 1 
at R?cp A0 = 4rs R? | - — — 
3 r R 


3s |1 1 

A0 = — |- — — 

pec |r č R 

W = 2 x 4r (r3 =r?) s 


The factor of 2 arises as there are two surfaces. 


W = 87 (0.05)? i (0.01?) x 0.03 
— 0.0018 


The excess pressure must be equal to the pressure due to the water column 
of depth h before the water leaks into the vessel. 


25 
— — pgh 
r 
Lo 2 x 0.073 


= = —____ — 0,033 x 1077 m = 0.033 mm 
pgh 1000 x 9.8 x 0.45 


Balancing the excess pressure in the bubble with the pressure due to a water 
column of depth h 


25 


— = pgh 
r 
2s 2 x 0.072 
= m LLL = (1) 049m = 4.9 Cm 
rpg | 0.3 x 10-3 x 1000 x 9.8 
2 2 x 0.073 
e = — 0.07449 m — 7.45cm 


rog 02 x 10-3 x 1000 x 9.8 


The tube is inadequate as it is only 6 cm long. Water will not overflow. But the 
radius of meniscus rı would now increase such that the following condition 
is satisfied: 
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10.69 


10.70 


hir, — hr, where r4 1s the radius of the meniscus. 


h 7.45 x 0.2 
r= = oO * = 0.248 mm 
hı 6.0 
When a bubble is charged, the charges stick to the bubble’s surface and due to 


mutual repulsion tend to expand the surface while the surface tension tends 
to decrease the surface. An equilibrium is reached with a smaller excess of 
pressure. 

Pressure due to electric charge is 


where o is the charge density and £ọ is the permittivity. 
If the excess pressure due to surface tension is neutralized by the electric 
charges then 





o? 4S 859 
— = — or o= 

280 r r 
The charge 


q = Anr?^o — 8n 2egsr? 
= 87/2 x 8.85 x 107!2 x 0.03 x (0.02)3 = 2.06 x 107? C 


Under isothermal conditions 

Pi Vi + P5V5, = PV (1) 
4S 4S 4S 

P, = —, P = —, P = — (2) 
r] Y? r 
4m 3 4m 3 Am 3 

VE ms Acte dos Weed (3) 


Using (2) and (3) in (1) and simplifying we get 


=ar FE (4) 


Chapter 11 
Electrostatics 


Abstract Chapter 11 deals with electrostatics comprising electric field and potential 
for various configurations, electric dipole and quadrupole moments, Helmholtz 
coils, electrostatic energy, Gauss’ law in integral and differential forms, capacitors, 
parallel plates, cylindrical and spherical, various arrangements of capacitors. 


11.1 Basic Concepts and Formulae 


Coulomb’s law for charges g; and g2 separated by r 


= l ag 
— 4meo r? 
£y — 8.85 x 107^ C^ /N/m? 


(Electric force) (11.1) 





1 
—— 29.0 x 10 Nm? /C? 
47t£0 


Electric field (E) for point charge q at distance r 


l q 
Pa, (11.2) 
Arey r2 


E for a sphere of radius R of uniform charge distribution 


1 qr 
=o FaK 
Amey R? 
Lel a (11.3) 
= _—_ r ; 
4mego r? — 


E for hollow sphere of uniform charge distribution 


E —O0(r « R) 
__.4 (rc) (11.4) 
———.— (r> 
Amey r? 
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E for an infinite non-conducting sheet 


E for an infinite conducting sheet 


o 
E = — (outside the sheet) 
£0 


— 0 (inside the sheet) 


Electric Potential 
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(11.5) 


(11.6) 


When a test charge qo is moved from point A (at potential VA) to the point B (at Vg) 
then the difference in electric potential is defined by the work done Wag by the 


relation 


Vp — Va = Was/qo 


(11.7) 


If Vp > Va, Wap is positive and if Vg < Va, Wap Is negative. By convention 
VA — O0 when A is at infinite distance. Then the work required to move the test 


charge go from infinity to the field point is 
V = W/qo 
Potential and field strength 
Vp — Va = Wap/qo = Ed 


where d is the distance of separation 
Potential due to a point charge 


V = Er 
| 1 q 
— A69 r 


Potential due to a group of charges 


l qo 
y= Vı = V = — —- 
2 T 47t£0 Y 


(11.8) 


(11.9) 


(11.10) 


(11.11) 


(11.12) 


Potential due to uniform charge distribution in a non-conducting sphere 
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q r? 
Sreo R ( z) ve i ) 
_ _4 (r > R) (11.14) 
Aregr 
Calculation of E from V 
dV 
E = —— (11.15) 
dr 
Surface charge density 
q 
— 11.16 
= Jar? ( 
Electric potential energy (U) 
1 
Sea (11.17) 
Amen 1 
Capacitors 
q 
C= > 11.18 
V ( ) 
where C is the capacitance. 
Capacitance of a sphere 
q 
C — — = AmeoR (11.19) 
V 
The parallel plate capacitor 
£90 KA 
C= F (11.20) 


where A is the area of each plate, d is the distance of plates and K is the dielectric 
constant. 


Equilibrium of an Oil Drop 


Let a charge —q be acquired by a small oil drop placed between two charged plates, 
the upper one being positively charged. The drop is under the joint action of two 
forces, the electric force acting upwards and the gravitational force acting down- 
wards. If the drop is to remain suspended, then the condition for equilibrium is 


qE = mg (11.21) 
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Speed of a charged particle falling through a PD, V 


2qV 
=. (11.22) 
m 


The electric dipole consists of two equal and opposite charges separated by 
distance d. 
The electric field on the perpendicular bisector of the dipole p = qd 


P 








E= (x >> d) (11.23) 
27t£9x? 
Potential due to a dipole 
_ l] Pcos0 (11.24) 
— 4mceo r? 


where 0 is the angle made by the vector r with the axis of the dipole, r being the 
distance of the field point from the middle point of the dipole. 


A Dipole in an Electric Field 


Suppose a dipole is placed at a positive angle 0 with the electric field E in the plane 
of the page. Then the torque about the centre of the dipole is given by 


t=PxE (11.25) 


its direction being perpendicular to the plane of the page and into the page. 
The potential energy of the dipole is given by 


U==P-E (11.26) 


Gauss’ Law 


The flux (gg) of the electric field (E) 


p= ES (11.27) 


where S is the surface area. 

Gaussian surface is an imaginary closed surface. If infinitesimal areas are con- 
sidered then the summation in (11.27) can be replaced by an integral over the sur- 
face: 


on = $ E - ds (11.28) 


Gauss’ law which relates the total flux gg through this surface to the net charge 
q enclosed by the surface can be stated as 
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€00p = q (11.29) 
eo E -ds =q (Gauss’ law) (11.30) 
Capacitors in series 
1 1 
-=% — (11.31) 
C n Cg 
Capacitors in parallel 
C —), Cn (11.32) 


Parallel Plate Capacitor with Dielectric 


If a dielectric slab of thickness f and dielectric constant K is introduced in a parallel 
plate air capacitor, whose plates have area A and are separated by a distance d, the 
capacitance becomes 


A 
Ca nA (11.34) 


(a) 


If a metal of thickness f£ is introduced in the air capacitor, the effective distance 
between the plates is reduced and the capacitance becomes 
€9À 
d—t 


C= 





(11.35) 


Energy Loss in the Combined System of Capacitors 


If the positive end of a capacitor of capacitance C charged to potential difference 
V is connected in parallel with the positive end of the capacitor of capacitance C 
charged to potential difference V, then common potential difference will be 


E C4 Vi + CoV2 


(11.36) 
Ci +Co 
and the energy loss will be 
Mae ayy (11.37) 
(204€ ^ ^ | 
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If the positive end is joined to the negative end the common potential will be 


CiVy—C3V 
VL 2v2 


(11.38) 
C1 4- C5 
and the energy loss will be 
aw = + 12 qw Ly (11.39) 
Uo ups | 


Dielectric Strength 


Every dielectric material is characterized by dielectric strength which is the maxi- 
mum value of the electric field that can be tolerated without breakdown resulting in 
a conducting path between the plates of the capacitor. 

Energy density (u) is defined as the electrostatic energy (U) per unit volume. 
For a parallel plate capacitor of area A and plate separation d, the volume enclosed 
between the plates is Ad. 


U icv 
u = — = ~-—— (11.40) 
Ad 2 Ad 
But C = 5, A/d and V — Ed 
l 2 
u — —&oE (11.41) 
2 
Force of attraction between the capacitor plates is given by 
F D (11.42) 
— ——£80—5-— 
25g 


Coalescing of Charged Drops 


Let n identical droplets, each of charge q, coalesce to form a large drop of charge Q. 
If the droplets are assumed to be incompressible, referring the parameters of the drop 
primed and the droplets unprimed, the following relations will hold good: 


Charge Q — q' — nq (11.43) 
Surface charge density o” = n! o (11.44) 
Capacitance C’ = n!/°C (11.45) 
Potential V’ = n?’ V (11.46) 


Energy stored W' 2 n?^W (11.47) 
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11.2 Problems 


11.2.1 Electric Field and Potential 


11.1 (a) Figure 11.1 shows two point clusters of charge situated in free space 
placed on a line that is called the x-axis. The first, with a positive charge 
of QO; = +8e, is at the origin. The second, with a negative charge of 
Q» — —4e, is to the right at a distance equal to 0.2 m. 


(i) What is the magnitude of the force between them’? 

(ii) Where would you expect to find the position of zero electric field: 
to the left of Q1, between Q, and Q^» or to the right of Q5? Briefly 
explain your choice and then work out the exact position. 


(b) The electron in a hydrogen atom orbits the proton at a radius of 5.3 x 
10 my 


(i) What is the proton’s electric field strength at the position of the elec- 
tron? 
(ii) What is the magnitude of the electric force on the electron? 


[University of Aberystwyth, Wales] 


Fig. 11.1 0,-+8e 0,--4e 


Q L) x axis 
c m 


0.2m 


11.2 (a) A tiny ball of mass 0.6 g carries a charge of magnitude 8 WC. It is sus- 
pended by a thread in a downward electric field of intensity 300 N/C. 
What is the tension in the thread if the charge on the ball is 


(i) positive? 
(ii) negative? 


(b) A uniform electric field is in the negative x-direction. Points a and b are 
on the x-axis, a at x = 2 m and b at x — 6m. 


(i) Is the potential difference Vp — Va positive or negative? 
(ii) If the magnitude of Vb — Va is 10° V, what is the magnitude E of the 
electric field? 


[University of Aberystwyth, Wales 2005] 


11.3 Show that the electric potential a distance z above the centre of a horizontal 
circular loop of radius R, which carries a uniform charge density per unit 
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length A, is given by 
E AR 1 
~ 269 G2 + RIP 


Obtain an expression for the electrostatic field strength as a function of z. 
[University of Aberystwyth, Wales 2007] 
11.4 (a) Starting from Coulomb’s law, show that the electric potential a distance r 
from a point charge g is given by 


= 
Areor 





(b) Four point charges are assembled as shown in Fig. 11.2. Calculate the 
potential energy of this configuration (you may assume that the charges 
are isolated and in a perfect vacuum). Does the potential energy depend 
upon the order in which the charges are assembled”? 

(c) Is the charge configuration in (b) stable? 


Fig. 11.2 


-q -=q 


11.5 A spherical liquid drop has a diameter of 2mm and is given a charge of 2 x 
1g. 


(i) What is the potential at the surface of the drop? 
(ii) If two such drops coalesce to form a single drop, what is the potential at 
the surface of the drop so formed? 


[Indian Institute of Technology 1973] 


11.6 A pendulum bob of mass 80 mg carries a charge of 2 x 107°C at rest in a 
horizontal uniform electric field of 20,000 V/m. Find the tension in the thread 
of the pendulum and the angle it makes with the vertical. 

[Indian Institute of Technology 1979] 


11.7 An infinite number of charges, each equal to g, are placed along the x-axis at 
x = l,x =2,x =4,x = 8, etc. Find the potential and the electric field at the 
point x = 0 due to the set of charges. 

[Indian Institute of Technology 1974] 
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11.8 In prob. (11.7) what will be the potential and electric field in the above set-up 
if the consecutive charges have opposite sign? 
[Indian Institute of Technology 1974] 


11.9 A thin fixed ring of radius 1 m has a positive charge 1 x 10^? C uniformly 

distributed over it. A particle of mass 0.9 g and having negative charge of 

] x 107C is placed on the axis, at a distance of 1 cm from the centre of 

the ring. Show that the motion of the negative charge is approximately simple 
harmonic. Calculate the time period of oscillation. 

[Indian Institute of Technology 1982] 


11.10 Three charges, each of value q, are placed at the corners of an equilateral 
triangle. A fourth charge Q is placed at the centre of the triangle. 


(i) If Q = —q will the charges at the corners move towards the centre or 
fly away from it? 
(ii) For what value of Q will the charges remain stationary? 


[Indian Institute of technology 1978] 


11.11 Two identically charged spheres are suspended by strings of equal length. 
The strings make an angle 30° with each other. When suspended in a liquid of 
density 0.8 g/cm?, the angle remains the same. What is the dielectric constant 
of the liquid? The density of the material of the sphere is 1.6 g/cm’. 

[Indian Institute of Technology 1976] 


11.12 At the corner A of square ABCD of side 10 cm a charge 6 x 1078 C is placed. 
Another charge of —3 x 107? C is located at the centre of the square. Find the 
work done in carrying a charge 5 x 107? C from the corner C to the corner 
B of the square. 

[Indian Institute of Technology 1972] 


11.13 A pith ball carrying a charge of 3 x 107!°C is suspended by an insulated 
thread of length 50 cm. When a uniform electric field is applied in a horizon- 
tal direction, the ball is found to deflect by 2 cm from the vertical. If the mass 
of the ball is 0.5 g what is the magnitude and direction of the electric field? 

[Indian Institute of Technology 1973] 


11.14 A positively charged oil droplet remains in the electric field between two 
horizontal plates, separated by a distance 1 cm. If the charge on the drop is 
3.2 x 10-1? C and the mass of the droplet is 107!^ kg what is the potential 
difference between the plates? Now if the polarity of the plates is reversed 

what is the instantaneous acceleration of the droplet? 
[Indian Institute of Technology 1974] 


11.15 Suppose equal amount of charge of the same sign is placed on the earth 
and the moon, what would be its magnitude if the gravitational attraction 
between the two bodies may be nullified? Take mass of the earth and moon 
to be 6 x 107^ and 7.4 x 107? kg, respectively. 
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11.16 


11.17 


11.18 


11.19 


11.20 


11.21 


11.22 


11.23 
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A spark is produced between two insulated surfaces, maintained at a constant 
difference of 5 x 109 V. If the energy output is 107? J, calculate the charge 
transferred. How many electrons have flowed”? 

[Indian Institute of Technology 1974] 


A rod 25 cm long has a uniform linear charge density (charge per unit length) 
A. = 200 wC/m. Calculate the electric field (in N/C) at 10cm from one end 
along the axis of the rod. 


A disc of radius R is uniformly charged to Q and placed in the xy-plane with 
its centre at the origin. Find the electric field along the z-axis. 


Electronic charge e may be determined by Millikan's oil drop method. Oil 
drops of radius r acquire a terminal speed v; with downward electric field E 
and a speed v5 with the upward electric field. Derive an expression for e in 
terms of E, vi, vo, r and 1, the viscosity of oil in air. 


A circular wire of radius r has a uniform linear charge density A — Ao cos? 0. 
Show that the total charge on the wire is zt Apr. 


The distance between the electron and the proton in the hydrogen atom is 
about 0.53 A. By what factor is the electrical force stronger than the gravita- 
tional force? Does the distance matter? 


The combined charge on two small spheres is +15 uC. If each sphere is 
repelled by the other by a force of 5.4 N when the spheres are 30 cm apart, 
find the charges on the spheres. 


Charges are placed at the four corners of a square of side a, as in Fig. 11.3. 
Find the magnitude and direction of the electric field at the centre of the 
square. 





-q 
—— 
X 
Fig. 11.3 *2q 
11.24 A thin, non-conducting rod of length L carries a total charge 4- spread 


uniformly along it. Find the electric field at point p distant y from the axis of 
the rod on the perpendicular bisector. 
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11.25 


11.26 


11.27 


11.28 


A thin non-conducting rod is bent to form an arc of a circle of radius r and 
subtends an angle 6 at the centre of the circle. If a total charge q is spread 
uniformly along the rod, find the electric field at the centre of the circle. 


A ring of radius r located in the xy-plane is given a total charge Q = 277Rd. 
Show that E is maximum when the distance z — r/4/2. 


A total charge q is spread uniformly over the inner surface of a non- 
conducting hemispherical cup of inner radius a. Calculate (a) the electric 
field and (b) the electric potential at the centre of the hemisphere. 


The quadrupole consists of four charges g, g, —g, —q located at the corners 
of a square on side a (Fig. 11.4). Show that at a point p, distant r from the 
centre of the charges and in the same plane, the electric field varies inversely 
as the fourth power of r, where r >> a. 


Fig. 11.4 -q *q 
e- - -* 
l l 
D ———— p 
| I 
a r 
+0 zi q 
11.29 Show that the electrical and gravitational force between two bodies each of 


11.30 


11.31 


11.32 


mass m and charge g will be equal at any distance r if the ratio g/m = 
8.6 x 107!9 C/kg. 


Two small, equally charged spheres, each of mass m, are suspended from the 
same point by silk threads of length L. Initially, the spheres are separated 
by distance x << L. As the charge leaks out at the rate dg /dt, the spheres 
approach each other with relative velocity v = a/./x, where a is a constant. 
Find the rate at which charge leaks out. 

Show that 


3  [2ze9mg 
dg /dt = —4,] ———— 
q/ zay T 


A charge q is uniformly distributed over a thin ring of radius R. A very long 
uniformly charged thread with linear charge density A is placed on the axis 
of the ring with one end coinciding with the centre of the ring. Show that the 





À 
force of interaction F will be equal to 7 . 
4reo R 


A very long wire with uniform charge density à is placed along the x-axis 
with one end of the thread coinciding with the origin. Show that the electric 
J/2X 
47:60 y 





field is given by E — at 45? with the x-axis at a distance y from the 


end of the thread. 
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11.33 If the electric potential is given by g = cxy, calculate the electric field. 


11.34 Charges Q and —2Q are placed at a fixed distance of separation. Show that 
the locus of points in the plane of charges, where the potential is zero, will 
be a circle. 

[Indian Administrative Services] 


11.35 Two identical thin rings, each of radius R, are coaxially placed a distance R 
apart. If Qı and Q% are, respectively, the charges uniformly spread on the 
two rings, find the work done in moving a charge q from the centre of one 
ring to that of the other. 

[Indian Institute of Technology 1992] 


11.36 A thin rod of length 2a is placed along the y-axis in the xy-plane. The rod 
carries a charge density A (Fig. 11.5). The point P, is located at (0, 2a) and 
P» at (x, 0). 


(a) Find x if the potentials at P; and P5 are equal. 
(b) Find the corresponding potential. 


P,(O, 2a) 


ha 
ù 
=-=} 


P.(x, O) 


oO 


Fig. 11.5 -a 


11.37 Three charges +g, +g and Q are located at the vertices of a right-angled 
isosceles triangle, Fig. 11.6. If the total interaction energy is zero what should 
be the value of Q? 


Fig. 11.6 +q +q 


11.38 Four charges each of magnitude g are located at the four corners of a square 
of side a such that like charges occupy the corners across the diagonals 
(Fig. 11.7). Calculate the work done in assembling these charges. 
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Fig. 11.7 *q d -q 


-q *q 


11.39 Calculate the total potential energy of sphere of radius R carrying a uni- 
formly distributed charge q. 


11.40 A linear quadrupole (Fig. 11.8) consists of charge +2Q at the origin and two 
charges — Q at (—d, 0) and (+d, 0). 


(i) Write down the magnitude of the electric field at P on the x-axis where 
yo. 
(ii) If x >> d show that the field varies inversely as the fourth power of 
distance from the origin. 
(iii) If O — 24 C and d = 0.01 mm, calculate the field at x — 20 cm. 


Fig. 11.8 Linear quadrupole -Q 420 Q p 
SSS SS SS > 
«- dos dos ^ 


11.41 (a) If the breakdown field strength of air is 5 x 10° V/m how much charge can 
be placed on a sphere of radius 1 mm? (b) What would be the corresponding 
electrical potential? 


11.42 Anelectron is released from a distance 120 cm from a stationary point charge 
4-2 x 107? C. Calculate the speed of the electron when it is 18 cm from the 
point charge. 


11.43 Figure 11.8 shows the linear quadrupole. Show that the electric potential 
V(r) at a distance r >> d from the central charge and in a direction normal 
to the axis of the quadrupole varies inversely as the third power of r. 


11.44 An electron of mass m, — 9.1 x 107?! kg is accelerated in the uniform 
electric field E between two parallel charged plates, as shown in Fig. 11.9. 
There is no electric field outside of the plates. The electric field has a mag- 
nitude E — 2.0 x 10? N/C and electron charge e — —1.6 x 1071? C. The 
separation of the plates is 1.5 cm and the electron is accelerated from rest 
near the negative plate and passes through a tiny hole in the positive plate. 
Assume the hole is so small that it does not affect the uniform field between 
the plates. 
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(i) What is the force on the electron while it is between the plates? 
(ii) What is its acceleration and with what speed does it leave the hole? 
(iii) What is the force on the electron outside of the plates? 


[University of Aberystwyth, Wales 2005] 


11.45 What is the electric potential V at a distance r from a point charge Q? Write 
down an expression describing the electric potential due to a continuous 
charge distribution. 

Consider a disk of radius R which carries a uniform surface charge distri- 
bution. 


(a) Find the total charge on the disc. 

(b) Find the potential at a point on the axis of the disc lying at a distance x 
from the disc. 

(c) What is the form of the potential when x becomes much larger than R? 
Comment on your result. 







[x Separations-1.5cm — 4 





Fig. 11.9 


11.46 In the Bohr's hydrogen atom model, show that the orbital motion of the elec- 


tron obeys Kepler's third law of motion, that is, T? « r?. 
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11.47 Equal charges (Q) are placed at the four corners of a square of side a. 
Show that the force on any charge due to the other three charges is given 
by 1.914 Q? /4z9a*. 


11.48 (a) Calculate the electric field due to a dipole on its perpendicular bisector. 
(b) Show that for the distance x >> d/2, where d is the distance between 
the charges, the field varies inversely as the cube of distance. 
(c) A molecule has a dipole moment of 6 x 10779 cm. Calculate the differ- 
ence in potential energy when the dipole is placed parallel to the electric 
field of 3 x 10° V/m and then antiparallel to the field. 


11.2.2 Gauss’ Law 


11.49 (a) State Gauss’ law of electrostatics in mathematical form. 
(b) Use Gauss’ law to show that the electric field magnitude due to an infi- 
nite sheet of charge, carrying a surface density ø, is given by 


(c) A small sphere of mass 2 mg carries a charge of 5 x 107? C. It hangs 
by a silk thread attached to a vertical uniformly charged sheet such that, 
under the influence of both gravity and the electric force, it makes an 
angle of 10? with the sheet. Calculate the surface charge density of the 
sheet. 


11.50 (a) State Gauss' law in differential and integral form. 
(b) Show that the electric field outside a charged sphere is Q/4zteor?, where 
r is the distance from the centre of the ball. 
(c) Show that the electric field inside a uniformly charged solid sphere, with 
total charge Q and radius R, is Qr /4reoR?. 


11.51 In prob. (11.50) the central part of the sphere is hollowed by creating a cavity 
of radius sR concentric with the original sphere. If the charge density of the 
hollowed sphere remains unchanged show that the electric field at the surface 
is now 7/8 of the original value on the surface. 


11.52 In prob. (11.50) show that the electric potential (a) varies as that to simple 
3 
harmonic motion for r « R. (b) V(0) = 5 (R) where V (oo) — O. 
11.53 Figure 11.10 shows a non-conducting hollow sphere with inner radius b and 


outer radius a. A total charge Q is uniformly distributed in the material b < 
r < a. Find the electric field for (a) r < b; (b)b <r <a;(c)r>a. 


11.54 A charge Q is uniformly distributed in a long cylinder of radius R and charge 
density o. Find the electric field for the regions (a) r — R;(b)r « R. 
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Fig. 11.10 


11.55 


11.56 


11.57 


11.58 


11.59 


11.60 


(a) The electric field on the surface of a thin spherical shell of radius 0.5 m 
is measured to be 800 N/C and points radially towards the centre of the 
sphere. What is the net charge within the sphere's surface? 

(b) An electric field of 120 N/C points down over a football field. Calculate 
the surface charge density on the field. 

(c) What would be the total electric flux if the field is 100x 75 m. 


(a) Using Gauss' law derive Coulomb's formula for the electric field due to 
an isolated point charge q. 

(b) A positive charge Q is uniformly distributed in a non-conducting sphere 
of radius R. Calculate the electric flux passing through the spherical 
surface of radius r concentric with the sphere for (i) r « R; Gi)r > R. 


How is electric flux related to the electric field E? How is the total electric 
flux over a closed surface related to the charge enclosed within the surface? 

A thin spherical shell of radius R4 carries a total charge Q1 that is uni- 
formly distributed on its surface. A second, larger concentric thin shell of 
radius R carries a charge Q» also uniformly distributed over the surface of 
the shell. Use Gauss’ law to find the electric field in the regions. 


(a) r < Rj, 
(b) Ri <r < R2, and 
(c) Ro <r. 


The electric charges are such that Q; > O and the electric field is zero for 
r > Ro. Find the ratio Q;/Q2. 


Two insulated spheres of radii 1 and 3 cm at a considerable distance apart are 
each charged positively with 3 x 107? C. They are brought into contact and 
separated by the same distance as before. Compare the forces of repulsion 
before and after contact. 

[Northern Universities of UK] 


What is the maximum charge that can be given to a sphere of diameter 10 cm 
if the breakdown voltage of air is 2 x 10^ V/cm. 


(a) Show that the capacitance, C, of a conducting sphere of radius a 1s given 
by C — 47t£oa. 

(b) Two isolated conducting spheres, both of radius a, initially carry charges 
of q1 and q» and are held far apart. The spheres are connected together 
by a conducting wire until equilibrium is reached, whereupon the wire 
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11.61 


11.62 


11.63 


11.64 


11.65 


is removed. Show that the total electrostatic energy stored in the spheres 
decreases by an amount AU, given by 


AU (qı — 92)" 





E l6zé9 O 


What happens to this energy? 


Two spherical conductors of radii R; and R2 and charges Q, and Q2, respec- 
tively, are brought in contact and separated. Show that their charge densities 
will be inversely proportional to their radii. 


A light spherical balloon is made of conducting material. It is suggested that 
it could be kept spherical simply by connecting it to a high-voltage source. 
The balloon has a diameter of 100 mm. 


(a) What is the voltage of the source if the electric field on the balloon sur- 
face is 5 x 10° V/m? 

(b) What gas pressure inside the balloon would produce the same effect? 

(c) The voltage source is removed and the balloon remains at the same volt- 
age. Calculate the total electrostatic energy of the balloon. 


A soap bubble of radius Rj is given a charge q. Due to mutual repulsion 
of the surface charges the radius is increased to R2, the pressure remaining 
constant. Show that the charge is given by 


35 1/2 
= 2 2 2 
q = a eo p Ri Ro (Ri + RiR + R2 )| 


An insulating spherical shell of inner radius rı and outer radius r2 is charged 
so that its volume charge density is given by 


07) =ViorU= r= 7 
A 

p(r) = —forri €r € ra 
r 


pír) =0forr >r 


where A is a constant and r is the radial distance from the centre of the shell. 
Find the electric field due to the shell throughout all space. 


(a) Show that electrostatic field is conservative. 

(b) An isolated soap bubble of radius 1 cm is at a potential of 10 V (assume 
the bubble material is a conductor); calculate the total charge on the 
bubble. If it collapses to a drop of radius 1 mm (no charge loss or gain 
during the process), what is the change of the electrostatic energy of the 
system? 


[University of Aberystwyth, Wales 2008] 
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11.66 A long cylinder of charge g has a radius a. The charge density within its 
volume, o, is uniform (Fig. 11.11). Describe the form of the electric field 
generated by the cylinder. Find the electric field strength at a distance r from 
the axis of the cylinder in the regions (1) r — a and (i1) 0 « r « a. 

If a non-relativistic electron moves in a circle at a constant distance R from 
the axis of the cylinder, where R > a, find an expression for its speed. 
[University of Manchester 2006] 


Fig. 11.11 r 
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11.67 Consider an isolated non-conducting sheet with charge density o. The elec- 
tric field at 25 cm from the sheet is found to be 200 V/m, directed towards the 
sheet. Calculate o on the sheet. What electric field is expected at 2 cm from 
its surface? How are the values of o and E changed if a conducting sheet is 
substituted. 


11.2.3 Capacitors 


11.68 Calculate the capacitance of a parallel plate capacitor of area A and thick- 
ness d if a dielectric slab of thickness t, area A and dielectric constant k is 
inserted. How is the capacitance modified if a metal of thickness f is intro- 
duced? 


11.69 Two capacitors C, and C» are connected in parallel and their combined 
capacitance is measured as 9 pF. When they are combined in series their 
capacitance is 2 j.F. What are the individual capacitances? 


11.70 Find the energy which may be stored in capacitors of 2 and 4 pF when taken 
(a) singly, (b) in series and (c) in parallel when a potential difference of 100 V 
is available. 

[University of New Castle] 


11.71 An air capacitor with plates 1 m? and 0.01 m apart is charged with 1079 C of 
electricity. Calculate the change in energy which results when the capacitor 

is submerged in oil of relative permittivity 2.0. 
[University of Manchester] 
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11.72 


11.73 


11.74 


Fig. 11.12 


11.75 


11.76 


11.77 


11.78 


Two parallel plates, each of area 1 m?, are separated by a distance 0.001 m 
and have a capacity of 0.1 pF. What must then the dielectric constant of the 
material separating the plates be? 

[University of Newcastle] 


A capacitor of capacitance 5 \F is charged up to a PD of 250 V. Its terminals 
are then connected to those of an uncharged capacitor of capacitance 20 WF. 
What would be the resulting voltage? 

[Northern Universities of UK] 


From Fig. 11.12 find the value of capacitance C if the equivalent capacitance 
between points A and B is 1 wF. All the capacitances are in microfarads. 
[Indian Institute of Technology 1977] 





Three capacitors of capacitance 4, 3 and 2 WK, respectively, are connected in 
series to a battery of 240 V. Calculate (a) the charge, (b) the potential and (c) 
the electrostatic energy associated with each of the three capacitors, stating 
in each case the units in which the results are expressed. 

[Northern Universities of U.K.] 


Each of the two capacitors A and B of capacitances 1.0 and 2.0 uF, respec- 
tively, are charged initially by connecting them in turn to a 12 V battery. What 
is the final potential difference of the combination if the capacitors are later 
connected in parallel such that 


(a) the positive plate of one is connected to the positive plate of the other; 
(b) the positive plate of one is connected to the negative plate of the other. 


[Indian Institute of Technology 1971] 


Two capacitors of capacitances C; and C2 charged to potential difference V, 
and V» are connected in parallel. Calculate the energy loss when (a) the pos- 
itive ends are joined and (b) the positive end of one is joined to the negative 
end of the other. 


A capacitor of capacitance C is charged to potential V by connecting it to a 
battery. Let g be the charge on it, E the electric field within the plates and 
U the energy stored. When a dielectric of constant K is introduced filling 
completely the space between the plates, how will the following quantities 
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11.83 


11.84 


11.85 


11.86 


11.87 


11.88 
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change (1) V, (i1) E, (a1) g, Gv) C and (v) U, when (a) the battery remains 
connected and (b) the battery is disconnected? 


In prob. (11.78) if the plate separation is increased, how would the following 
quantities change (1) V, (i1) E, (ii1) C, (iv) g and (v) U when (a) the battery 
remains connected and (b) the battery is disconnected? 


Show that the force of attraction between the plates of a parallel plate capac- 


"WP ] £9A V? 
itor is given by F = — 





, Where A is the area, d the distance of sepa- 


ration, V the voltage to which the plates are charged and £ọ the permittivity. 


Let n identical droplets, each of radius r and charge q, coalesce to form a 
large drop of radius R and charge Q. Assuming that the droplets are incom- 
pressible, show that (a) the radius R = nl? r; (b) the capacitance C' of the 
large drop is C^ — nl/?C, where C is the capacitance of the droplet; (c) 
the potential V’ of the large drop is given by V’ = n?’ V, where V is the 
potential of the droplet; (d) the surface charge density o^ — n!/?o; (e) the 
energy U’ stored in the large drop is given by U’ = n’ U where U is the 
energy stored in the droplet. 


A cylindrical capacitor has radii a and b. Show that half of the stored electri- 
cal potential energy lies within a cylinder whose radius is vab. 


A capacitor of capacitance C1 = 3.0 uF withstands the maximum voltage 
Vı = 4.0kV, while a capacitor of capacitance C2 = 6.0 uF the maximum 
voltage V2 = 3.0kV. If they are connected in series what maximum voltage 
can the system withstand? 


A Geiger-Muller tube consists of a thin uniform wire of radius ‘a’ of length 
L surrounded by a concentric hollow metal cylinder of radius b with a gas 
of dielectric constant K between them. Apply Gauss’ law to calculate the 
capacitance of the tube. 


Two spherical metallic shells of radii a and b (b > a) constitute a capacitor 
with the outer shell grounded and contact is made with the inner one through 
47z£9ab 

b=a 
Show that for two concentric shells of radii a and b (b ~ a), the capacitance 
reduces to that of a parallel plate capacitor 





a hole in the outer one. Show that the capacitance is given by C = 


In an R-C circuit the emf supplied by the battery is 120 V, R = 1 x 10° 2 
and C = 10 uF. The switch S is closed at t = 0. Find 


(i) the time taken for the charge to reach 90% of its final value; 
(ii) the energy stored in the capacitor at one time constant; 
(iii) the Joule heating in the resistor at one time constant. 


After how many time constants will the energy stored in the capacitor in 
Fig. 11.13 reach one-half of its equilibrium value? 
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Fig. 11.13 R-1X1050 


P^ Lk 
|, 


V-120V 


5 


11.89 Two square metal plates measuring 'a' on the side are used as a parallel 
plate capacitor with the plates slightly inclined at an angle 0. If the smaller 
gap between the plates is D, then show that the capacitance 1s given by 


£04? ao 
C = — | 1- — 
D 2D 
11.90 Capacitors Ci = 8 uF, C2 = 4pF and C3 = 3pF are arranged as in 


Fig. 11.14. A voltage of V = 100 V is applied. Determine 


(a) the potential difference across C1, C2 and C3. 
(b) the charge q1, q2 and q3 on C1, C2 and C3. 
(c) the energy U1, U2 and U3 stored in the capacitors. 


Fig. 11.14 





11.91 Capacitors Ci = 8 uF, C2 = 4pF and C3 = 3pF are arranged as in 
Fig. 11.15. A voltage of V = 100 V is applied. Determine 


(a) the charges q1, q2 and q3 on C1, C2 and C3, respectively. 
(b) the potential difference across C1, C2 and C3. 
(c) the energy U1, U2 and U3 stored in the capacitors. 





Fig. 11.15 





11.92 Find the effective capacitance between points a and b in Fig. 11.16. Assume 
that Cp =] C5 =] LaS C= 2 UF amd Cs = lur. 
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Fig. 11.16 C 
Is — j? 


—La-ald 
a C, | C. T. b 
G 


Fig. 11.17 R 





11.93 Consider a circuit consisting of a resistor R and a capacitor C in series 
with a battery of emf € and a switch (Fig. 11.17). The capacitor is initially 
uncharged and the switch is closed at time t = 0. By considering the potential 
drop across each of the components of the circuit, verify that the charge Q 
on the capacitor has the form 


r 
Q-ct|1-e RC 


(a) What is the current flowing in the circuit? 

(b) What is the power supplied by the battery as a function of t? 

(c) What is the power dissipated in the resistor as a function of t? 

(d) What is the rate at which energy is stored in the capacitor as a function 
oft? 


[University of Durham 2000] 


11.94 For the circuit shown in Fig. 11.18, 


(i) What is the initial battery current immediately after switch S is closed? 
(ii) What is the battery current a long time after switch S is closed? 
(iii) If the switch has been closed for a long time and is then opened, find 
the current through the 600 kQ2 resistor as a function of time. 


1.2 MO 


50 V 2.5 pF 





Fig. 11.18 
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11.95 A capacitor of capacitance C = 500 uF is charged to a voltage of 900 V and 
is then discharged through a resistance R = 200 kQ2 when a switch 1s closed. 


(i) Find the initial charge stored in the capacitor. 


(ii) Find the initial discharge current when the switch is closed. 


(iii) Find the voltage across the capacitor in a time t = 25s after the start of 


discharge. 


(iv) Find the time constant of this capacitor resistor network combination. 
(v) Work out an equation to show the time it takes for the charge in the 


capacitor to drop by one-half of its starting value and find this time. 


[University of Aberystwyth, Wales 2008] 


11.96 Charge g — 107? C is uniformly distributed in a sphere of radius R = 1 m. 


(i) Find the divergence of the electric field inside the sphere. 
(ii) A proton is moved from infinity to r = 0.8m from the centre of the 
sphere. Find the electric force experienced by the proton at r — 0.8 m. 
(iii) Find the work done by the electric field of the charged sphere when the 


proton is moved from infinity to its current position (r — 0.8 m). 


11.97 (a) Write down the integral and differential forms of Gauss' law in a dielec- 


tric, defining all quantities used. 


(b) A parallel plate capacitor is completely filled with a non-conducting 
dielectric. Show that the electric displacement, D, is uniform between 
the plates and calculate its value. (You may assume that the plates each 
have area A and are separated by a small distance d. Each plate carries 


(c) 


(d) 


(e) Find the volume polarization charge density in the dielectric. 


a surface charge density o C/m.) 
The dielectric has a non-uniform relative permittivity 


K(x) =ax +b 


where a and b are constants and x is the perpendicular distance from one 
plate. Using Gauss' law, show that the electric field between the plates 


satisfies 


Eo 
K (x) 





EQ) = 


where Eo is a constant. Find the value of Eo. 
Show that the voltage across the capacitor is given by 


v= m(14 2) 


£€0a b 


and calculate the capacitance. 


482 11 Electrostatics 


11.98 Both gravitational field and electric field obey inverse square law. Using this 
analogy show that the differential Gauss’ law for gravitation is given by V - 
g — —p/G, where p is the mass density. 


11.3 Solutions 


11.3.1 Electric Field and Potential 


11.1 (a) 
qıq2 — (8 x 1.6 x 107P)(—4 x 1.6 x 107?) 


Arregr? 4z x 8.85 x 10-7 x (0.2)? 
246737210 


(i) F = 





(ii) For the position of zero electric field the forces due to the two charges 
must be equal in magnitude but oppositely directed. Clearly the neu- 
tral point must be on the x-axis. On the left of Q1, the forces will 
be oppositely directed but cannot be equal as |Q;| > |Q2|. Between 
Q; and Q», the forces are exerted in the same direction. On the right 
of Q» conditions are favourable for a null point. Let the zero electric 
field be situated at a distance x from Q^» on the right. 


Se 4e B 
(x +0.2)2 x? 


whence x = 0.4828 on the right of Qo. 


B 1.6 5« 10-77 
Anegr2 | Am x 8.85 x 10-2? x (5.3 x 10-11»? 
= 5.12 x 10!8 N/C 
Force F = Ee = 5.12 x 10!8 x 1.6 x 10-7? — 81.92N 


(b) E = 


11.2 (a) As the electric field is downwards, the force on the positive charge will 
be downwards and the force on the negative charge will be upwards. 


(i) g=+8pC 
F; = qE = +8 x 107° x 300 = 2.4 x 107°? N 
F, = mg = 0.6 x 107°? x 9.8 = 5.88 x 107° N 


Tension in the thread 


T = F; + F4 = 5.88 x 107°? + 2.4 x 107° = 8.28 x 107? N 
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(ii) g =—8 pC 
F} = qE = —2.4 x 107° N 
Tension in the thread 


T = 5.88 x 107° — 2.4 x 107 = 3.48 x 1073 N 


(b) As the electric field is in the negative x-direction, point b will be at a 
higher potential than a. 


(i) Therefore Vp — Va will be positive 
Vb— Va 10 
d | (6-2) 


11.3 The total charge on the circular loop Q = 27 RA; the distance of the point 
P (0, 0, Z) from the loop is r — (Z 24 R*)!/2 Therefore, the electric potential 


GD E = — 2.5 x 10* N/C 








P will be 
O Q AR 
— 4m&gr | 2&9(Z? 4- R2)1/2 
QV ARZ 


a 2a RIE 


q = 
Amegr? (Q =1) 


d 
4meg J r?  4reor 


11.4 (a) F = 





When r = œ, V = 0. Therefore C = 0 


2 
oui; I1] Jo a 
47180 


For six pairs of charges 


g” 


V2rsod 


The potential energy does not depend on the order in which the charges 
are assembled. 

(c) Consider the forces on the top left-hand charge due to the three other 
charges. 





U=- 


q? 


— 8zsod? 


2 
q 
— 2 2 
E = JE} + ES=V2—7 +0 


E, = Ey = 
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Therefore the charge is not in equilibrium. Same thing is true for the other 
three charges. 


q 2510-5 2:95910* 
Aneor — 10? 
(ii) If n droplets each of radius r coalesce to form a large drop of radius R, 


then assuming that the droplets are incompressible, the volume does not 
change. Therefore 


11.5 (i) V = 





= 0.018 V 


4 3 4 
—zuR —nz-mar 
3 3 


or R-onl^r (1) 


3 


As charge is conserved 
Q = nq (2) 


where Q and q are the charges on the drop and droplet, respectively. Then 
the potential of the droplet is 
= QO nų — m^Q 
E Axceo9R | Amegnl?r —— Amegr 
= n°’? y, 2 277? Vi = 0.0286 V 
where n = 2, and V; = 0.018 V by (1). 
11.6 Electric force 


F 2qE 22x 107? x 20,000 2 4 x 107* 


Gravitational force mg — 80 x 1079 x 9.8 — 7.84 x 107^N 
Balancing the horizontal and vertical components of forces, Fig. 11.19 


TsnO-—F (1) 
T cosÓ — mg (2) 


where T 1s the tension in the thread. 





Fig. 11.19 mg 
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tand = — = ——— = 0.5] 
mg 7.84 x 1074 
Q = 2)" 


Squaring (1) and (2) and adding and extracting the square root 


T = JJ F? 4 (mg? 2 y (4 x 10-5? + (7.84 x 10-4)? = 8.8 x 1074 N 


11.7 Electric potential 


l dq qd q 4q ) 
m a 


m p eee 
Are "Bb MP 


The terms in brackets form a geometric progression of infinite terms whose 





sum is 
1 
2 
Von 
2TE() 
Electric field 
l Tq q4 q 4q 
E =— |7 ME uin he cie Me es 
ATEQ 1x gp g" 
1 q 4 
47180 2 37t£0 
4 
I q dq dq d q 
11.8 v=—( ot a ee: a] 
te, aA Se 16 35" 
q ] ] q 1 ] 
Ec das un Eq 
(reinen ) A (itat ) 
a (a - 5) |a d 
— ATEQ 2 4 16 
8 1 4. 
8760 } l  6ms 
4 
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11.9 By prob. (11.3), E = 


11 Electrostatics 


I q dq dq q 
E=—( | 8,928. 9 We) 
Amo V 22432 8i" 19 


Ed. tu d iee ot 
— 460 4? 162 167£0 4? 16 


= d *) (fs. 
— Amo V 4 42" 162 


3q 1 q 
167129 j= l — 57569 
16 











Qx 
Amey (x? + RJ 
substituted à = Q/2m R. Asx << R and F = qE, 
= Qqx = —kx, where q is negative and k = Qq 
Arreg R3 Arey R3 
10 x10 © x9 x10" 
Thus, the motion of the negatively charged particle is approximately simple 
harmonic with angular frequency 


k 0.09 
Vm 0.9 x 10-3 
2n 


w = 
27 
f=] —— => — =>0.628s 
w 10 


where we have replaced z by x and 








= 0.09 


11.10 Leta be the side of the equilateral triangle. The forces on the charge q placed 


at C due to the charges at A and B are repulsive and represented by CE and 
CD, respectively, each given by q?/Azrega^. The resultant of these two forces 
is given by CP, the diagonal of the parallelogram CDPE, Fig. 11.20 


20? e B J/3q? 


Axega? 2  — 4mega? 








CP = 2CD cos 30° = 


The force on g at C due to Q at the centre of the triangle is 


Qq 3 Qq 

4x&g(OC)?  4rega? 

i. If Q = —q, this force will be attractive and will be directed along CO. As 
the attractive force due to —q is greater than the combined repulsive force 
due to charges +q at A and B, the charge at C will be attracted towards 
O. Same is true for the charges placed at A and B. 
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ii. For equilibrium, the attractive force must balance the repulsive force: 


2 
V 3q 30q ais 


_ 26.5 f= 
Amena2 4rega? o 








Fig. 11.20 E 
N 





w o. 


q/ 
o 
A 


11.11 Referring to Fig. 11.21, the Coulomb force between the spheres in air is 





Arreyx? 
q? 
In liquid F’ = ————_; weight of the sphere in air = mg 
Amey K x? 


/ 
e 


Apparent weight of the sphere in liquid = mg ( ) where p is the 
p 


density of the material of sphere and p’ that of the liquid. For equilibrium 
the vertical and horizontal components of the force must separately balance. 
If T is the tension in the string when the sphere is in air and T’ when it is in 
the liquid, 


T sin = F, T cos0 — mg 


/ 
T’ sind = F’, T'cos0 — mg ( — z) 
p 
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F' 
tang — — = 
m p 
"(1-5 
p 
F 1 
—_ = K = 7 = == = 
F' (L8 pap 16-08 
p 
Fig. 11.21 
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11.12 From the geometry of Fig. 11.22, AB — 0.1 m, OB = OC = 0.054/2 m, 


AC = (0.1)/2m. 


Potential energy of q at B is U(B) = —— 


Potential energy of q at C is U (C) = —— 


Fig. 11.22 


2] 
OB 


oc. 


AC OC 





D A4 — — ——10 Cm —————» © 


11.3 Solutions 489 


Work done in carrying the charge q from C to B will be 


Weg 2UG)- U(o » 22. | LL 
EE — 4m | AB AC 





1 1 
-5x 10 x 6x 7 x 9x i9? (o - ) 
Ol 4) D 


—79x10 9] 
11.13 The problem is similar to prob. (11.6), Fig. 11.23. For equilibrium T sino — 
E 
qE,T cos0 — mg,tanO — E ue. — 0.04 
mg 50 


_ 0.04mg — (0.04)(0.5 x 107?)(9.8) 


ETE = 6.53 x 10? N/C 
aq x 


E 


which is directed away from the equilibrium position. 


Fig. 11.23 


gE 


mg 


11.14 The electric field E = V/d where V is the PD and d is the distance of 
separation of plates. The electric force on the dropletis F = qE = qV/d. 
If the upper plate is negative then the condition for equilibrium against grav- 
itational force acting downwards is 


qV 
—— — mn 
i g 
d 10-44 x9.8 x 0.01 
pee N 


q 3.2 x 10-19 


If the polarity of the plates is reversed, both the electric and gravitational 
forces would act down. The net force would become 
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F' =gE+mg =2mg 


/ 


F 
Acceleration a = — = 2g = 2 x 9.8 = 19.6 m/s? 
m 


11.15 Let q be the charge on each body. Electric force — gravitational force 


q’ G Mm 








Anegr2 r? 


q = y 4neoGMm 


[6.67 x 107}! x 6 x 10% x 7.4 x 107 
7 9 x 10° 


1/2 
| — 5.736 x 10? C 


11.16 Energy W =qV 


W 107? 
q-——-— 


yos 1 72800 € 





g 2x 10~! 
Number of electrons flowed out = — = —————~ 
1.6 x 10-1? 


11.17 Consider an element dx of the rod at distance x from the point P on the axis 
of the rod. In the length dx the charge is dg = Adx, Fig. 11.24. 
The field at P due to dg will be 


— 1.25 x 107 


à dx 
4TEQX 





dE = 5 


The total electric field will be 


0.35 
à dx t 0.1 
dE — | 
Ami = X 035 





—6 9 l l 7 
= 200 x 10” x 9 x 10° x | —— — —— } = 1.286 x 10° N/C 
0.1 0.35 

dx 
ü e» 

O ? E 

EL 255 m — =< — 

Fig. 11.24 10 cm 


11.18 Let p be the field point on the axis of the disc at distance z from the origin. 
Consider a ring of radius r and width dr. The charge on the ring is dg = 
27r dro where oa is the charge density (charge per unit area), Fig. 11.25. 


11.3 Solutions 49] 
The electric field at P can be resolved into a component along the z-axis 
and perpendicular to it. The perpendicular components when added become 


zero for reasons of symmetry. The components along the z-axis are added 


|  dqcosO0 .—  2mrdro E 
— 4neo(z22 cr?) Ameo(z2 +r?) (22 + r?)!/2 


R 
o rdr o p? 
E = | dE, = — Loses ne —— 
| | en | (22 + r2)3/2 — ep ( cg] 
0 


dE 


Fig. 11.25 





11.19 Equations of motion are 


eE +mg — 6rnvır =0 (downward field) 
eE —mg —6nzmqvor =0 (upward field) 


Adding and solving for e 
= ( 2)r 
e = —— (v +v 
E : 


11.20 Consider an element of the circular wire ds (Fig. 11.26). Then dg = Ads. 


Now ds = r dé 

dg — (X cos? 0) (rd) 
27 

= Ja = Ay [ cos? 0d0 — zx Aor 
0 
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Fig. 11.26 
g” 
11.21 Electric force Fẹ = -a (11.48) 
Ameor 
oo. GMm 
Gravitational force Fg = 2 (11.49) 
r 
I x od (L6 1079) 9 x07) (11.50) 
F 4neoGMm — (6.67 x 10711)(1.66 x 10-27)(9.1x 101) © ` 
= 2.29 x 10?? (11.51) 


11.22 


11.23 


The distance is immaterial. Note that the gravitational force at the atomic and 
sub-atomic levels is small simply because the masses are small. 





gi t+ q2=15 nC (1) 
q1q2 9 x 10? 
7 Amel ^ (oap 4 -?^4 
or 4142-54 (uCOY (2) 


Solving (1) and (2), q1 = 6 uC, q2 = 9 uC. 


-l o 
4reo(a/ V2)  4reola)? 


4 
towards 4-2q. The field due to +2q is 7 


At P, the electric field due to +q is and points 





and points towards +q. The 











od? 
. 4q 2q 2q 
resultant field due to the pair (q, 2q) is — or Ej, — 
Ameya 4rega? 479a? 


towards +q. 
Similarly, the resultant filed due to the pair of charges (—q, —2q) will be 








2q 2 
E = — towards —2q or +7 towards —q. 


Ameya? 79a? 


11.3 Solutions 


Now E, — E» in magnitude and act at right angles (from the geometry 


2./2q 
Ameya? 





of the diagram). The overall field will then be E = /2 E, — 


positive y-axis. 


11.24 Consider an infinitesimal length dx at distance x from O, the centre of the 
rod. The charge on dx will be dg = q (dx/L). The field at P due to dg shown 
by an arrow can be resolved into x- and y-components. The x-component of 
the field will be cancelled by a symmetric charge on the negative side at equal 


distance. The y—components of the field will be added up, Fig. 11.27. 


qdx y 
AngL (x? + y*) (x^ - y?)!/? 


qy dx 
E= [|dE,2 —— | ———— 
/ " — 4neoL J (x2 + y2)3/2 


Put x = y tan 0, dx = y sec? 0d0 


dE, — dE Cos? = 


a 








a J| osoa — 2 sing = ——___* __ 

AmegLy 2meqLy 2me0(4y2 + L2)1/2 
—Qo 

L/2 


where we have put sino, — — —— ——. 
i (2 + 17/4)? 





+++ + 4+ + + + +9+ + 


dx 


O-—x —— 


Fig. 11.27 — _ — 


11.25 Consider an element of angle between 6 and 6 +dé. Let OP be the bisector of 
angle 69 subtended by the arc AB at the centre O. The charge on the element 


dé 
of the arc ad0 will be q a The electric field at O due to this element of arc 


0 
can be resolved E|; along PO and E] perpendicular to it. 
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The perpendicular components will be cancelled for reasons of symmetry 
while the parallel components get added up, Fig. 11.28. 


dé 
dE —dE, — —4 7 — cosó 
47909a? 


09/2 
q Sin(00/2) 


E- [at | cos 0d0 — ———— 
Amey Aya 2mejaz A 
—69 /2 


Fig. 11.28 ag PO 


11.26 The electric field at distance z from the centre of the ring on the axis of the 
ring is given by prob. (11.3) 


NH Ar Zz 
7 260 (z2 4 r2)3/2 


QE 
The maximum field is obtained by setting En 0. 
a 


This gives (z^ -- r2)? (r? — 27?) — 0. 
Since the first factor cannot be zero for any real value of z, the second 
factor gives z = r/V/2. 


11.27 Consider a circular strip symmetric about z-axis of radius r and width ad0 
(Fig. 11.29). The charge on the strip is 


2zr adó do 
eg a de 





bcd 27 a? 


(a) At the centre of the hemisphere, the x-component of the field will be 
cancelled for reasons of symmetry. The entire field will be contributed 
by the z-component alone. 
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q sin@dé cos0 








dE = dE, = 
47€9a? 
m2 
L= [ «5 a J sine cosoae e 
Ameya? 8ze9a? 
0 
sin 0d0 
(b) dv —- $—— —.. 
47t £9a 
Fig. 11.29 





11.28 The x-component of the field due to front charges will get cancelled and the 
y-component is added up to 


2q a/2 
1/2 


ATEQ av2 g 
(n 5) +f 


along the negative y-axis, Fig. 11.30. 


Similarly the field due to the other two charges will be 
2g -a/2 


An along the positive y-axis. 


4 ay? 
TEQ (r5) T 


Neglecting terms of the order of a7, the net field will be 


qa QN —3/2 QN —3/2 
b (1- 5) - (1+5) 
4TEQr r r 


Using the binomial expansion up to retaining terms linear in a, 





3ga? 1 
E= qa . Then E a — 
Arregr* rí 
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Fig. 11.30 





11.29 The electric force F; = the gravitational force 


g” B Gm? 
Anegr2 | r? 
6.67 x 10-11 A !? 
4 -(4nszgG)!/? = E — 8.65 x 10^? C/kg 
m 9 x 109 


11.30 Consider the equilibrium of one of the spheres, Fig. 11.31. If T is the tension 
in the string then 





T cos = mg 
2 
T sing = —2 
Amregx2 
2 
x 
tanÓ c 0 — — d 


2L — Amsomgx? 


27t£9m 1/2 
Cum 


——_————— m m m qu mt n n 





m 
-— X — 


Fig. 11.31 mg 
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dq 3 /2megmeg 
dc 72V L "* 


dg dq dx d _ dq a 3 27Egmg 


dí dxd dx dyx 2 V L 








11.31 Consider an element of length dx of the thread at distance x from the 
centre of the ring. The force between the ring and the element dx can be 
resolved into x- and y-components, Fig. 11.32. The y-component will get 
cancelled for reasons of symmetry. The field is entirely contributed by the 
x-component. The charge in length dx is Adx. The electric force between the 
wire and the ring is given by 





| 1 qAXdxcosO qà xdx 
F=f, = ————————— ——— 
4meg (R* +x?) ELT (x? + R2)3/2 


Put x — R cot0, dx — — Rcosec? 0 d0 


0 


qn qà 
F = — cos 0 d = 
4reo R 4reo R 
1/2 








Fig. 11.32 


11.32 Consider an element of wire dx at distance x from O, Fig. 11.33. The charge 
in dx will be Adx. The x-component of the electric field will be 


5 E n0 | Adx sin 0 zJ x dx 
= sin = oe 
2 Amen (x2 + y2) Amey J (x2 + y2)3/2 


Put x? +y =z, x dx =z dz 


where y = constant. 


CO 
A [S A 
— 4msto J z?  Ameoy 


y 





Similarly, Ey = J E cos0 — 2 
TEQY 
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2X 
poor 2 
Y  Ameoy 
Ey o 
tang = — = l > g = 45 
Ex 
Thus E makes an angle 45° with the y-axis. 
Fig. 11.33 OEC OX | 
f Wire 
y 
p” 
11.33 $ — Cxy 
o 0 
po LN pes el 
Ox dy 
E — —c(yi 4 xj) 
11.34 Let the charges Q and —2Q be located on the x-axis at distance x on the 


opposite side of the y-axis. Let the point P(x, y) be at distance rı from Q 
and at r2 from —2 Q, Fig. 11.34. By problem 


1 [Q 20| ‘i 
47t£0 ri ro 7 
Ol yo £2 (1) 
Writing r? = (x +a)? +y (2) 
and ry = (a—x)*+y’ (3) 


and eliminating rı and r2 in (1), (2) and (3) and simplifying 


3x* + 3y7 + 10xa + 3a? = 0 


M L5 e" 5 15» 
X -a = —a 
3 9 


which is the equation to a circle. 
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Fig. 11.34 





11.35 Let the charge q be taken from the centre of ring A to the centre of ring B, 








Fig. 11.35 

At A, U,— 191. 1% _ 
An£QR — Ageg( 4/2 R) 

ME to 994 


= 4rneoR  4reol VZR) 


v2- D4 (Q2 - Q1) 


Work done, W = Upg — UA 
A./2m€9R 


Fig. 11.35 





11.36 (a) Consider an infinitesimal length of the rod, at distance y from the origin, 
Fig. 11.36. The charge in dy will be Ady. The distance of Pı from dy 
will be 2a — y. The potential at Pj is 


a 
l À dy À 


V = ————— — = 
| 4neo ) Qa—y) — 4meo 
—a 


The potential at P» is 


X 


a 
v 1 J Ady 2A i (eem) 
gemc——Éqo—————————— —Ini———— —— 
Ame a 2 Aste 
oe Vex 0 
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By problem V» — Vi 


2 
2 2 
(ptem zm ee 
X 
Vi = Vo =Ax9~x 10’ x In3 
— 9.89 x 10? V 


Fig. 11.36 
































O p(x, 0) 
zl 
1 [Qq Q04 g 
11.37 U = Uog +U U = — | — + — + — | = 0b blem. 
Qq Qq * =l + g S y problem 
q 
Therefore Q = — ——- 
2/2 


11.38 Work done W = U12 + U23 + U34 + U41 + U13 + U24 where charges 1 and 
3 are positive and 2 and 4 negative assuming that the potential energy is zero 
for infinite separation of charges. 


g 1 1 1 l 1 1 
W = —]-------- + 4 











Amen, a a a a 42a 2a 
—q? 
- (4- v2) 

47:£9a 


3 
11.39 (a) The charge density is given by o — Lc Consider a shell of radius 
T 


r and thickness dr concentric with the sphere. The volume of the shell 
is 4x r?dr and the charge in it will be dg = Anz r^drp, Fig. 11.37. The 


4 
charge of the sphere of radius r is dg’ = yur p and may be considered 
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to be concentrated at the centre. The interaction energy between the shell 
and the sphere of radius r will be 


2 
1 gq’) _ 1 rr?arp) ($ Tr Ü 


| 4m o?r^dr 
47t€0 r Amey r o 3e 


dU = 


Total interaction energy 


f 4 38? 
p | qu = | me [ rh _ 4np*R d 
1569 — 20zeoR 
0 


where we have substituted the value of p. 


3 x9 x 10? x (92 x 1.6 x 10-19»? 














b) U=> = 1.259 x 10711 J 
(b) 5 L5 x Q38)/ x 10-35 * 
— 78.7MeV 
Fig. 11.37 
, Q [2 l l 
j a eL eerte 
1140 0 Arey Z (x+d) (x— z| 


20 d? (3x? — d?) 
Ameyx2(x2 — d*)? 


(ii) Forx >> d, 3x7 — d? ~ 3x* and x* —d? ~ x? 

60 d? 

Amegx* 

6 x 9 x 10°? x 2 x 107% x (1074)? 
(0.2)2 


(iii) E = — = 0.675 N/C 


202 


11.41 


11.42 


11.43 


11.44 


11.45 
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CV = aneor V = IO X0? 5 5 x 107C 
= = 4ITEQr M ——————————— — 5.29 X 
(a) q 0 o xc 108 
5.5 x 1077 x 9 x 10? 
b) V= 2 2200 IL 2165 x 105v 
Aner 1 x 1073 
» qe 
Initial potential energy Uj — — 
47£0r1 
qe 
Final potential energy Uz = — 
Ameor2 
qe 1 1 
AU — U, = U^ = —X o n 
47t£0 ro ri 


By work-energy theorem, gain in kinetic energy = loss in potential energy. 
l 5 qe ] l 
-mv = — | — — — 
2 47t£0 ro l| 


2ge (1 1\7'? 
v= = 
Ategm \ro fi 


| [2x2x10-2 x 6x 1071? x 9x 109 / 1 i Te 
7 0.18 1.2 





9.1 x 1073! 
= 5.467 x 10° m/s 
V(r) Q E 1 1 | 
plu | ee N 
4me9 |r sr? +d? Nr2+d 





1 
Thus V (r) a= 
r 
(i) F =qE = (1.6 x 1071?) (2 x 10°) = 3.2 x 10716 N 


- F 3.2.x 107!6 
(ii) Acceleration a = — = —————— 
m 9.1 x 10! 


v = V2as = V2 x 3.516 x 10!4 x 0.015 
= 3.25 x 10°m/s 


(iii) Outside the plates there is no force on the electron as there is no electric 
field. 


Q 


4TEQr 


= 3.516 x 10!4 m/s” 





VO) = (1) 


For continuous distribution of charge, each element dq can be treated as point 
charge so that the contribution dV to the potential can be written according 
to (1), Fig. 11.38: 
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Fig. 11.38 





] d 
det. EE 
4me9 r 


(2) 


For the potential due to the entire distribution of all the elements, (2) is 
integrated: 


v= | av = dQ (3) 
47t&0 r 


In case of uniform charge distribution we can write dQ = Ads, dQ = odA 
or dQ = pdV depending on the geometry of the problem. Here A is the 
linear charge density, o is the surface charge density and o is the volume 
charge density. 


(a) q = xR?^o 


(b) Consider a ring of radius r and width dr concentric with the disc of 
radius R. The charge on the ring is dg = o2zrdr. The potential at P, at 
a distance x on the axis of the disc, will be 


|l dg 1 o2xrdr 


4TEQ y 47£0 A/ r2 + x2 e 
Potential due to the disc will be 
R 
Oo r dr 
V = [av = — | ——. (5) 
280 r2 + x2 
0 


Put r? 4- x? 2 y?, rdr — y dy, then (5) becomes 


yu EE [Vx + R? — x | (6) 


=n d 
280 P 280 ! Ed 
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(c) If x >> R, (6) can be expanded binomially, 


o R? k o R? q 
V eh sed bsp -x| = — — ———, an expression 
280 X Aeox Arex 





which is appropriate for the point charge. This result is reasonable since 
at very large distances the disc appears as a point. 


11.46 For circular motion of electron, the speed 


E 2 


v= (1) 


For a stable orbit, the centripetal force = electric force. 


mv? 1 


ee m 2 
r TEQ r e) 


| © 
N 


N 


Eliminating v between (1) and (2) 


T* = 16° e9m r? 


or T^or? (Kepler's third law) 


11.47 Figure 11.39 shows the forces on charge 2 due to the charges 1, 3 and 4. The 





forces 
1 Qo? 
Py = Fo = — — 
9 Arey a2 
Q* 1 g’ 
y= 


ATEQ (v2a) E Arte (2a?) 





Fig. 11.39 
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Now |F'32 - Fi5| — x2 Fi»C- Fj»and F5» act at right angle and are equal 
in magnitude) 

Further, F4» acts in the same direction as the combined force of F4» and 
F32. 


Q? 1 1.914 Q? 
Fi c-FoctFo|2— ——;(v2-2]9——- 
AEREE aE Ameya 2 Ameya 


11.48 (a) A dipole consists of two equal and opposite charges. To find the electric 
field at A, on the perpendicular bisector of the dipole, at distance x. As 
the point A is equidistant from the two charges, the magnitudes EF and 
E... are equal. The net electric field E at A is given by the vector addition 
of E, and E. (Fig. 11.40) 


E = E, + E- (1) 


- (2) 


E,-E_= Amey [x2 + (d/2)2] 


t g _ 
ATEQ r? 7 
Since both E, and E.. are equal and equally inclined to the y-axis, their 


x-components gets cancelled and the combined field is contributed by 
the y-component alone. 


Fig. 11.40 


E = Ey = E+ cos0 + E_cos@ = 2E. cosé 
1 qd 


7 Frea DF APTA . 


(b) For x >> d/2, E = — A where p — qd is the dipole. Thus 
Amey x 


the electric field at large distance varies inversely as the third power of 
distance, which is much more rapid than the inverse square dependence 
for point charge. 

(c) Potential energy U = —P-E = —pE cosO, for parallel alignment, 
Ó — 0, and 


U, = —pE = —(6 x 107?)(3 x 10) 2 —1.8 x 107? J 


506 


11 Electrostatics 


For antiparallel arrangement, 6 = 180° and U2 = +PE = +1.8 x 
I0 
Therefore the difference in the potential energy AU = U2 — U1 = 3.6 x 
107% J. 


11.3.2 Gauss’ Law 


11.49 (a) 


(b) 


Fig. 11.41 


If Og is the electric flux, E the electric field, q the charge enclosed and 
dA the element of area then q = £o $ E - dA. The integration is to be 
carried over the entire surface. The circle on the integral sign indicates 
that the surface of integration is a closed surface. 

Figure 11.41 shows a portion of a thin non-conducting infinite sheet of 
charge of constant charge density o (charge per unit area). To calculate 
the electric field at points close to the sheet construct a Gaussian surface 
in the form of a closed cylinder of cross-sectional area A, piercing the 
plane of the sheet, Fig. 11.41. From symmetry, it is obvious that E points 
are at right angle to the end caps, away from the plane, and are positive 
at both the end caps. There is no contribution to the flux from the curved 
wall of the cylinder as E does not pierce. By Gauss law 


cop Eda 


6)(EA + EA) =q 


where ø A is the enclosed charge. Thus E = 0 /2¢9- 
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For a non-conducting sheet the field 


O 


E = — (1) 


—. 2&0 
The electric force acting on the sphere is 


t 


F=gE= 
7 280 


(2) 


(c) The sphere is held in equilibrium under the joint action of three forces: 


(1) Weight acting vertically down, 
(2) Electric force F acting horizontally, and 


(3) Tension in the thread acting along the thread at an angle 0 with the 
vertical. 


From Fig. 11.42, F/mg — tan0 (3) 
Combining (2) and (3) 


2egmg tan — 2x 89 x 107? x 2 x 1079 x 9.8 x tan 10? 
mp ol cU qu o Uu oe 
q 5 x 10-8 


= 2.15 x 107}! C/m? 





Fig. 11.42 
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11.50 (a) Integral form of Gauss’ law: 


Y 
| E-ds = 72 

£() 
Diente tomm v E ess 


£0 


(b) r > R. Construct a Gaussian surface in the form of a sphere of radius 
r > R, concentric with the charged sphere of radius R, Fig. 11.43a. 
By Gauss’ law 


| Eda = Esr =E 
£0 





jet (1) 
Ameor 
Fig. 11.43 
Gaussian 
Gaussian surface 


surface 





(c) r < R. Construct a Gaussian surface in the form of a sphere of radius 
r < R, concentric with the charged sphere of radius R, Fig. 11.43b. Let 
charge g’ reside inside the Gaussian surface. Then by Gauss’ law 


£0 $ E - dA — (sgE) (4xr?) 2 q' 


/ 


ELE. 
479r? 


(2) 


Now the charge outside the sphere of radius r does not contribute to the 
electric field. Assuming that o is constant throughout the charge distri- 





bution, 

4 

Mtt 
q' _ a0 
d S cR 

3 

/ P 
or q =4 53 (3) 
. 1 qr 

Using (3) in 2), E 2 —— — (4) 
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Thus for r « R, E varies linearly with r. Note that at r = R, both (1) 
and (4) give the same value as they should. 


11.51 The electric field on the surface of the original sphere is 


q 
Eg — ——À 
R 4reo R? 


After creating the cavity, the charge in the remaining part of the sphere will 
be 


4 po 4 (R : 
y; 2| ee oy © 2-1. 
= | ——,——-__|a= 
47 R'p 8 


<. The electric field on the surface is now 





E, = q — : Lc 7E 
F^ AmegR?  84me9R? 8 
aq r 


1L52 (a) © = Gre RB 
2 
q qr 
Pesa | aira- deme ag 
e) | , 47teo R? IL , Seo R? = 


Now the potential at the surface (r = R) is 











q q 
V(R) = = — 
(&) 4y£o R Sieg R 
_ _34 
— 8megR 





Vir) 4 (4.7 
r)= — — 
8rzeo R R? 


(b) At the centre r — O. From the result of (a) 


3q 


V(O) = 
©) Smeg R 





zc VR 
= 5 VR) 


11.53 (a) E — 0 whenr « b as no charge exists in this region. 
(b) Region b < r < a: Consider a Gaussian surface, a sphere of radius 
r, where b < r < a. Charge at distance a between b and r only will 
contribute to the field. The charge residing in the shell of radii b and r is 
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A 
3% (r? —b°)O | (à - p) 








Q' = EN 
4 nea 
m (a? — b?) (a b ) 
3 
9 Q9 qp-P) 
— Ameor? | Am&or? (a? — b3) 
(c) Regionr >a: E= Q 
Amer? 


11.54 (a) Construct a Gaussian surface in the form of a cylinder of radius r > R 
and height h. By Gauss’ law 


(egE) (Qarh) = O = px R*h 
1 p R? 
ye 


EE r 


(b) Construct a Gaussian surface in the form of a cylinder of height A and 
radius r < R coaxial with the cylinder of radius R and height h. By 
Gauss’ law 


(9E) Qzrh) 2 Q' 2 ox R?h 





l po R? 
E =-—— (r<R) 
280 r 
11.55 (a) E — —2 
4 zer? 
q = 4 regor? E = x (0.5)? x 8002 2.22 x 1075 C 
9 x 109 ' ' 
O 
(b) E = — 
£0 
o = Eey = 120 x 8.85 x 107!” = 1.062 x 10? C/m? 
(c) q = £oġ 


$ = EA = 120 x (100 x 75) 29 x ION m^/C 


11.56 (a) Eo pE-dA —q (Gauss law) (1) 


Consider an isolated positive point charge. Construct a Gaussian surface, 
a sphere of radius r centred at the charge. At every point on the spherical 
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surface, the field is perpendicular to the surface. As both E and dA are 
directed radially outwards, the angle 0 between them is zero so that the 
dot product E - dA reduces to EdA and (1) can be written as 


£0 $ E-dA = eo f EdA =q (2) 


As E is constant, it can be factored out of the integral: 


£o E | dA — (egE) (4t r?^) =q 

















= (Coulomb’s law) (3) 
Amer? 
(b) Gi) r<R 
Or 
B b. (11.50), E — 
JpoDa ) 4reg R? 
3 
ġ = EA = Qr 4r r? = Qr 
4reg R? £0 R? 
(ii) r > R 
29. 
Azeor? 
Q 
= EA = Anr^ = = 
? Arregr? m £( 


11.57 $— $ E- dA, | q-—&9A 


(a) Construct a Gaussian surface, a sphere of radius rj concentric with the 
spherical shells. Since no charge is enclosed by the Gaussian surface 
withr < R, E =0. 

(b) Here the net charge enclosed by the Gaussian surface is Q1. As E is 
normal to the spherical surface by Gauss’ law 


Qı 


7 47£9r? 





(9E) (4t r?)) 2 Q4. or 


(c) Here the net charge enclosed by the Gaussian surface is Q1 + Q2 and E 
is normal to the spherical surface (Fig. 11.44). By Gauss’ law 


Q,+Q2 


(egE)(4mr7) = 0, +02. o E= 2 
47teor 


In (c) if Q1 + Q? — 0, then Q1/Q» — - 1. 
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Gaussian 
Surface 
Fig. 11.44 
11.58 Let the charges be q1 = q2 on the two spheres before contact. 
qiq qi 
Force F = — —! (1) 


Aner?  Anegr? 


When the spheres are brought into contact and separated they are at a com- 
mon potential. Let the new charges be q, and q5, respectively 








qi +42 =q +Q = 24q1 (from charge conservation) (2) 
qi 1 
Also V= = 2 
Aten R Amey Ro o) 
/ 
R 
eo (4) 
q^ R2 


Solving (2) and (4) 














,_ 2%4Rı , _ 2q1R2 
US n diy —À—— (5) 
Ri + Ro Ri + R2 
Ll 
After separation, force F' — a = (6) 
Aneor 
F : 2 (0437 4 
F qj (ntm) (0-5 4 (7) 
B^ ^uod 4r] r2 4x1x3 3 
1159 y — 7 
4TEQr 
5)(2:3€10* 
q =4neor V = oS = ideo € 
9 x 10° 
q 
11.60 (a) V — 
47t£9a 


Z. Capacitance C = 7 = 4rega 


11.3 Solutions 513 


(b) q1— 4z£o9aVi, | qo — 4nz£9a V5 








l la 1 qj 
U z— V = — : — 
I 2 SM 2 4rega a 2 4rega 
2 2 
+ 
Initially total energy U = U1 + U2 = (gi + 42) (1) 
SITEQA 


When the spheres are connected they reach a common potential and 
when disconnected let the charges be q; and q3. 


qı =4reoa V, qh = 4reoa V 


5 esu 


Final energy in the spheres 





1 q2 q2 
Le E e / V = 1 / € 2 
: 24i SITEQA ? SITEQA 
i^ P 
+ 
Total final energy U’ = U; + U} = 4i odo (2) 
SITEQA 
qı +42 =q; +q} =2q; (charge conservation) (3) 
1 / 
AU =U; — Ur = —— (q? +43 - 247) (4) 
SITEQA 


Eliminating g, between (3) and (4) and simplifying 


AU (q1 — q2)* (5) 





E 16x£oa 
This energy is dissipated in Joule heating of the wire. 


11.61 When the spheres are brought into contact they reach a common potential, 
say V. If the charges on them are now Q' and Q5 











..9 . 9 (1) 
4y£9 R1 Amey Ro 
/ 
V 
of = SL = OP 2) 


7 4r R? Ri 


where we have used (1). 
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Similarly 
/ €o V 
E 3 
05 R (3) 
1 
Thus o’ æ —. 
R 
(a) V = Er =5 x 10° x 0.1 = 5 x 10° V 
Io. 14 JA" 
(b) Pressure p — —— — ——(Eeo)* — cseoE 
2 EQ 280 2 


1 
= 5 x 8.85 x 10-7? x (5 x 10°)? = 110.6N/m? 


(c) If g is the charge and C the capacitance then the electrostatic energy 





lq? 1| g? 
2 C 2 Azteor 
" (0.1)? x 5 x 106 E 
Now q — 4znegr? E = ——— —— — —— 25.55 x 10-9C 
9 x 10? 
1 10? 3 
ae ee ee )y“ = 1.386] 


Work done in the isobaric expansion (constant pressure) is 
4r 3 3 
W = PAv = (R3 -— RÌ) p (1) 


where we have written v for volume. 
Increase in electrostatic energy 


1g? 1g? 2 1 1 1 
AUI re e c ec (2) 
2 C1 2 C5 2 Ameo \ R1 R2 


where C is the capacitance of the spherical bubble. Equating (1) and (2) and 
simplifying, we obtain 


32 2 5 2 d 
q = E x eop Rik (R FRIR F r3) | (3) 
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r2 


A 
11.64 q = Jow dv = / — .Anr^dr 22-1 A (z — n) (1) 
r 


ri 
Region (1, 0 € r « ri, o(r) 20 
As no charge is enclosed, E — 0 (2) 
Region (ii), r1 € r € ro, p(r) — $ 
By Gauss’ law 


r 


A 2 2 2 
co Q E -dS = | p(r)dv = ae dr — 2x A (r -n) 





r] r] 
(0E) Anr?) = 2x A (r3 - r1) 
A 2 2 
E (r z r?) (3) 


Region (iii), r 7 r2, p(r) = 0 


eo | E-S =q = 27 A (r3 - r1) by (1) 


(egE)(Anr?) = 2n A (r3 - r1) 


A 
E (m s rt) (4) 
280r? 


11.65 (a) In order to show that the electric field is conservative, it is sufficient to 
establish the existence of a potential. Now, if potential V exists, it must 
be such that 


F -.dr = —dV 


where F — f (r)e, is the central force and e, is the unit vector along the 
radius vector r 


F . dr = f (r)e, -dr = f (r)dr 
—dV = f(r)dr 


or v=- | foar 


We conclude that the field is conservative and V represents the potential 
given by the above relation. 
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(b) Initial electrostatic energy 


ao op e mit 
= — = — = —~47€0r 
1 74 9 2 0/1 
1 1 2 <1 
= — xX ——- x 0.01 x 10° = 5.55 x 10 J 
2 9x 10° 


Final electrostatic energy 


5 x 0.001 x 10? 


U d y? I 
= —47TEVNr = — X —— 
EA 2° 9x10 


= 5.55 x 10 1^J 
Energy decrease = U1 — U2 = (5.55 — 0.555) x10 !! 2 5x10! J 


11.66 Construct a Gaussian cylindrical surface of radius r and length L coaxial 
with the cylinder. 


(i) r > a. The charge enclosed is g = ma*Lp. By Gauss’ law 





E0 $ E-dA=q 

eg E (2zrL) — xa^ Lp 
_ oP 
7 2EQr 


(ii) O <r <a. By Gauss’ law 


E0 $ E.dA-q' 
(eoE)QzrL) 2 zx(a? — r?)Lp 


— (aà* — r?)p 


7 2€0r 


Centripetal force = Electric force 





Mv a~ pe 
— = Fe= 
r 2€or 
a? pe 
v= 
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11.67 For an infinite non-conducting charge sheet E = 0/260 
o = 2Eey = 2 x 200 x 8.85 x 107! = 3.54 x 107? C/m? 


The electric field is independent of the distance. 
For an infinite conducting sheet 


o = Eso = 200 x 8.88 x 10? = 1.77 x 10°? C/m? 


11.3.3 Capacitors 


11.68 The field strength Eo between the plates of a parallel plate capacitor in vac- 
uum is 


ARE (1) 


where V is the applied voltage, o the charge density (charge per unit area) 
and eo the permittivity in vacuum. Now o = q/A. Therefore the capacitance 
in air or vacuum will be 
q  Aé&o 

Co = = = — 2 

0= 7 7 (2) 
With the introduction of the dielectric slab the electric field in the slab will 
be Eo/K, and the potential across the capacitor becomes 


V — Eo(d — Ky 4- £X. — gy | (d 
- Eod — K) + = = of -D*x| 


HE NR 

-4 [u Dg] 
€9AÀ 

C22 2 aa (3) 


T 
1 
y 1-i(1- x) 
K 


If a metal of thickness : is to be introduced, the effective distance between 
the capacitor plates is reduced and the capacitance becomes 


€9À 
C= A 
a (4) 





a result which is obtained by putting K — oo in (3). 
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11.69 Ci +C2=9 (parallel) (1) 
ao Gat (2) 
= O series 
C1 C5 


(C1 — C2) = (C1 4- C3)? — 4€1€» = (C1 + Ca)” — 8(C1 + Ca) = 9 
where we have used (1) 
Ci- =3 (3) 


Solving (1) and (3), C1 = 6 F and C2 = 3 uF. 


1 1 
11.70 (a) U; = saV? = 5 2 x 107? x (100)? = 0.01 J 


l 2 | —6 2 
Up = 502V? = 5 x 4 x 107° x (100)? = 0.02J 





CC 2x1079x4x1079 4 
(Bu 4 aa a ‘N 
CE WS (2 +4) x 1076 3 
I 2 I —6 2 
U = 3CV BS x 1079 x (100)? = 0.0067 F 


(c) C-2Cqi4-C,25 (2-4) x10 9 26x10 9F 


| 2 l —6 2 
U = 5CV? = 5 x 6 x 107° x (100)? = 0.03] 


2 
A  &85x10-? x1 
1171 CQ 2 ee we 2885x107 p 
d 0.01 
10? | 1079»? 
U-18 1 x U0) 565x1074] 
2 Co 2 ^ 8.85 x 10-710 
10? 1 Q? U 5.65 x 1074 
Paa ee eo i 
20 20K K 2 


The energy is decreased by AU — Ug — U = (5.65 — 2.83) x 1074 = 
2.82 x 1074 J, that is, by a factor of 2. 


E€E0oKA 


11.72 C= 
d 





|. Cd 0.1 x 107? x 0.001 


= — = —_____WH— = 11.3 
egA 8.85 x 107!2 x 1.0 
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11.73 Q = Ci V =5 x 107° x 250 = 1.25 x 1073 C 
For the parallel connection 


C = Ci + C2 = 5 x 107% + 20 x 107% = 25 x 107° F 
The resulting voltage 


Q 125x107 


S222. 
C 25x 10-6 


= 50 V 
11.74 The combination of 2 WF and 2 pF in parallel is equivalent to 4 uF. This in 
series with 8 pF gives a combined capacitance of 8/3 uF; 12 uF and 6 uF 
in series gives an equivalent capacitance of 4| F. 4 pF with 4 WF in parallel 
gives 8 uF which in series with 1 yF yields 8/9 uF. 
Combination of 8/9 uF and 8/3 pF in parallel gives 32/9 uF. 
Effective value of C with 32/9 uF in series gives 


=L 

9 = 

a by problem 
9 

E Ed F 

a 


11.75 Combined capacitance C for the three capacitors in series: 


_ C1C2C3 B (4 x 3 x 2) x 10715 
CER dae. QNUE IEEE 
— 0.923 x 109 F 

(a) q— CV —0.923 x 10? x 260 2240 x 10° °C 


q1 = q2 = q3 = 240 x 107f C 


Pen — 80V 
2 C) 3x 10-6 
q 240 
joco Si 
G 2 
l 2 l —6 2 
(© W= 5CiVp = 5 x 4x 1075 x (60)? — 0.00727 
1 2 1 —6 2 
W2 = 502V} = 5 x 3 x 1076 x (80)? = 0.0096 J 
1 2 1 —6 2 
Ws = 503V? = 5 x 2 x 10$ x (120)? — 0.01447 
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11.76 Charge on the first capacitor 


qı = C1 V = 1 x 107 x 12 = 12 x 10~îC 


Charge on the second capacitor 


q2 = CxV =2x 10° x 12 = 24x 10°C 


Capacitance for the parallel combination 


(a) 


(b) 


11.77 (a) 


(b) 


C=C +C = (1+2 x107 =3 x 107l F 
q = q1 + q2 = (12 +24) x 107? = 36 x 1079 C 
q 36x 107° 
V=— = —_ = 12V 
C 3 x 1079 
q! = q2 — qı = Q4A—12) x 105 212 x 109 C 
go 1»x10-9 
V=4 = =4V 
C 3x 10-6 


If the positive end of a capacitor of capacitance C1, charged to potential 
difference Vi, is connected in parallel to the positive end of the capacitor 
of capacitance C5 charged to potential difference V2, then conservation 
of charge gives the equation 


(Cy + C2)V = Civ, + CrV2 (1) 
C4 Vi 4 CSV. 
E Civi tean (common potential) (2) 
Ci tC? 
The energy loss 


l 2 l 2 l 2 
AW = -C1 Vf + -C2 V — 5 (C1 +C) V 


2 2 
=- (V-V 3 
26 4C; 2) (3) 


where we have used (2). 
If the positive end is joined to the negative end, the common potential 
difference will be 


— EX V1 —65V5 (4) 
C; t C5 
and the energy loss will be 
AW = CC oy, + Vy (5) 
2 C14 C5 
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11.78 (a) Battery remains connected 


(i) V' — V; potential remains unchanged. 
(ii) E’ = E; electric field is unchanged. 

(iii) q’ = Kq; charge is increased by a factor K. The additional charge 
(K — 1)q is moved from the negative to the positive plate by the 
battery, as the dielectric slab is inserted. 

(iv) C’ = KC; capacitance is increased by a factor K. 


Foe ee I 
(v) U ES u ixi 


Energy is increased by a factor K. 
(b) The battery is disconnected 


V 
) V'— E potential is decreased by a factor K 


E 
(ii) E’ = x electric field is decreased by a factor K. Both (4) and (11) 


follow from the fact that g’ = q so that C’V’ = CV and V’ = 
CV V 

= —. Same reasoning holds good for E". 
C K 





(iii) g’ = q; charge remains unchanged as there is no path for charge 
transfer. 
(iv) C’ = KC; capacitance is increased by a factor K. 
(v) U' — Sofie lqV -— U 
2 2 K K 
The energy is lowered by a factor K. 
11.79 (a) The battery remains connected 


(i) V' — V; potential remains unchanged. 
(ii) E’ < E; the electric field is decreased since E = V/d, and V is 
constant. 
(iii) C’ < C; capacitance is reduced since C « 1/d. 
(iv) g’ < q; the charge is reduced since q = CV, with C decreas- 
ing and V remaining constant. Some charge is transferred from the 
capacitor to the charging battery. 


1 
(v) U’ < U; the energy is decreased since U = 5 q V, with q decreas- 


ing and V remaining constant. 
(b) Battery is disconnected 


(i) V’ > V, the potential increases because q — CV, with C decreas- 
ing and q remaining constant. 
Eg AV 


(ii) E’ = E, the electric field is constant because q = CV = F 





egAE, with g remaining constant. 
(iii) C’ < C; the capacitance is decreased since C « 1/d. 
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(iv) q' — q; the charge remains constant. 


1 
(v) U’ > U; energy increases because U = 5 qV, with V increasing 


and q remaining constant. 


11.80 As the plates carry equal but opposite charges, the force of attraction, which 


11.81 


is conservative, is given by 


HN dU 
© dx 
1 2 
But ee 
2C 


For the parallel plate capacitor, 


Eg A 


X 


where x is the distance of separation. Combining the above equations 





d [1g^x] . q^ — 1 AV? 
dx |2 soA| 27894 2 @ 


where we have put x — d. 


(a) As the drops are assumed to be incompressible, the volume does not 
change. 


4 3 4 
-mx R` =n -nr 
3 3 


3 
R=n!’r 


(b) C' — 4reoR = 4reor n!” 
(c) Q = nq (charge conservation) 
ES, nq n^ ^q 


4x9 R  4reon!Pr  4reor 





Q nq 1/3 
==. I Á Nn / 
Ax R? 9 An r2n2/3 


(d) c" 


O 


1 1 
(e U' — 3 QV' — ;nq V = n/3U 
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11.82 The electric field for a cylindrical capacitor is 


q 
— 1 
2ze&olr (D) 





where / is the length and r the radius. The energy density (energy/unit vol- 
ume) 


1 g” 
= —¢) E* = ——_~ 2 
amt 8z?sol?r? e) 


where we have used (1). 
The energy stored between the coaxial cylinders of length / and radii R and 


a is 
R 
U = [ = [ «axo dr (3) 


where dv = (2zrdr)/ is the volume element. Using (2) in (3) 


R 
g dr g R 
= — = In — 
4reol r 4reol a 
a 








Similarly, the energy stored between the coaxial cylinders of radii b and a is 


q? b 


Uo 





E 4reol a 
U _ In(R/a) 
Uo  In(b/a) 
U 1 
Set —=- 
Uo 2 
l 1 b R R? 
Da aa 
In (b/a) 2 a a a? 


b R 
or — = — — R =WĘẸab 
a a 


11.83 The charge on C; is 


q1 2 C4V1 23 x 10^? x 4000 2 0.012C 
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The charge on C» is 
gz = C3V — 6 x 10 x 3000 = 0.018 C 
The combined capacitance 


E C1Co . 2x06 


c nn nan xio =3x l0" TF 
Ciı+C2 3+6 





Take the lower charge to find the maximum voltage V: 


qi 0.012 
V = — = — — = 6000 V 
C 208 1059 
If the dielectric is present, Gauss' law gives 
ey p Eds =q—q'= 4 (1) 
K 


where —gq’ is the induced surface charge, q is the free charge and K is the 
dielectric constant. Construct a Gaussian surface in the form of a coaxial 
cylinder of radius r and length /, closed by end caps. Applying (1), 


eg FE (2rrl) = 


o Bs (2) 
2reorlk 


AA |S 





In (1) the integral is contributed only by the curved surface and not the end 
caps. The potential difference between the central rod and the surrounding 
tube is given by 


b b b 


v=-|E-dr= | Bar= | 1 La d nos 
2meglK r Aneol K a 


a a a 








The capacitance is given by 


q | 2neolK 


V  In(b/a) 





The field at point P is caused entirely by the charge Q on the inner sphere, 
Fig. 11.45, and has the value 


Q 


7 479r? 
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The potential difference between the two spheres is given by 


a 


v=-| B-dr= O [d 906 





—Aneg J r? Arreyab 
b b 
4 b 
whence C = e = a 
V b—a 


Fig. 11.45 


11.86 By prob. (11.85) 


47z£9ab 

Ca. (1) 
b—a 

Let b — a 4- ^ where A is a small quantity. Then (1) can be written as 
Ame A Ameqa 

CH oala + Aa) _ 4reoa (2) 


Aa Aa 


Now the surface area A = 47a” and Aa = d, the distance between the 
surfaces, so that 


EQ A 


Ce 
d 


(parallel plate capacitor) 


11.87 (i) q —qoe "5C 


QU/RCL 4 90 
qo 100 


10 6 -6 
t = RC In m = ] x 10°” x 10 x I0 x 0.1056 2 1.056s 
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(ii) At one time constant t = RC 


120 


Vehe =n y 
Ue 2.718 
I 2 I —6 2 
U = 26V -jX 10 x 1079 x (44.15)? — 0.097J 


y? 
(iii) H =i* Rt = T! — V?C = (44.15)? x 10 x 1079 — 0.01957 


1 
Equilibrium energy Up = 5CVG 
Energy at time f 


1 1 2 2 
vo Ce (1- e" 8C) — uo (1— e-"5€) 
v, = 1 = (1 = gaite) 

Uo 2 

Solving t = 1.228 RC. 

Thus after 1.228 time constants the energy stored in the capacitor will reach 
half of its equilibrium value. 


Let the capacitor be divided into differential strips which are practically par- 
allel. Consider a strip at distance x of length a perpendicular to the plane 
of paper and of width dx in the plane of paper, the area of the strip being 
dA = adx, Fig. 11.46. At the distance x, the separation of the plates is seen 
to be t = D + x0. The capacitance due to the differential strip facing each 
plate is 


eodA egadx 
D D+xé 








dc = 
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The capacitance is given by 
d a 
c= | ec = | zs a [57 ETT E 
D «px D --x0 D 
0 0 


Ena f x Ena x20 \ |“ £oa? a0 
D D D 2D J |o D 2D 
0 


Note that for 0 — 0, capacitance reduces to that for the parallel plate capaci- 
tor. 











11.90 (a) The equivalent capacitance of C, and C» in parallel is Cj? — 8 4- 4 — 





12 uF. 
. . . I C3C15 

The combined capacitance of C15 and C3 in series is C — ————— — 
C3 t Ci? 

35x12 

= 2.4 uF. 

3 +12 

Applied charge q = CV = 2.4 x 100 = 240 uC. Therefore charge on 
240 

C3 will be q3 = 240 uC. PD across C3 will be V3 = ~ EJ = 80V. 

3 


The PD across C, and C» will be equal. 


Vi = V2 = (V — V3) = (100 — 80) = 20 V 


a 2 
b) Now — + Vi = Vy 
(b) p ocu ( 1 2) 
Cig 8 
beu A 2 = 2q2 


Also q1 + q2 = 240 


qı = 160 uC and q2 = 80 pC 


l 2 | —6 2 
() Ur = 5CiVp = 5 x 8 x 107 x 20° = 0.0016] 


l 2_1 —6 2 
Ur = 5 C2Vz = 5 x 4x 107? x 20 = 0.0008 J 
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l l 
a, C3V; = ;X3x 107° x 80° = 0.0096 J 


Note that Uj + U2 + U3 = 0.012J =U = ; CV? 
11.91 (a) The combination of C, and C» in series yields C15 — — = 2.667 x 
1079 F. 
C — Cia 4- C3 — (2.667 4-3.0) x 10. = 5.667 x 10°-° F 
q — CV — 5.667 x 107 x 100 — 5.667 x 107^ C 
d — C4V 23x 10 9 x 10023 x 1074 C 
qi = q2 = q — q3 = (5.667 — 3.0) x 1074 = 2.667 x 1074 C 


(b) V3 = 100 V 
qı 2.667 x 1074 
Se LN 
“C 8 x 10-6 
2.667 x 1074 
pa Shoe 


Co 4x10% 


l 
Note that Uj + U2 + U3 = U = 5 CV?. as it should. 


11.92 Let the effective capacitance between points a and b be C. Apply a potential 
difference V between a and b and let C be charged to q, Fig. 11.47. 
Let the charge across C4 and C5 be q, and qs, respectively; the charges across 
various capacitors are shown in Fig. 11.47. 






































q-4,  ~(q-q,) 
T 
C2 
C4 C5 C3 
aiei Hee 
|| 72772 — q-qi*q, |-(a-at8) 
0 





























Fig. 11.47 9447-9» -(aj- a) 
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The potential drop across C, plus that across C4 must be equal to the 
potential drop across C2 plus that across C3. 








Yi + V4 = V2 + V3 = V (1) 
- - -qı + 
4 ,4q-4* 4-4 4-00 (2) 
C, C4 C2 C3 


By problem C1 = C2 = C3 = C4. 


241 —-qz=CiV (3) 
2q —2qi1+q2=CiV (4) 
Adding (3) and (4) 


2g = 2C\V > C= = C1 =2yF 


11.93 Applying the loop theorem to the circuit, traversing clockwise from the neg- 
ative terminal of the battery we have the equation 


-iR-Z=0 (1) 


where & is the emf of the battery and the second and the third terms represent 
the potential drop across the resistor and the capacitor. 


__ dg 


Now = (2) 
Using (2) in (1) 

d4 q 
R T a c S (3) 


This differential equation describes the time variation of the charge on the 
capacitor. Re-arranging (3) 





dq dt 
= — (4) 
CÉ—q RC 
t 
Integrating (4) — ln (CE — q4) = — +A (5) 


RC 


where A is the constant of integration which can be determined from the 
initial condition. 
At t = 0, g = 0 since the capacitor was uncharged. 


A — —InéC (6) 
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Using (6) in (5) and re-arranging 


q = CE(1 — e™/ £S) 


rea e 
R 
gE? 

(b) P= i£ E 2g UBRO 
R 


2 
R 


dU d (lq? 1 d 2| C 
wM EA jesse i - SUBE ERG o 
dt s (5t) xl s : p~ 
11.94 (i) By prob. (11.93) 


q = CE(1 — e™ £S) 
— dq = 5 e t/RC 


dt R 
R = (1200 + 600) x 10° = 1.8 x 10° 


RC = 1.8 x 10 x 2.5 x 107% = 4.5 


S 50 


AE qed.gE EE e 
R 18x106 


= 27.8 x 107% A = 27.8 uA 


i) At t=w,i=0 


—t/RC 50 —t/4.5 
Gi) ($e a A 
R 1.8 x 106 


11.95 (i) Time constant, RC — 200 x 10? x 500 x 10-9 — 100 


When the switch is closed there is no emf in the circuit, and (3) in prob. 
(11.93) reduces to 


sd 
Gl) pee 1 
e (1) 
d dt 
T (2) 
q RC 


Integrating, Ing = —t/RC + A 
where A is the constant of integration. When t = 0, q = qo. Therefore 
A = Ingo. 


11.3 Solutions 


q t 
In — = —— 
do RC 


q — qoe "^C (3) 


1 
— e RC 


a 
qo 2 
t = RCIn2 = 1001n 2 = 69.3 s. 
(iii) In (3) put  — 0. Then 
q = qo = C& — 500 x 107? x 200 x 10? 2 100C 


(iv) Differentiating (3) with respect to time 


d 
D oe E UB e '/ RC (4) 
dt R 


l 


The negative sign shows that the current in the discharging process 
flows opposite to that in the charging process. At t — 0 


900 
= _5 ASKIN CA 
R 200 x 10? 


(v) From (4) V = iR = abe RC 
At t=25s,V =—900e 7/100 — —701 V. 


11.96 (i) By (4), prob. (11.50) the electric field inside the sphere is given by 














=" (1) 
E 4reg R? 
div E — —1— divr (2) 
Arey R? 
À > 0 > 0 ~ 0 5 ^ ^ 
Now divr={(i—+j—+k—]-@x+Jy+kz) 
Ox Oy OZ 
OX OY . OZ 
={—4+—4—]=14+14+1=3 
(= Oy n i D 
3q 3 x 107? x 9 x 10? 
divr — = — ~ =71 
47£9 R? 1? 
Qqr 
eo F = E = 
(ii) Q 4reg R? 


0.8 
— 1.6 x 10? x 107? x 9 x 10° x B^ 1.152 x 10-5 N 
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2 
Gii) By prob. (11.52), V(r) = —— (3 — — |. The potential energy of 
8zeo R R? 
he pisera te Orie a 
r n 1 = r) = = j 
e proton at r will be U (r BEOR gà 
1.6 x 1071? x 107? x 9 x 10? 0.8? 
U(r = 0.8 m) 2 ———————————— [3-[— 
2x 1.0 1.0 
—12x10 7] 
Since U(r — oo) — 0, work done = 1.7 x 107!7J. 
11.97 (a) If the dielectric is present, Gauss' law gives 
E0 $ E . ds = &EA =q — q' (Integral form) 
E : ( ) 
Or = — (q — 
P q-q 
where q is the free charge and —q’ the induced charge. 
V . E — pfe (Differential form) 
(b) The displacement vector 
q 
D = — 1 
A (1) 
where A is the area 
E 
a M (2) 
K KeoA 
Combining (1) and (2) 
D — KeoE (3) 


As E is uniform in a parallel plate capacitor, D will be also uniform 
via (3) 


(c) By Gauss law 


eo f K(x) E(x) ds =q = 60 d Eo s 





Eo 
EW = gos (4) 

A 
Pye ee aa (5) 


E09 A CEQA £ 
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dx 
(d) V = | Edk = Eo | (6) 
0 





ax +b 


Put y = ax + b, dx = dy/a. Then (6) becomes 


d E d 
E 
va f Fain yt 2 (1+) (7) 

a y a £oa b 

b 
where we have used (5). 
A 

The capacitance C = uc (8) 


bise 
n — 
b 
where we have used (7) and q = c A. 
(e) Vacuum polarization charge density 


P(x) = ap(k(x) - DE — s (k(x) — 1) 
a 


l 
= eg Eo | = = (9) 


11.98 Newton’s law of gravitation is 


GMm 
r2 


^ 


F = — e€, = Mg 





The Gauss’ law for gravitation may be written as 
GM 2 
g -ds = ——z- 4ar* = —42 GM 
y 


The divergence theorem gives 


PV gdr=f gds 
4 3 
V. EU = —41 GM 
V.g — —4Arz Gom 
This is analogous to the law for electric field 


Pa 
E0 


V-E= 


Chapter 12 
Electric Circuits 


Abstract Chapter 12 is mainly concerned with the analysis of electric network 
employing Kirchhoff's laws. Problems are solved under resistivity, Joule heating, 
emf, internal resistance, arrangement of cells, electric instruments such as ammeter, 


voltmeter, potentiometer and Wheatstone bridge. 


12.1 Basic Concepts and Formulae 


Electric current (i) is defined as the rate at which the net charge q passes through a 


cross-section of a conductor 

Lait 
The instantaneous current is defined by 

i = dq/dt 

The current density (j) is given by 

jJ=i/A 
where A is the cross-sectional area. 
The Drift Velocity 

Ug — i/nAe — j/ne 


where n is the number of electrons per unit volume 


Resistance (R) and Resistivity (p) 


R= pL/A 


(12.1) 


(12.2) 


(12.3) 


(12.4) 


225 
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where L is the length of the conductor. Unit of resistivity is Qm. 


Electrical Conductance (0) 


ges] (12.5) 


The units of conductance are mho/m. 


Variation of Resistance and Resistivity with Temperature 


R, = Rod +aT) (12.6) 
pr — po(1 + aT) (12.7) 


where o is the temperature coefficient of resistance or resistivity. 


Resistors in Series 


R= 25. R, (12.8) 
Resistors in Parallel 

E : (12.9) 

R nR, l 


Joule’s law: The power (P) developed is given by 


P —i^R-iV — V^/R (12.10) 


Cells 


Cells in series: If n cells each of emf & and internal resistor r are connected in series 
then the current in the circuit is given by 


| n$ 
€ R +nr 





i (12.11) 
where R is the external resistance. 

Cells in parallel: In this case the total emf is that of a single cell €. As the internal 
resistances of the cells are in parallel, the equivalent internal resistance is r/n, with 
the external resistance R in series. The current is 


S 


i = ————_ (12.12) 
R+r/n 
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Mixed Grouping of Cells 


Let there be m rows of cells, with each row containing n cells in series. The emf for 
each row of cells would be né and the equivalent internal resistance nr. The effective 
emf for m rows would again be né, but since the rows are in parallel, the effective 
internal resistance would be nr/m. The total resistance then becomes R + (nr/m) 
(Fig. 12.1): 


, nt mnt NE 
R+(—) mR--nr mR-+nor 
m 


where N — m x n = total number of cells. 


Instruments 


Potentiometer may be used to measure the internal resistance of a cell: B — 
battery, E — cell of internal resistance r, S — resistor, R — resistor, G — galvanome- 
ter, AC = potentiometer, AX =/ = balancing length. 

If 7; = balancing length with Kı open and Ko closed and /2 with K, closed, 












































gd (12.14) 
lo 
Fig. 12.1 +) Bo 
A tg 
| me EN oO 
K9 -Ë 
NM p 

















Wheatstone bridge consists of a network of four resistors P, Q, R and S, battery 
E and galvanometer G, Fig. 12.2. Of the four resistors P, R and S are known whose 
values are adjustable while Q is unknown. When the bridge is balanced, i.e. the 
galvanometer shows null deflection: 


or Q = — (12.15) 
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Fig. 12.2 





Kirchhoff’s Laws 


1. Junction theorem: At any junction of an electric network (branched circuit), the 
algebraic sum of the currents flowing towards that junction 1s zero, i.e. the total 
current flowing towards the junction is equal to the total current flowing away 
from it: 


yi —0 (12.16) 


2. The loop theorem: The sum of the changes in the potential, encountered in 
traversing a loop (closed circuit) in a particular direction (clockwise or coun- 
terclockwise), 1s zero. 


(i) If a resistor is traversed in the direction of current, the change in the potential 
is —i R, while in the opposite direction it is +7 R. 
(11) If a seat of emf is traversed in the direction of the emf, the change in potential 
is 4-5, while in the opposite direction it is —é. 


12.2 Problems 
12.2.1 Resistance, EMF, Current, Power 
12.1 Allresistors in Fig. 12.3 are in ohms. Find the effective resistance between the 


points A and B. 
[Indian Institute of Technology 1979] 


E 3 
D. AN vL 
ETÀ » OA 
AN w X 
j emn — j 
3 m S 6 I — 3 


Fig. 12.3 C 3 A 3 B 
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12.2 If a copper wire is stretched to make it 0.1% longer, what is the percentage 
change in its resistance? 
[Indian Institute of Technology 1978] 


12.3 The equivalent resistance of the series combination of two resistors is p. When 
they are joined in parallel, the equivalent resistance is q. If p — nq, find the 
minimum possible value of n. 


12.4 Five resistors are connected as in Fig. 12.4. Find the equivalent resistance 
between A and C. 


Fig. 12.4 B 


30 20 


60 AQ) 


12.5 Five resistors are arranged as in Fig. 12.5. Find the effective resistance 
between A and B. 


Fig. 12.5 20 


on 


12.6 Each of the resistances in the network, Fig. 12.6, is equal to R. Find the resis- 
tance between the terminals A and B. 





Fig. 12.6 
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12.7 Find the equivalent resistance between the terminals x and y of the network 
shown in Fig. 12.7. 


Fig. 12.7 





12.8 A circuit is set up as shown in Fig. 12.8, in which certain resistors are known; 
the current in some of the branches has been measured by ammeter. 
Calculate 


Fig. 12.8 





(i) The resistance R in CB 
(ii) The potential difference between A and B 
(iii) The heat developed per second between A and B. 


[Northern Universities of U.K.] 


12.9 Five resistances are connected as shown in Fig. 12.9. Find the equivalent resis- 
tance between the points A and B. 


70 





Fig. 12.9 100 
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12.10 A network of infinite resistors is shown in Fig. 12.10. Find the effective resis- 
tance of the network between terminal points A and B. 


Fig. 12.10 





12.11 What equal length of an iron wire and a constantan wire, each 1 mm diameter, 
must be joined in parallel to give an equivalent resistance of 2 $2? (resistivity 
of iron and constantan are 10 and 49 u 2 cm, respectively). 

[University of London] 


12.12 A coil of wire has a resistance of 20 Q at 25°C and 25.7 Q at 100°C. Calcu- 
late the temperature coefficient. 
[University of London] 


12.13 A wire of resistance 0.1 $2/cm is bent to form a square ABCD of side 10 cm. 
A similar wire is connected between the corners B and D to form the diag- 
onal BD. Find the effective resistance of this combination between A and 
C. A battery of negligible internal resistance is connected across A and C. 
Calculate the total power dissipated. 

[Indian Institute of Technology 1971] 


12.14 A 60 W-100 V tungsten lamp has a resistance of 20 $2 at air temperature 
(O°C). What is the rise in temperature of the filament under normal work- 
ing conditions? The temperature coefficient of resistance of tungsten is 
0.0052/°C. 


[University of London] 


12.15 A skeleton cube is made of wires soldered together at the corners of the cube, 
the resistance of each wire being 10 Q2. A current of 6 A enters at one corner 





Fig. 12.11 
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and leaves the diagonally opposite corner. Calculate the equivalent resistance 
of the network and the fall of potential across it (Fig. 12.11). 
[University of London] 


12.16 A 25 W bulb and a 100 W bulb are joined in series and connected to the 


mains (Fig. 12.12). Which bulb will glow brighter? 
[Indian Institute of Technology 1979] 


Fig. 12.12 





12.17 A 25 W bulb and a 100 W bulb are joined in parallel and connected to the 
mains (Fig. 12.13). Which bulb will glow brighter? 


Fig. 12.13 





12.18 Three resistors of 4, 6 and 12 Q are connected together in parallel. This par- 
allel arrangement is then connected in series with a 1 and 2 Q2 resistors. If 

a potential difference of 120 V is applied across the end of the circuit, what 

will be the potential drop across the part of the circuit connected in parallel? 
[University of Newcastle] 


12.19 In the given circuit, Fig. 12.14, show that the maximum power delivered to 
the external resistor R is P = &*/4r where r is the internal resistance of the 
battery of emf £. 
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Fig. 12.14 





12.20 Two heater coils of power P; and P> (resistance R, and Ro, respectively) 
take individually time f; and f2 to boil a fixed quantity of water. Find the 
time £ in terms of £4 and f», when they are connected to the mains in (a) 
series and (b) parallel to boil the same quantity of water. 


12.21 A battery having an emf 24 V and a resistance 2 Q2 is connected to two resis- 
tances arranged (a) in series and (b) in parallel. If the resistances are 4 and 
6 (2, respectively, calculate the watts expended in each resistance, in each of 

the two cases. 
[University of London] 


12.22. Power at the rate of 10^ kW has to be supplied through 30km of cable of 
resistance 0.7 $2/km. Find the rate of energy loss, if the power is transmitted 
at 100 kV. 

[University of Dublin] 


12.23 Three equal resistors, connected in series across a source of emf together, 
dissipate 10 W of power. What would be the power dissipated, if the same 
resistors are connected in parallel across the same source of emf? 

[Indian Institute of Technology 1972] 


12.24 A heater is designed to operate with a power of 1000 W in a 100 V line. It is 
connected in combination with a resistance of 100 $2 and a resistance R to a 
100 V mains as shown in Fig. 12.15. What should be the value of R so that 

the heater operates with a power of 62.5 W? 
[Indian Institute of Technology 1978] 


E HEATER l 





Fig. 12.15 
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12.2.2 Cells 


12.25 Twelve cells having the same emf are connected in series and are kept in 
a closed box. Some of the cells are wrongly connected. This battery is 
connected in series with an ammeter and two cells identical with others. The 
current is 3 A when the cells and the battery aid each other and is 2 A when 
the cells and the battery oppose each other. How many cells in the battery are 
wrongly connected? 

[Indian Institute of Technology 1976] 


12.26 Let there be m rows of cells with each row containing n cells in series, each 
cell having internal resistance r. Show that maximum current in the external 
resistance R will be available when R = nr/m. 


12.27 Two cells with the same emf and internal resistances r; and rz are connected 
in series to an external resistance R. Find the value of R so that the potential 
difference across the first cell is zero. 


12.28 A certain circuit consists of three resistors connected in parallel across 200 V 
mains. The rate of production of heat in them is in the ratio of 5:3:2 and 
together they generate heat at the rate of 1 KW h in 2 h. Find the power used 
if the three resistances are connected in series across 248 V mains. 

[Northern Universities of UK] 


12.29 A battery of emf 2 V and internal resistance 0.1 Q is being charged with a 
current of 5 A. In what direction will the current flow inside the battery? 

What is the potential difference between the two terminals of the battery? 
[Indian Institute of Technology 1980] 


12.30 A 6 V battery of negligible internal resistance is connected in series with a 
3 Q and a 5 Q resistance. A further resistance of 2 Q is connected in parallel 
with the 5 €2 resistance. 


(a) Find the current flowing in each resistance. 

(b) Find the power dissipated in each resistance. 

(c) Compare the total value for the power dissipated in the resistances with 
the value for the power supplied by the battery. 


[University of Newcastle] 


12.2.3 Instruments 


12.31 The terminals of a cell are connected to a resistance and the fall of poten- 
tial across R is balanced against the fall across the potentiometer wire. 
When R is 20 and 10, respectively, the corresponding lengths on the 
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potentiometer are 150 and 120cm. Calculate the internal resistance of the 
cell (Fig. 12.16). 


[University of London] 


Fig. 12.16 





12.32 A thin uniform wire 50cm long and of 1 Q resistance is connected to the 
terminals of an accumulator of emf 2.2 V and the internal resistance 0.1 Q 
(Fig. 12.17). If the terminals of another cell can be connected to two points 
26 cm apart on the wire without altering the current in the wire, what is the 

emf of the cell? 
[Northern Universities of UK] 


Fig. 12.17 | Esa r,=0.10 





A 
< 26cm > 


D & 


12.33 In a Wheatstone bridge, four resistors P, Q, R and S are arranged as in 
Fig. 12.18. Show that 


P 
(a) condition for null deflection in the galvanometer G is — — $ 
(b) if a non-zero current i, flows through the galvanometer then 


ig QR — PS 
i G(O+S)+(P+R\(G+O4+S) 
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Fig. 12.18 B 


12.34 


Fig. 12.19 


12.35 


12.36 


12.37 


12.38 


12.39 





Figure 12.19 shows a network carrying various currents. Find the current 
through the ammeter A. 





A galvanometer together with an unknown resistance in series is connected 
across two identical batteries, each of 1.5 V. When the batteries are connected 
in series, the galvanometer records a current of 1 A and when the batteries are 
in parallel the current is 0.6 A. What is the internal resistance of the battery? 

[Indian Institute of Technology 1973] 


In a potentiometer experiment, it is found that no current passes through the 
galvanometer when the terminals of the cell are connected across 52 cm of 
the potentiometer wire. If the cell is shunted by a resistance of 5 Q, a balance 
is found when the cell is connected across 40 cm of the wire. Find the internal 
resistance of the cell. 


A potentiometer wire of length 100cm has a resistance of 10 Q. It is con- 
nected in series with a resistance and cell of emf 2 V and of negligible inter- 
nal resistance. A source of emf 10 mV is balanced against a length of 40 cm 
of the potentiometer wire. What is the value of the external resistance? 
[Indian Institute of Technology 1976] 


A potential difference of 220 V is maintained across a 12,000 Q rheostat ab 

(see Fig. 12.20). The voltmeter V has a resistance of 6000 $2 and point c is at 

one-fourth the distance from a to b. What is the reading in the voltmeter? 
[Indian Institute of Technology 1977] 


The balance point in a meter bridge experiment is obtained at 30 cm from the 
left. If the right-hand gap contains resistance of 3.5 Q, what is the value of 
the resistance in the left-hand gap? 
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Fig. 12.20 





12.2.4 Kirchhoff’s Laws 


12.40 A moving coil meter has a full scale reading of 1 mA and a resistance of 
80 €. How could the meter be used to measure (a) 100 mA full scale and 

(b) 80 V full scale? 
[University of Manchester] 


12.41 A pocket voltmeter has a resistance of 120 €2. What will it read when con- 
nected to a battery of emf 9 V and an internal resistance 15 €2? 
[University of Oxford] 


12.42 When a galvanometer is shunted with a 1 $2 resistance, only 190 of the main 
current passes through it. What is the resistance of the galvanometer? 


12.43 A 10 V battery, having an internal resistance of 1.0 €2, is joined in parallel 
with another of 20 V and internal resistance of 2 Q2. Calculate the current 
flowing through each battery, and the rates of expenditure of energy in the 
two batteries and the 30 Q resistance (Fig. 12.21). 

[University of Cambridge] 


£ -10V, r,-10 





Fig. 12.21 R=300 


12.44 A battery of emf 1 V and internal resistance 2 X2 is connected to another 
battery of emf 2 V and internal resistance 1 $2 in parallel with an external 
resistance of 10 Q. Find the currents? 
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12.45 The electric current of 5 A is divided into three branches, forming a parallel 

combination. The lengths of the wire in the three branches are in the ratio 2, 

3 and 4; their diameters are in the ratio 3, 4 and 5. Find the current in each 
branch, if the wires are of the same material. 

[Indian Institute of Technology 1975] 


12.46 Calculate the current through the 3 Q resistor and the power dissipated in the 
entire circuit shown in Fig. 12.22. The emf of the battery is 1.8 V and its 
internal resistance is 2/3 Q. 

[Indian Institute of Technology 1971] 


Fig. 12.22 





1.8V 


12.47 A series circuit is made up of two cells of emf 1.5 and 3 V, respectively, and 
two coils each of resistance 10 Q, arranged in the order cell, coil, cell, coil. 
The centre points of the two coils are joined by a sensitive galvanometer 
which shows no deflection. If the cell of 1.5 V has an internal resistance of 

5 €2, calculate the internal resistance of the other cell. 
[University of London] 


12.48 (a) Figure 12.23 shows a series parallel resistive circuit connected to a 320 V 
d.c. supply. For the circuit shown work out the following: 


(i) The total equivalent resistance Rr of the circuit and the total current 
IT. 
(ii) The voltage V,; across resistors R; and R2. 
(iii) The voltage V5» across resistors R3 and R4. 
(iv) The currents /; and /3. 
(v) The total power for the whole circuit and the power dissipated in 
resistor R3. 


(b) Consider the case of a heavy duty battery whose emf € — 24 V and 
internal resistance of r = 0.01 €2. If the terminals were accidentally 
short circuited by a heavy copper bar of negligible resistance what power 
would be dissipated within the battery? 

[University of Aberystwyth, Wales 2005] 
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Fig. 12.23 





| ONG 


12.49 A battery with emf 8 — 24 V has internal resistance r — 0.02 Q. A load 
resistor R = 140 Q is connected to the terminals of a battery: 


(i) Find the current flowing in the circuit under load conditions. 
(ii) Find the terminal voltage of the battery under load conditions. 
(iii) Find the power dissipated in the resistor R and in the battery’s internal 
resistance r. 
(iv) Find the open circuit voltage of the battery under no load conditions 
and explain your answer. 


12.50 Figure 12.24 shows a series parallel resistive circuit connected to a dc supply. 


(i) Find the total equivalent resistance of the circuit. 
(ii) Find currents Ir, J and 75. 
(ii) Find voltages Vi, V» and V3. 
(iv) Find power dissipated in resistor R5 and the total power dissipated in 
the circuit. 





Power Supply | 
Fig. 12.24 300 V dc 
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12.51 Apply Kirchhoff’s rules to the circuit shown in Fig. 12.25 to produce three 
equations with three unknown branch currents. You do not have to solve 


these equations for individual current. 
[University of Aberystwyth, Wales 2008] 


Fig. 12.25 £1-13 V €,=30 V 
[ara * 


H ezn 


€,=3 V 
+ 











€,=5V £,78 V 


12.52 (i) State Kirchhoff's two rules 
(ii) Apply Kirchhoff's rules to the circuit shown in Fig. 12.26 to produce 
three equations with three unknown branch currents. You do not have to 
solve these equations for individual current. 
[University of Aberystwyth, Wales 2007] 


Fig. 12.26 €,=11V 


€,=22 V 
+ 










E4=44V €=55V 


12.53 Figure 12.27 shows a series parallel resistive circuit connected to a dc supply. 
For the circuit shown work out the following: 





(1) The voltages Vi, V» across resistors Rj and Ro. 
(ii) The voltage Vp across resistors R3 and R4. 
(iii) The currents Ir, h and 75. 
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Fig. 12.27 c—V —— Pr M3 —H ———— M, —» 


R,-60 kt 


Power Supply | 
alam Š 





12.54 Apply Kirchhoff’s rules to the circuit shown in Fig. 12.28 to produce three 
equations with three unknown branch currents. You do not have to solve 

these equations for individual 7. 
[University of Aberystwyth, Wales 2006] 


Fig. 12.28 &=5V €,=10V 
ui | 


- AE 












£,-15 V — 
up | ; +] = 
R,-200 


£725 V 


12.55 Apply Kirchhoff's rules to the circuit shown in Fig. 12.29 and present the 
simultaneous equations necessary to calculate the currents in each of the 
branches of the circuit. You do not have to solve these equations for the 
branch currents. 


Fig. 12.29 €,=50V £5=30V 










£5 10V 


18,1200 [- 


,740 V 


+ 


552 12 Electric Circuits 
12.56 In the circuit shown in Fig. 12.30, the cells E; and E? have emfs 4 and 8 V 
and internal resistances 0.5 and 1 $2, respectively. Calculate the current in 


each resistor and the potential difference across each cell. 
[Indian Institute of Technology 1973] 


Fig. 12.30 —————— 
E, | 


E? 


i 450 30 
AMA e 
I l4 


Vi, 


60 





12.3 Solutions 
12.3.1 Resistance, EMF, Current, Power 


12.1 In the segment ACD, the two 3 Q resistances give 6$2, which with 6 Q in 


6x6 
parallel yields i 





— 3 Q. This together with 3 $2, across DE in series, gives 


6 Q which together with 6 Q across AE in parallel gives 3 €2. By a similar 
reasoning resistance along AFB is 6 Q, which with 3 Q, across AB in parallel 
yields the effective resistance across AB: 


R ae D 
akan oe ae 
2 2 
12.2 p. 9 eU p 
A Al vo 


where vo is the constant volume. Change in the resistance 


AR Al 0.1 0.2 


=2 x — = — or 0.2% 
R l 100 100 
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12.3 Let the resistances be R; and Ro 


Ri +Rk2 =p (series) (1) 
Ri Ro 

— = arallel 2 

Rag 1 © ) (2) 

Combining (1) and (2) 


Ri — Rp = VJ n(n — 4) 


Since R4, and Ro are real, n > 4. 


12.4 Let a current i enter at A and leave at C. Currents in various branches are 
given by the junction theorem, Fig. 12.31. The potential difference 


Vas + Vep = VAD 

3i, 4- 5i? — 6(i — i1) 
or 9i, 45i» — 6i (1) 
Vac = Vas + Vac = Vap + Voc 


314 +20 — 1p) 260 —1) T 46 —1- 122) 
Or 15i, — 6i) — 10i (2) 


Solving (1) and (2), i? — 0. Thus the middle branch BD is rendered ineffec- 
tive. 

Two resistances of 3 and 2 Q in series in the upper branch are to be combined 
in parallel with two other resistances of 6 and 4 €2 in series in the lower branch 
to obtain the effective resistance between A and C. This is given by 


Rew E 2.5436 
(3+2)+(64+4) 





Fig. 12.31 
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This particular problem could have been easily solved by noticing that Wheat- 
stone bridge balance requirement is fulfilled since P/Q = R/S; here 3/2 = 
6/4, in which case the current in the middle branch is zero (see prob. 12.33). 


12.5 The network in Fig. 12.3 can be recast as shown in Fig. 12.32. Here again 
R2 3 

the balancing condition for Wheatstone bridge is satisfied: 0 eee 

Therefore the middle branch resistor of 5 Q2 is rendered ineffective. The total 

resistance in the upper branch is 2 + 4 = 6 Q and in the lower branch 3 + 6 = 


9 €2. The equivalent resistance for 6 and 9 Q in parallel will be 


6x9 


Req = = 3.6Q 





Fig. 12.32 





12.6 For convenience the given network can be recast as in Fig. 12.33. It is seen 
that this network is exactly identical with that in prob. (12.5) in which the 
Wheatstone bridge condition is satisfied. Therefore, the resistance in the mid- 
dle branch CE is rendered ineffective. The total resistance in the upper branch 
is obviously equal to 2R which is also the case for the lower branch. 


Therefore, the effective resistance between D and F will be 


ARx2R 


R — LL — 
SU  DRSOR 





Fig. 12.33 
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12.7 Let Reg be the equivalent resistance of the circuit. Let a current i enter at X 
and emerge at Y. The distribution of currents in various branches is shown in 
Fig. 12.34. The potential drop across X and Y 


Vxy =1 Reg (1) 
— R(i — ij) -2R(i — i41 — i2) -3Ri —3Ri, —2Ri5 (2) 
From (1) and (2) 

i Reg = R(3i — 3i, — 2i2) (3) 


ij and i» can be expressed in terms of i: 


Vxs = Vxc + Vos = Vxa + VAB 
2Ri = R(i — i1)+ Ri2 
or 3i —i =i (4) 
Also, Vay = Vas + Vegy = Vap + Vpy 
Ri» -- R(i1 -- i2) 2 ZR(i — i1 — i2) 
or 3i} + 4i? = 2i (5) 


Solving (4) and (5), i; — 2i/5 and i2 — i/5. 
Using the values of 7; and 72 in (3) we find Reg = 7R/5. 





Fig. 12.34 
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12.8 (i) Let the current in AD, DE and R be ij, i» and i5, respectively: 


i4 —5—2—3A (by junction theorem) 
Vap = Vac + Vep 
11X6=5x4+5x2 
i =5A 
o 1$—24-5-—-7A 
Vcs = Vep + VDB 
3R=2x5+7x5 
R=15Q 


Gi) Van = Vac t+ Vop = 4X54+15x3=65V 


(iii) Heat developed per second = power = X` i - Rn 


=5*x442 x%5457x643*°x15+7 x5 
= 650J/s = 650/4.18 Cal/s = 155.5 Cal/s 


12.9 The combination of 3 and 7 Q resistance in series is 10 Q. This in parallel with 
10 Q resistance yields 5 €2. This in series with another 5 $2 resistance gives 
the combined resistance of 10 2. This being in parallel with 10 Q resistance 
across A and B gives the effective resistance of 5 $2 across A and B. 


12.10 Let the effective resistance between A and B be R. Then by adding one 
more section to infinite sections of resistors, the effective resistance will not 
change, Fig. 12.35. 

The middle r is in parallel with R and the other two r’s are in series. Then 


R + nr + 
= r + ——— +r 
R +r 


Simplifying R? — 2Rr — 2R? = 0 
whose solution is R =r (1 + V3). 
The second solution is ignored since R must be positive. 


Fig. 12.35 r 
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12.11 


12.12 


12.13 


pl 10x 107°! 


RS Se SIDA 10) 
A 7 (0.05)? 
"I 49 x 10^ 6I 
Re ae nubDaerq0 
A 71 (0.05)2 


In parallel arrangement 


Ri Rc (12.739 x 62.42) x 10-6? 
— Ry Re (12.739 + 62.42) x 10-31 
= 10.58 x 10777 =22 
l = 1890 cm = 18.9 m 


R5 — Ro(l-r at2) 
R, — Ro(l 4 ati) 





R5 HN ] 4- ato 
ky 7 l+atr, 
Ro — R 25.7 — 20.0 ae 
a = —— ——————— = 3.8 x 10” /°C 
Rı(t2 — tı) 20x (100 — 25) 
Resistance of each side = 10 x 0.1 — 1 X2. Resistance of the diagonal — 


V22. The P.D., Vap = Vap aS Rap = Rap. Hence no current flows 
through the diagonal BD, Fig. 12.36. The effective resistance of the network 
is obtained by combining the resistance of AB and BC in series (1 + 1) in 
parallel with that of AD and DC in series (1 + 1): 


R ee 
Her UN 





£? 2 
Power dissipated P = Aa 4 W. 





Fig. 12.36 
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y? 100)? 
12.14 R- — 0" 6679 
P 60 
R = Ro(l + at) 
R—Ro 166.7 —20 . 
t = = — i ——_ = 14]10°C. 





Row 20x 0.0052 


12.15 Let a current of 6 A be sent through the corner a. Let a potential difference 
Vab be established between a and b and current 6 A flow out from b. The 
currents in various branches are indicated in Fig. 12.37 from symmetry con- 
siderations. If Reg is the equivalent resistance of this network across the body 
diagonal ab 


Vab = 6 Reg 
But Vab = Vac + Vea + Vab 
=2R+R+2R=5R 
6 Req = 5R 
2 


5 
6 6 





Fig. 12.37 


12.16 W — V?/R 








y? 220)? 
Wi 25 
V? (220)2 
R> = — — 4849 


W> 100 
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Joule heat in Rj, Hı = i? R} = 19367 
Joule heat in Rə, H5 — i? Ro = 484i? 
Therefore, 25 W bulb glows brighter. 


12.17 By prob. (12.16), Ry = 1936 $2 and R» = 484 Q: 


LV Ro 

Hı = ii V = ——— 
Ri + R2 

, iV RI 

H =i0V — ———— 
AR dps 


Therefore, 100 W bulb glows brighter. 


12.18 Effective resistance in parallel is given by (Fig. 12.38) 


Total resistance, Rag = 2+1+2=52 
Current in the circuit 
V 120 
pem Lr EA 
RAB 5 
Vac =iRac = 24 x 2 =48 V. 








Fig. 12.38 
12.19 i= S 
R +r 
pa? E^R 


(QE 


o P 
Maximum power delivered to R is obtained by setting 3R 0. This gives 
R =r: 
or ee 


i (r +r)? 4r 





P, max 
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y2 
12.20 H = Pit = — ti 
Rı 


where H is joule heat and ¢ is time 


H . 
— Rı (coil 1) 





ti = Vi 
H l 
D= yi Ro (coil 2) 
H H "T 
(d) t= yi^ = Và (R; + Ro) =t; +t (coils in series) 
1 y? 
b ———— coil 1 
(b) p Im ( ) 
1 Ve 
— = — (coil 2) 
to HR» 
L.X wd. x o il 
t t H\R, Ro) HR tt 
pm (coils in parallel) 
Or = coils in paralle 
Iq 15 P 
24 
2.21 (a) i--— 


Ep eee 
Ri + Ro+r 44+6+2 
Pi =i? R = x4=16W 


P> =i? R =? x6 =24W 


(b) Effective resistance of Rı and R» in parallel is 











R Ro 4x6 
= ————— = Ed 
Ri +R. 4+6 
3 24 
i = = 5.45 A 


“He, 7455 
i R2 5.45 x 6 
“Rie 44+6— 
i R] 5.45 x 4 
"ReRe C 4+6 


Pi = iĉ R1 = 8.27} x 4 = 42.8 W 


= 3.2) 


=2,15A 


~. 
N 
| 


P> = i? R> = (2.18)? x 6 = 28.5W 
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12.22 


12.23 


12.24 


Total resistance of the cable 


R=0.7 x 30=212 
Voltage V = 100kV = 10° V 
Power P = 10*°kW = 10’ W 
P 10 
Current / = — = —- = 100A 
V 105 
Power dissipated = i7R = (100)? x 21 = 2.1 x 10° W 


25 10 
Fractional power loss — P es 0.021 or 2.1% 
Let each of the three resistances be r. In the series arrangement the effective 
resistance, R4 — 3r: 


2 2 
Ri 3r 
2 
T (1) 
r 


In the parallel arrangement the effective resistance R» — r/3: 


G 3E? 
Pa = — = — = 3 x 30 = 90 W 
Ro r 


where we have used (1). 





If the heater resistance is Ro, 
V^ (1007 

Ro = — = a = 102 
P 1000 





R 
The combined resistance of Rọ and R in parallel is 10° As this is in 


series with 10 Q2, the effective resistance of the circuit 


10R  20R + 100 
R, = 10+ ——_ = ——__| 
R-10 R+10 


If P’ is the power of the heater 


20R +100 V? (100? 
Se Ou locu C7 x 


R+10 P 62.5 





Solving for R, we find R = 5 Q. 
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12.3.2 Cells 


12.25 


12.26 


Let n cells of emf & and internal resistance r be wrongly connected. The 
effective emf of the battery is (12-27) &. When the two cells and the battery 
aid each other, the net emf is (12—2n)é + 2€ or (14—2n)é. The total internal 
resistance is 14r. By problem, when the two cells and battery aid each other 


(14 — 2n)& = 3 x 14r (1) 
and when the two cells and battery oppose each other, the net emf is 


(12—2n)—& — 28 or (10—2n)$, the total internal resistance being 14r. By 
problem 





(10 — 2n)& 22 x l4r (2) 
Dividing (1) by (2) 

l4—2n 3 

10—25 ^'^ 2 


whence n = 1. 


The total number of cells is N — m x n. The emf for each row of cells 
will be ng and the combined internal resistance nr (Fig. 12.39). The effective 
emf for m rows would again be né, but because the rows are in parallel, the 
effective internal resistance would become nr/m. The total resistance then 
becomes R + nr/m. The current through R will be 


nt mnr Nr (1) 
l = E a ————R——— 
pe Rm+nr | Rm nr 

m 


Writing m = N/n in (1) and holding N as constant, maximum current i is 


0 
found by setting = Q. This gives 
n 


2 RN Rmn 


r r 
nr 
or = — 
m 





n 


But the right-hand side is equal to the total internal resistance of the cells. 
Thus the current is maximum when the cells are arranged such that their 
total internal resistance is equal to the external resistance. In particular, for a 
single cell, m = n = 1, and the condition for maximum current is R = r,a 
result which is identical with that of prob. (12.19). 
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Fig. 12.39 — — 


+ HH, s A L—— — 


I— | (————4 m 


12.27 Let € be the emf of each cell, i the current flowing in the circuit, rj and ro 
be the internal resistance of the first and the second cells, respectively. The 
potential drop across the first cell will be 


Vi =€—-—ir; =0 (by problem) (1) 
25 
p (2) 
ri +r + R 
Combining (1) and (2) 
26r] 
E = Ir] — eee 
ri+r + R 
R=r,-1r 
10° Wh 





12.28 Total power P = Pı + P + P3 = = 500 W 


2h 


Py? Pe P3923 22 
P, = 250W, P> = 150 W, P} = 100 W 











v? (200)? V? (200? 
R; = — = = 16092, R= — = — 261 Q, 
Pi 250 P» 150 
v? (200) 
R3 = — = = 4002 
P> 100 


In series total resistance R’ = R; + Ro + R3 = 1604+ 267 + 400 = 82722. 
Required power for the series arrangement 


|. V? (248) 


Pp’ =—= = 74.4 W 
R’ 827 
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12.29 The current flows from positive to negative terminal inside the battery. The 
potential difference between the two terminals of the battery would be 


V=§4+ir=24+5x01=2.5V 


12.30 (a) The effective resistance in the circuit (Fig. 12.40) from 3 Q in series with 
5 and 2 Q in parallel 





meke EL NP 
a R+R 245 an 
6 
i= Ê 135A 
Ro 4.43 
R 135505 
in a es ee a age 


“hte 542 
Pi = i1? Ri = (0.386)? x 5 = 0.74W 
ix =i —i = 1.35 — 0.386 = 0.964A 
Py = in” Ro = (0.964) x 2 = 1.86 W 
P = i? R = (1.35)? x 3 = 5.47W 


(c) Total power dissipated by the resistances 
= Pi + P2 + P = 0.74 + 1.86 + 5.47 = 8.07 W x 8.1 W 


Power supplied by the battery — 8i — 6 x 1.35 = 8.1 W 





Fig. 12.40 2  R=2Q 


12.3.3 Instruments 


12.31 P.D across AB is S = —&j 





12.3 Solutions 565 


12.32 


12.33 








Ex 20 150 
= —— & 
20 +r lo 
Ex10 120 
= —— & 
10 +r lo 


Dividing the last two equations 


2(100*-r) 5 


20 +r 4 


whence r = 6.67 Q. 


For the section ABC 


| 6&6 22 — 
R+r 1+01 








i 


In the section BCD also i — 2 A. 
The resistance of 26 cm wire — — x 1 — 0.52 Q. 


Neglecting the internal resistance of the second cell 
£2 = 2 x 0.52 = 1.04 V 


as no current flows through the galvanometer 


(a) Vas = VAD; Vac = Voc 
iP =R (1) 
iiQ — i38 (2) 
Dividing (1) by (2) 
P NH R (3) 
Q S 


(b) Assume that a non-zero current flows through the galvanometer of resis- 
tance G. Applying the junction theorem at A 


1=1, +19 (4) 


Applying the loop theorem to the loop ABDA and noting that there is no 
emf in this loop 


iG 4-ijP — i3R 20 (5) 
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Applying the loop theorem to the loop BCDB, which also does not have 
an emf 


(i1 — ig) O — igG — (i2 — ig)s = 0 (6) 
Combining (4), (5) and (6) 


ig QR — PS 
i G(O+S)+(P4+R)(G+04+5S) 


Note that i, = 0 if QR — PS = O0, which is identical with the condi- 
tion (3). 


12.34 Apply the junction theorem to obtain currents in various branches as indi- 
cated in Fig. 12.41. Current flowing through the ammeter is 6 A. 


Fig. 12.41 





12.35 Let the internal resistance of each battery be r, galvanometer resistance G 
and the external resistance R. Then in the series arrangement, total resistance 
in the circuit (Fig. 12.42) 


A [4—————— xX ——— B 


Fig. 12.42 VR 
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12.36 


12.37 


Ret = G+ R+2r 

Effective emf, &eg — 2 x 1.5 23V 

Ee — I(G + R + 2r) 
3=1x(G+R+2r) (1) 


(12.17) 


In the parallel arrangement, Eer¢ = 1.5 V and the combined internal resis- 
r 
=O357. 


r+r 
Total resistance in the circuit 


tance 1S 





Rep = G+R+0.5r 
1.5 = 0.6 x (G + R + 0.5r) 
or 2.5 = G + R + 0.5r (2) 


Subtracting (2) from (1), r = 0.333 Q. 
When the key is closed P.D across R is 
) =k 

and the emf of the cell is 

E —iI(R-r) 


where r 1s the internal resistance of the cell. 


NE id 


V R 





zit 
7 R 


When the key is open, let the balancing length be X4 cm from the end A 
against the emf €. When the key is closed, let the balancing length be X2 
against the P.D. of V volts: 


E X r 
V^X; TR 
52 1 r 
40^ ^5 

i pr 13$8 


40 
Resistance (Fig. 12.43) of 40 cm of potentiometer wire — 100 x 10=4Q 
2x4 8 


P.D. across 40 cm wire due to 2 V cell is V — — 
10+ R 10+ R 
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Fig. 12.43 





0.01V 


This is balanced by 0.01 V due to the second cell: 





8 
= 0.01 
10+ R 
R = 790 Q 
12.38 Resistance across ac (Fig. 12.20) is l x 12,000 = 30002. The com- 
bined resistance of voltmeter (6000 $2) in parallel with 3000 Q resistance is 
6000 x 3000 
0000. 
6000 + 3000 


Resistance across bc is i x 12, 000 = 9000 Q2. Effective resistance of the 


circuit = 9000 + 2000 = 11, 000 Q. 
P.D. across ac is 


. 220 x 2000 
» 11, 000 


— 40V 


Thus the voltmeter reads 40 V. 


1239 F7! 50 35 
3.5 100-1 100-30 7 
R=156 
i — 100mA 


— 100 





1240 (a) N —; — 


G 80 
S = — 


= = 0.808 Q 
N—] 100-1 





A shunt of 0.808 $2 should be provided for the moving coil meter. 
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(b) Initially V 2 iG — 1 x 107? x 80 = 0.08 V 


80 
N = —— = 1000 
0.08 


R= (N — 1)G = (1000 — 1) x 80 = 79, 920 Q 


A resistance of 79,920 €2 must be connected in series with the moving 
coil galvanometer to give the required full scale deflection. 


12.4 £ =i(R +r) (by Ohm’s law) 
9 = i (120 + 15) 
1 


i=—A 
15 


The voltmeter would read 


1 
V=§ -ir=9-—x15=8V 
t —ir 15 * 


12.42 $ — I 
N-—I 
i l 1 
i N 100 
Or N — 100 


G =(N —- 1)S = 100 —- 1) x 1 = 99Q 


12.3.4 Kirchhoff’s Laws 


12.43 By the junction theorem 
i= +12 (1) 
Applying the loop theorem to the loop BE, AEB, traversing clockwise 


&2—bor2 —§1 + ini = 0 


“ 217 =i =20— 10 = 10 (2) 


Applying the loop theorem to the loop B E1ARB 
EF) =r, +iR 
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10 — i4, + 301 
Or 317, + 30i2 = 10 (3) 


where we have used (1). Solving (2) and (3) 
ij — —3.04 A, i2 — 3.48A 


Power dissipated through E is iir; = (8.00? x 12 924W 
Power dissipated through E» is i?^;r; 2 (3.48? x 2 2 24.5 W 
Power dissipated through R is i? R — (0.44)? x 30 = 5.8 W 


Cz i = i1 +i2 = —3.04 + 3.48 = 0.44 A) 


12.44 Referring to Fig. 12.44 


ii +i =i (junction theorem) (1) 
Traversing the loop B E2A E1 B counterclockwise the loop theorem gives 


y= i= (51 = Ti) =0 
1—2i; —(2—1i4)20 
Or i] — 2i2 = 1 (2) 
For the loop B E1ARB 
£1 —ijrj iR —0 
2—1i, — 10i = 0 
or 11iy + 10i2 = 2 (3) 





Fig. 12.44 
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where we have used (1). Application of Kirchhoff’s laws to the loop 
BE,ARB does not yield anything extra. From (1), (2) and (3) we find 
ij — 0.44 A, i5 — —0.28 A and i = 0.16A. The negative sign of i2 shows 
that its direction is opposite to that has been assumed. 


12.45 ij +in +23 =i =5A (1) 


As p = const and R = m d*/4 (Fig. 12.45) 


li lo l3 
R, : Ro: R D— o1 o— 
"c d dd 
Ri: RoR a ,2,8 2,2 oH (2) 
ese gm ee Se S8 OS 
Since P.D across all the resistors is identical, 
ij R1 = 12 Ro = 13R3 D 
| Ri 2.. 16. 32 (4) 
= —— LL o— Xx Os lM 
RNR = 9X GAs 57 
ky x 25 22 
TEEN M LM 5 
mo um ue ©) 
32 2 
j js 6 
ij A" + 1 i (6) 


ij; — 1.4A, i2 = 1.66 A, i3 — 1.94 A 


where we have used (1), (4) and (5). 





Fig. 12.45 


12.46 The P.D across 8 and 2 $2 resistors are equal, Fig. 12.46: 
2i) — 8ia (1) 
As P.D across 3 and 6 Q2 resistors are equal 
3i4 — 6i (2) 
As P.D across 4 and 6 $2 resistors are equal 


6ig — 4is (3) 
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12.47 


12 Electric Circuits 





Applying junction theorem 


L=1 Pip pis bia (4) 
i2 + i3 = i5 + i6 (5) 
Vas = Vap + VpB 

3i4 = 813 + 415 (6) 


Applying the loop theorem to CAFBC 
€ — ir — 3i4 = O 


Z 
3! ol4 == 1.8 (7) 


Solving (1), (2), (3), (4), (5), (6) and (7), i4 = 0.4 A andi = 0.9 A. Applying 
the loop theorem to the entire circuit 


E —ir—iR-0 (8) 
where R is the equivalent resistance of the circuit 

1.8 2 

3 

Power dissipated in the entire circuit is 


4 2 
P = i°(R +r) = (0.9 (5 «gr =) = 1.62 W 


Let A and B be the midpoints of the coils. As no current flows through the 
galvanometer, P.D across AB is zero. Applying the loop theorem to the main 
circuit, Fig. 12.47 
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Fig. 12.47 


12.48 (a) (i) Req = 


FE, +& —1(R+R4+7,+1r2) =0 


cles 1.5 4-3 4.5 


— = 1 
2R+rn+rm 2xl0+5+r2 r+25 ) 


The P.D of the point B with respect to the negative terminal of the first cell is 
10 
Vg —£&— orl i =1.5— 10i (2) 


The P.D of the point A with respect to the negative terminal of the first cell is 


2 
= 1.5+3 — (5 + r2 + 10 + 5)i = 4.5 — (20 + r2) 


10 
W-htb- (T rneloen)i 


But Vg = Va C. no current flows through the galvanometer) 


1.5 — 10i — 4.5 — (20 + r2)i 
3 
l = 

10 4 r2 





(3) 
From (1) and (2), r2 = 20 Q 


R, Ro R3R4 o 8x2 32x32 


— + — = 4 = 3.2kQ 
Ri + R R3 + R4 8+2 32+3.2 


: 1.6 
(ii) Vp, = 320 x — = 160V 


" 1.6 
(iii) Vp, = 320 x > = 160V 
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: E 320 
(iv) jp 2 —— = — — =0.1A 
Reg 3.2 x 103 
Ro 2 
= hx —— =0.1 x —— = 0.02A 
R, + Ro 8+2 
R4 
b = ly x = 0.05 A 


—— z0.1x ———— 
R3 + R4 3.2 + 3.2 


(v) W — Ig Ry — (0.1)? x 3.2 x 10° = 32J 
Ws — I2 R3 — (0.05)? x 8 x 10? 2 20J 


_ & (24) 
t= r 001 


E 24 
R+r  140+0.02 





— 5.16 x 10^] 


(i) i= = 0.1714 A 
Gd V =£ — ir = 24 — 0.1714 x 0.02 = 23.9966 V 


(iii) Pg — i^R — (0.1714)? x 140 2 4.113W 
P, — i?r 2 (0.1714? x 0.02 2 5.87 x 10 ^W 


(iv) V 2£ —24 V. Full voltage is available in the absence of load resistance. 

















(i) Req = ky Ro x R3 R4 
! Ri + Ro ? R3 + R4 
80 x 80 40 x 40 
80 + 80 40 + 40 
V 300 
(ii) Ip 2 —— = s = 3.75 x 107° A 
Reg 80x10 
R 80 
hea — 1.875 x 103A 
Ro + Rj 80 + 80 
R4 3 40 —3 
lh = Ir x —— =3.75 x 10” x = 1.875 x 10" A 
R4 4- Ri 40 + 40 
V R, Ro 300 80 x 80 
(ui) Vi = — x — = = SY 
V R5 20 
Y= = 300 x — = 75V 
Re 80 
V R3R4 300 40 x 40 
V; = — x = 


————— = — X ———— = 
Req (R3+Ra) 80. (40 +40) 


(iv) Ps = I77Rs = (3.75 x 1077)? x 20 x 10° = 0.281 W 
P =I? 7 Reg = (.75 x 107-°)* x 80 x 10° = 1.125W 
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£,713V E,230V 
+ 


F 





Fig. 12.48 


12.581 i| — io 4 i3 (junction theorem) (1) 
Traversing the top loop counterclockwise (Fig. 12.48) 


£1 — i2 R3 — E3 — i2 R2 — £2 —i,R; =O (loop theorem) 
13 — 300 i2 — 3 — 200 i2 — 30 — 100 į = 0 
or 100 ¿i + 500i2 + 20 = 0 (2) 


Traversing the bottom loop counterclockwise 


E4 —13R4 —§&5 + i2R2 — §3 + 12R3 = 0 
5 — 400 73 — 8 + 200 i2 — 3 + 300 i2 = O 
or 500 i2 — 400 73 — 6 = 0 (3) 


Required equations for the unknown currents are (1), (2) and (3). 


12.52 (i) Kirchhoff’s rule 1 (junction theorem) At any junction of an electric 
network (branched circuit) the algebraic sum of the currents flowing 
towards that junction is zero (Fig. 12.49). 

Kirchhoff's rule 2 (loop theorem) 

Sum of the changes in the potential encountered in traversing a loop 
(closed circuit) in a particular direction (clockwise or counterclockwise) 
is Zero. 

If a resistor is traversed in the direction of the current, the change in the 
potential is —i R, while in the opposite direction it is +i R. 

If a seat of emf is traversed in the direction of emf, the change in poten- 
tial is +£, while in the opposite direction it is —&. 
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(ii) i| — i2 o i3 (junction theorem) (1) 


Fig. 12.49 


12.53 





Traversing the top loop counterclockwise 


— £1 — i2 R2 + E3 + E2 — i1 R1 = O (loop theorem) 
—11 — 200 i2 + 33 +22 — 1007; = 0 
or 100 7; + 200i2 — 44 = 0 (2) 


Traversing the bottom loop counterclockwise 


SEAS ho es — 53 Ik = 0 
—44 — 300 73 +. 55 — 33 + 200 i2 = 0 
or 200 i» — 300 13 — 22 = O (3) 


Equations (1), (2) and (3) are the required equations in the three 
unknown currents 71, i2 and i5. 


gmt E,222V 
+ 


i 








(i) The equivalent resistance of the circuit is 





RoR ae 45d 
eq — AX] 2 TNCS 
20 x 60 
— 5 -r 10 = 30kQ 
T * 204-60 
Ri 5 
VY, =V x — = 300 x — = 50 V 
Reg 30 


Ro 10 
Reg 30 
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- R3 R4 20 x 60 
iy epu... pue e ey 
Req (R3 - R4) 30(20 4- 60) 
- V 300 
(iii) Jp = — = ————— —0.01A 
Reg 30 x 103 
R4 6 
h = Ir ——— = 0.01 x = 0.0075 A 
R4 + R3 60 + 20 
R 
ly = ly ——~ =0.01 x = 0.0025 A 
R4 + R3 60 + 20 
12.54 ii — i2 — i3 = 0 (junction theorem) (1) 


Traversing clockwise the top loop (Fig. 12.50) 


5,7 5V E,=10V 
" |R,7100| "PE 
a 
E.-15V E,720V 





Fig. 12.50 


£; +7,R, —€2 —€4+i2R2+£3 =0 (loop theorem) 
5+ 101i; — 10 — 20 + 20i2 + 15 = O 
or ij + 2i2 —1=0 (2) 


Traversing clockwise the bottom loop 
— §3 —i2Ro+&4 —&6 +13R4+§&5 +i13R3 =0 (loop theorem) 
—15 — 20i2 + 20 — 30 + 4073 + 25 + 3013 = 0 


or 713 — 2i» — 0 (3) 


The required equations are (1), (2) and (3) in three unknown currents. 
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12.55 i) —i2 —i13 =0 (junction theorem) (1) 


Traversing the top loop clockwise (Fig. 12.51) 
sA =R= es = 13 = 7 — ky = 0 
50 — 200i; — 30 — 80i2 — 10 — 120i2 = 0 
or 201; + 20i2 — 1 = O (2) 


Traversing the outer loop clockwise 
BA 1p Ra's = 1g ks = 63 — 1 hi + Ei 13 ke = 0 
50 — 200i; — 30 — 10073 — 20 — 60i3 + 40 — 4073 = 0 
or 51, + 5i2 —-1=0 (3) 
S47 50V &s7 30V 
+ —4 |+ 
















&, = 40V Š= ZDV 


R an R4 =800 | 
Fig. 12.51 


The required equations are (1), (2) and (3) in three unknown currents i1, 
i? and i3. Note that by considering the bottom loop no new information is 
provided as it is already contained in the other two loops. In general it is 
sufficient to consider any two loops out of three. 


12.56 Traversing the loop ABCDA clockwise 


ae Sn SaS ASA 
Wej psn 


m 
ASI = +8-i-4-0.5i=0 
P2058. 0A DAA 


P.D over £i 
Yi =& tir) =44+0.5 x 0.5 =4.25V 
P.D over E> 


V=% =i =8-05x1=75V 


Chapter 13 
Electromagnetism I 


Abstract Chapters 13 and 14 are devoted to electromagnetism concerned with 
motion of charged particles in electric and magnetic fields, Lorentz force, cyclotron 
and betatron, magnetic induction, magnetic energy and torque, magnetic dipole 
moment, Faraday’s law, Hall Effect, RLC circuits, resonance frequency, Maxwell’s 
equations, Electromagnetic waves, Poynting vector, phase velocity and group veloc- 
ity, dispersion relations, waveguides and cut-off frequency. 


13.1 Basic Concepts and Formulae 


Motion of Charged Particles in Electric and Magnetic Fields 


Assuming that the magnetic field (B) acts perpendicular to the plane of orbit of a 
particle of charge g and mass m moving with velocity v, the radius of curvature (r) 
is given by 





— — 15:1 
m (13.1) 
the angular velocity by 
B 
Deci (13.2) 
r m 
the frequency by 
w qB 
f = — = — (cyclotron frequency) (13.3) 
27 2m 
the kinetic energy (K) by 
l > r^ B? 
K= (13.4) 
2 m 
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Null deflection: If the electric and magnetic fields are crossed, i.e. arranged at 
right angles then the charged particle is undeflected. The condition is 


v= E/B (13.5) 
Magnetic Induction (B) 
B at the Centre of a Coil of N Turns and of Radius r, Carrying Current i 


|—  HoNi 
Or 


B 





(centre of coil) (13.6) 


The field into the page is indicated by a cross X and out of page by a dot. 
B at Distance r from a Long Straight Wire 


|. bol 


B= 
2my 


(long wire) (13.7) 


B at Distance r from a Straight Wire of Finite Length 


i 
p Ho 


= (cos 01 4- cos 65) (finite wire) (13.8) 
Amr 


where 0, and 0» are the inner angles subtended by the field point at the extremities 
of the wire. 


B on the Axis of a Solenoid 


LLoN1 
l 


b= (solenoid) (13.9) 





where N is the number of turns over the axial length /. 
Magnetic Induction due to a Long Cylindrical Conductor of Radius R 


Hoir 
B= r< R 
2n R? ) 

|. Hol 


X mr 





(r > R) (13.10) 
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B due to a Hollow Cylindrical Shell of Radii a and b (a < b) 


Loi (r? — a?) 

ÉL o aon b 
2zr(b? — a?) er ey 

i r <a) 

ga Gs) (13.11) 
2mr 


where r 1s measured from the axis. 
B due to a Loop of N Turns and Radius r on the Axis 


uoi N R? 


T Syn n 


Magnetic Force on a Current-Carrying Wire 


The force on the current-carrying wire is directed perpendicular to both the length 
of the wire and the field direction. The direction of motion of the wire is given by the 
left-hand rule. If the current-carrying wire makes an angle 0 with the field direction, 
then the force on the wire would be 


F — ilBsin 0 (13.13) 


Force on Two Parallel Wires Each of Length / Carrying Current i, and i? 
and Separated by Distance d 


| Holi1i» 


13.14 
27d ( ) 


The two forces (F; due to wire 1 on 2 and Fh due to wire 2 on 1) form an action- 
reaction pair. For parallel currents the wires attract each other and for antiparallel 
currents the wires repel each other. 


Magnetic Dipole Moment, Magnetic Energy 
Magnetic Material, Hall Effect 
The magnetic moment produced by a circular current ; enclosing an area A is given 


by 


uA (13.15) 
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Magnetic energy density 


l 
ug = — B (13.16) 
2uo 
Magnetic material 
B = uo(H + M) (13.17) 


where H is the magnetic field strength and M is the magnetization. 

Hall effect: When a strip of conductor carries a dc current along its length, a mag- 
netic field set up in a perpendicular direction produces a magnetic field sideways. 
The charge build up on one side establishes a potential across the width of the strip, 
known as Hall potential and the phenomenon is called Hall effect. 

If Ry is the Hall coefficient, o the electrical conductivity, then the mobility u is 
given by 


u = Ryo (13.18) 
Lorentz Force 


F=qE+qv xB (13.19) 


Faraday’s Law 


An emf is induced in a conductor when there is a change in the number of lines 
‘linking it’ (passing through it) or when it cuts across field lines. 

Consider a flat wire loop of any shape and of area A in a magnetic field B, the 
field B making an angle 0 perpendicular to the loop. The magnetic flux o through 
the loop is defined by 


o = B.A = BAcos0 (13.20) 


The unit of flux is the weber (Wb), while that of the magnetic field is tesla (T). 
1T=10°G,G standing for Gauss. 

The electromotive force € in such a wire loop is equal to the rate of change of 
flux through it: 


AQ 
p= m (Faraday's law) (13.21) 


where Ag is the change in flux that occurs in time interval At. 
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Lenz law: The reason for the minus sign in (13.21) is given by Lenz law which 
states ‘the induced current will appear in such a direction that it opposes the change 
that produced it’. 

If the coil forms a closed circuit then only the induced current can be present, 
otherwise in the case of an open circuit one can only speak of induced emf and its 
direction. 

In a coil of N turns 

Ag 


f=-N— (13.22) 


If the circuit is complete current will appear and will be given by 


NA 
e cd (13.23) 
R RA 


where R is the resistance of the circuit. The corresponding charge flowing is given 
by 


N 
Ag =iAt = —RA? (13.24) 


Consider a conducting rod of length / moving sideways in the plane of paper over 
a U-shaped metal frame at constant speed v at right angles to a uniform magnetic 
field of flux density B into the paper. Then the emf induced across the ends of the 
rod is given by 


£ = —Blv (13.25) 


13.2 Problems 


13.2.1 Motion of Charged Particles in Electric and Magnetic Fields 


13.1 Calculate the cyclotron frequency to accelerate alpha particles in a magnetic 
field of 10* G. The mass of *He» is 4.002603 u. 


13.2 If the pole pieces of a cyclotron are 50cm in diameter, a flux density of 
15,000 G, find approximate values for the energies to which (a) protons 
and (b) a-particles could be accelerated. What oscillator frequency would 
be required in each case? 

[University of London] 


13.3 In a mass spectrometer, the velocity filter employs electric field E and a 
perpendicular magnetic field B. The deflection magnetic field, perpendicular 
to a beam is B’. Ions with similar charges g and mass numbers m, and 
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13.4 


13.5 


13.6 


13.7 


13.8 


13.9 


13.10 


13.11 


13.12 
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m» pass through the filter. Show that the separation between them will be 
2E(m» — mi) 
qB B’ 


[Indian Administrative Services] 


A singly charged particle of known velocity 2.5 x 10” m/s but unknown 
mass moves in a bubble chamber in a circular path of radius 0.2 m in a field 
of 0.2 T acting perpendicular to the path. Determine the mass of the particle 
and identify it. 


A particle of mass m and charge q travelling with a velocity v along the 
x-axis enters a uniform electric field E directed along the y-axis. Show that 
the trajectory will be a parabola. 


Find the radius of a circular orbit of an electron of energy 5 keV in a field of 
OT. 
[Osmania University 1992] 


An electric field of 1500 V/m and a magnetic field act on an electron moving 
with a speed of 3000 m/s. If the resultant field is to be zero what should be 
the strength of the magnetic field (in Wb/m?). 

[Osmania University 1987] 


An electron moves in a circle of radius 1.9 m in a magnetic field of 3 x 
10? T. Calculate (a) the speed of electrons and (b) time taken to move round 
the circle. 


A cyclotron is powered by a 50,000 V 5 Mc/s radio frequency source. If its 
diameter is 1.524 m, what magnetic field satisfies the resonance condition for 
deuterons?. Also what energies will they attain? Take the mass of deuteron 
as 2.0141 u. 


Deuterons are accelerated in a conventional cyclotron. Given the resonance 
frequency was 11.5 Mc/s and radius of the dee 30", calculate the resonance 
frequency of protons and the maximum energy of protons that is obtainable 
using the same magnetic field. (In a cyclotron the vacuum chamber is parti- 
tioned into two D-shaped components) 


A cyclotron has a magnetic field of 15,000 G. The extraction radius is 50 cm. 
Calculate (a) the frequency of the rf necessary for accelerating deuterons and 
(b) the energy of the extracted beam. 


[University of Liverpool] 
In the Bohr model of hydrogen atom the electron revolves in a circular orbit 


of radius 0.53 A with a time period of 1.5 x 107! s. Find the corresponding 
current. 
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13.13 As shown in Fig. 13.1, a beam of particles of charge q enters a region where 
an electric field is uniform and directed downwards. Its value is 80kV/m. 
Perpendicular to E and directed into the page is a magnetic field B — 0.4 T. 


(i) If the speed of the particles is properly chosen, the particles will not be 
deflected by these crossed electric and magnetic fields. What speed is 
selected in this case? 

(ii) If the electric field is cut off and the same magnetic field is maintained, 
the charged particles move in the magnetic field in a circular path of 
radius 1.14 cm. Determine the ratio of the electric charge to the mass of 


E 


13.14 (a) Write an expression for the force acting on a charge q moving with 
velocity v in an electric field E and magnetic field B. 

(b) A charged particle of mass m and charge q is accelerated through a 
potential difference of V and then injected into a region with a magnetic 
field B perpendicular to the plane in which the charge moves. Derive an 
expression for the radius of curvature, r, of the path of the particle when 
in the magnetic field. 


[University of Durham 2004] 


13.15 In a certain mass spectrometer the magnetic field has a magnitude of 0.2 T. 
It is intended that this spectrometer be used to separate two isotopes of ura- 
nium, 25; U (mass 3.90 x 10-2? kg) and 255U (mass 3.95 x 107% kg). In order 
to be separated the radii of curvature described by singly charged (charge +e) 
ions must differ by 2 mm. Calculate the electric potential through which the 
ions must be accelerated in order to achieve this. 


13.16 (a) Write down an expression for the force experienced by a particle with 
charge q moving with velocity v in a magnetic field B. Under what 
circumstances does the particle mass m, of describe a circle of radius r? 

(b) A coil of cross-sectional area A composed of N turns is placed perpen- 
dicular to a magnetic field which is uniform in space, with a strength that 
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varies in time according to B = Bo cos(15r). Calculate the electromotive 
force induced in the coil. 


[University of Manchester 2007] 


13.17 A water droplet of radius 1 jum is charged such that the electric field on its 
surface is 5.8 mV/m. (a) How many electrons does the droplet carry? (b) How 
strong a vertical electric field 1s required to prevent it from falling? 


13.18 An electron of energy 1 eV enters an infinitely large region containing only a 
homogeneous magnetic field of 10? T, at an angle of 60? to the direction of 
the field. Calculate its subsequent motion assuming no energy losses. What 
type of energy losses will occur even in complete vacuum? 

[University of Manchester 1972] 


13.19 A uniform electric field is established between the plates of a parallel plate 
capacitor by holding one plate at ground and the other at a positive potential 
V as shown. A uniform magnetic field B is established perpendicular to the 
electric field (Fig. 13.2). 
A charge —4 is released from rest from the lower plate. 


(i) Write down the equations of motion for the velocity components of the 
charge. 

(ii) Show that, at some time 1 later, the velocity of the electron in the x- 
direction is related to the distance y moved along the y-axis by 


Ux — OY 


(iii) By applying the conservation of energy or otherwise to determine the 
square of the velocity in the x—y-plane, show that 


2qvu 
» o 
4$ - (30, oy?) 


[University of Aberystwyth, Wales] 


Ico 


X X X X 
p—— 
E" X X X X 


Fig. 13.2 : 
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13.20 Electrons are liberated with zero velocity from the negative plate of a parallel 
plate condenser, in which there is a constant magnetic field B parallel to the 


plates. If the separation of the plates is d and the potential across them is V, 


s 2mV 
show that the electrons only arrive at the positive plate if d^ — BE 
e 


[University of Durham 1962] 


13.2.2 Magnetic Induction 


13.21 The magnetic field at 40 cm from a long straight wire is 1079 T. What current 
is carried by the wire? 


13.22 A current 7 flows through a straight wire AB of finite length. 


(a) Find the magnetic field B at distance r from the wire, the ends of the 
wire making inner angles 01 and 0» with P, Fig. 13.3. 
(b) Obtain the limit value for B for a very long wire. 


Fig. 13.3 





13.23 The magnetic field at the centre of a circular current loop is 107? T. If the 
radius of the loop is 50 cm, find the current. 


13.24 A square conducting loop, of side a carries a current 7. Calculate the mag- 
netic field at the centre of the loop. 


13.25 Two wires are bent into semicircles of radius a, as in Fig. 13.4. The upper 
half has resistance R Q and the lower half resistance 4R Q. Find the magnetic 
induction at the centre of the circle. 


Fig. 13.4 4R 
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13.26 A current / is sent through a thin wire as in Fig. 13.5. The radius of the 
curved part of the wire is R. Show that the magnetic induction at the point O 


/ 3 
vitez =i 
2r R 4 





Fig. 13.5 D 


A C 


13.27 (a) A current / is sent through a thin wire as in Fig. 13.6. The straight wires 
are very long and the radius of the curved part of the wire is R. Show 
that the magnetic induction at the point O will be 


B— uol (m +2) 
7 4r R 


Fig. 13.6 





(b) A wire shown in Fig. 13.7 carries current /. Find the field of induction 
B at the centre O. 


Fig. 13.7 
| / B^ | 


O 


< | — €— | 


13.28 (a) A wire in the form of a polygon of n sides is circumscribed by a circle 
of radius a. If the current through the wire is i, show that the magnetic 
induction at the centre of the circle is given by 


ni T 
B = E tan (5) 
Dita n 





(b) Show that in the limit n — oo you get the expected result. 
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13.29 A wire of length / can form a circle or a square. A current i is set up in both 
the structures. Show that the ratio of magnetic induction at the centres of 
these structures will be approximately 0.87. 


13.30 (a) Cis the common centre of the circular arcs of the circuit-carrying current 
i, its arcs cutting a sector of angle, 0. Show that the magnetic induction 
at C is 


ori 1 
B= Lol ee ee 
An R, Ro 


(b) C is the common centre of the semicircular arc of radii Ry and Ro, 
Fig. 13.8, carrying current i. Show that the magnetic induction at C is 


PX 1 1 
dl Eq A cs 
4 R, Ro 





Fig. 13.8 





13.31 A long wire is bent into the shape as in Fig. 13.9, without any cross-contact 
at P. The current flows as indicated with the circular portion having radius 
R. Show that the magnetic induction at C, the centre of the circle is B = 


[Lol I 
pod 
a +=) 


Fig. 13.9 





13.32 A current / flows through a ring of radius r placed in the xy-plane. Show that 
the magnetic induction at a point along the z-axis passing through the centre 
of the ring is given by 


ol R? 


1) 7 208 4 d 


13.33 Five hundred turns of a wire are wound on a thin tube 1 m long. If the wire 
carries a current of 5 A, determine the field in the tube. 


13.34 Two parallel wires, a distance d apart, carry equal currents Z in opposite 
directions. Calculate the magnetic induction B for points between the wires 
at a distance x from one wire. 


[Adapted from Hyderabad Central University 1993] 
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13.35 A long hollow copper cylinder with inner radius a and outer radius b carries 


a current J. Calculate the magnitude of the magnetic field at a point P (a < 
r « b) (Fig. 13.10). 


Fig. 13.10 





13.36 Helmholtz coils consist of a pair of loops each with N turns and radius R. 
They are placed coaxially at distance R and the same current J flows through 
the loops but in the opposite sense. Show that the magnetic field at P, midway 
between the centres A and C, Fig. 13.11, is given by 


E SN uol 
|. 532m 


Fig. 13.11 


2R 


4«—— R ——— 


13.37 A plastic of radius R has charge q distributed over its surface. If the disc 
rotates at an angular frequency about its axis, show that the induction B at 
the centre is given by 


B= Lowd 
2r R 





13.38 Show that in the case of Helmholtz coils (prob. 13.36), the magnetic induc- 
tion in the vicinity of the midpoint P is fairly uniform. 


13.39 Consider a long straight rod of copper wire. It has a radius of 3 x 107? m 
and 100 A flowing uniformly through it. Find a value for the magnetic field 

(1) 1 m away and (ii) 6 x 107? m away from the central axis of the rod. 
[University of Durham 2004] 


13.2 Problems 391 


13.40 Use Ampere's law to calculate the magnetic field for a long cylindrical con- 
ductor of radius R and a current J flowing through it at a distance r from the 
central axis of the conductor when (a) r > R and (b)r < R 


13.41 Current / flows in two concentric circular arcs of radii r and 2r, Fig. 13.12. 
Both arcs are quarter of a circle with P as the centre. Determine B at P. 
[University of Durham] 


Fig. 13.12 





13.42. (a) A current / flows in a straight wire of length L. Show that the magnitude 
of the magnetic field at a perpendicular distance x from the midpoint of 
the wire is given by 


|. bol L 


B| = ee 
PT m LI ed 


where jo is the permeability of free space. What is the direction of the 
B field? 

(b) A loop of wire of length / carries a current /. Compare the magnetic 
fields at the centre of the loop when it is bent into (a) a square and (b) an 
equilateral triangle. 


[University of Durham 2000] 


13.43 Two identical, parallel co-axial coils of radius r, and having N turns, are 
separated by a distance r along their common axis. They both carry a current 
I in the same direction. Derive an expression for the magnetic field on the 
axis at the mid-point in between the coils. Evaluate the field when N = 100, 
r = 20cm and / = 2A. 


13.44 State the relationship between the tangential component of the magnetic field 
B summed around a closed curve C and the current /; passing through the 
area enclosed by the curve. 
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A long cylinder conductor of radius R carries a current J along its length. 
The current is uniformly distributed throughout the cross-section of the con- 
ductor. Calculate the magnetic field at a distance r = R/2 from the axis of 
the conductor. Find the distance r > R from the axis of the conductor where 
the magnitude of the magnetic field is the same as at r — R/2. 

[University of Durham] 


13.45 (a) Show that (ignoring edge effects) the self-inductance, L, of a solenoid 
with n turns per unit length, length / and cross-sectional area A, is 
given by 


L= uon? Al 


(b) A solenoid with 100 turns, length 10cm and of radius 1 cm, carries a 
current of 5A. Calculate the magnetic energy stored in the solenoid. 

(c) The current in the solenoid of part (b) is reduced to zero at a uniform rate 
over 5 s. Calculate the emf induced in the coil. 


[University of Durham 2005] 


13.46 (a) What is the magnetic field at a point 50mm from a long straight wire 
carrying a current of 3 A’? 
(b) A small current element Z dl with dl = 2k and I = 2 A is centred at the 
origin. Find the magnetic field dB at the following points: 


(i) on the x-axis at x = 3m, 
(ii) on the x-axis at x = —6 m, 
(ili) on the z-axis at z = 3m, 
(iv) on the y-axis at y = 3m. 


[University of Aberystwyth, Wales 2005] 


13.47 A thin torus, of radius 0.1 m, is wound uniformly with 100 turns of wire. If 
a current of 2.0 A flows through the wire, what are the magnitudes of the B 
and H fields generated within the torus if it contains (1) a vacuum and (ii) 
a material with relative permeability 500? What is the magnetization in the 
material (Fig. 13.13)? 





Fig. 13.13 
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13.48 


13.49 


13.50 


13.51 


It is believed that the earth’s magnetic field is produced by circulating current 
in the core. If the mean radius of such currents is 1000 km, what is the order 
of magnitude of current required to account for the earth’s dipolar magnetic 
field of magnitude 6 x 10~> T at the north magnetic pole? 

[University of Manchester 1972] 


A pair of circular coils each having 50 turns of radius 50 cm are separated 
by 50 cm. A current of 10 A passes through the coils which are connected 
in series. Midway between the coils, a flat metal disc of radius 10 cm, is 
revolving at 1000 rpm What is the emf generated between the centre and the 
rim of the disc(uo = 4z x 1077 H/m)? 

[University of Manchester 1959] 


A conductor 1 m long moves with a velocity given by (3i 4- 27 + k) m/s 
through a magnetic field given by G4 2j + 3k) Wb /m? How will the voltage 
developed across the ends of the conductor vary with its orientation? For 
what orientation will the voltage be zero? 

[University of Durham 1962] 


A proton travelling with velocity of v — (i + 37)10* m/s is located at x = 
2 m and y — 3 m at some instant t. Calculate the magnetic field at time f at 
the position x — 2m, y — 3m. 


13.2.3 Magnetic Force 


13.52 


13.53 


13.54 


13.55 


13.56 


Two long straight wires lie parallel to each other at a distance 5 cm apart. If 
one carries a current of 2 A and the other a current of 3 A in the opposite 
direction, find the force each wire exerts on the other (per metre of wire)? 


Two parallel wires 20 cm apart attract each other with a force of 107? N/m 
length. If the current in one wire is 10 A, find the magnitude and direction of 
current in the other wire? 


A 2m long wire weighs 4 g and carries a 10 A current. It is constrained to 
move only vertically above another wire carrying 15 A in the opposite direc- 
tion. At what separation would its weight be supported by magnetic force? 


Three long parallel wires, each carrying 20A in the same direction, are 
placed in the same plane with the spacing of 10cm. What is the magnitude 
of net force per metre on (a) an outer wire and (b) central wire? 


Calculate the force acting on a bent wire (Fig. 13.14) carrying current i 
placed in a uniform magnetic field B, normal to the plane of paper in terms 
of i, B, L and R. 
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Fig. 13.14 B B 
© © 
i | i 
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13.57 A long straight wire carries a current of 20 A, as shown in Fig. 13.15. A 
rectangular coil with two sides parallel to the straight wire has sides 5 and 
10cm with the near side a distance 2cm from the wire. The coil carries a 
current of 5 A. 


(i) Find the force on each segment of the rectangular coil due to the current 
in the long straight wire. 
(ii) What is the net force on the coil? 


Fig. 13.15 


20A 





13.58 (a) A very long straight wire PQ of negligible diameter carries a steady 
current /;. A rigid square coil ABCD of side / and n turns is set up 
with sides AB and DC parallel to the coplanar with PQ as shown in 
Fig. 13.16. The side of the coil AB is at distance d from the wire PQ. 
Derive an expression for the resultant force on the coil when a steady 
current /> flows through it. What is the direction of the force? 


P 





Fig. 13.16 
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13.59 


(b) Calculate the magnitude of the force when 
Il; —1A,b-—A4A,d —0.10m,n — 10, and/ — 0.05 m. 


[University of Durham 2004] 


Two parallel rails of negligible resistance are at distance d apart and are 
connected by a resistor of resistance R. A conducting rod lies perpendicular 
to the two rails and is free to slide on the rails. A constant magnetic field B 
is perpendicular to the loop formed by the rails, rod and resistor. An external 
agent drags the rod at velocity v along the rails. Find (a) the current flowing in 
the resistor, (b) the total power delivered to the resistor and (c) the magnitude 
of the applied force that is needed to move the rod with this velocity. 
[University of Durham] 


13.2.4 Magnetic Energy, Magnetic Dipole Moment 


13.60 


13.61 


13.62 


13.63 


13.64 


13.65 


13.66 


In prob. (13.37) show that the magnetic moment of the disc will be uw = 
2 
cq R 


4 


The earth has a magnetic dipole moment of 6.4 x 10?! A/m^. Show that this 
dipole moment can be produced by passing a current of 5 x 10’ A ina single 
wire going around the magnetic equator. 


Calculate the energy density at the centre of a circular loop of wire 10cm 
radius carrying a current of 100 A. 


Given that the magnetic field at the centre of hydrogen atom is 13.5 Wb/m’, 
calculate the magnetic energy density at the centre of hydrogen atom due to 
the circulating electron. 


A wire of length / forms a circular coil. If a current i is set up in the coil show 
that when the coil has one turn the maximum torque in a given magnetic field 


1 
developed will be —/^i B 
4r 


A charge q is uniformly distributed over the volume of a uniform sphere of 
mass m and radius R, which rotates with an angular velocity œw about the axis 


passing through its centre. Show that the ratio of the magnetic moment and 


the angular momentum will be es S 


L 2m 
An electric dipole, whose dipole moment has magnitude 1.6 x 1077? Cm is 
placed in a electric field of 1000 V/m. The direction of the dipole moment 
makes an angle of 30° to the direction of electric field. What is the potential 
energy of the dipole? 
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13.2.5 Faraday’s Law 


13.67 A flexible circular wire expands such that its radius increases linearly with 
time. It is located in a magnetic field perpendicular to the loop. Show that the 
emf induced in the wire varies linearly with time. 


13.68 An aeroplane, with a wing span of 30m, is flying horizontally at a speed of 
720 km/h, at a point where the vertical component of the earth’s field is 0.4 

Oe. What is the emf developed between its wing tips. 
[University of Durham] 


13.69 A metal disc of radius 0.1 m spins about a horizontal axis lying in the mag- 
netic meridian at a speed of 5 rev/s. If the horizontal component of the earth’s 
field is B = 2 x 10-° Wb/m’, calculate the potential difference between the 
centre and the outer edge of the disc. 

[University of Durham] 


13.70 A coil is 30 turns of wire, each of area 10 cm’, is placed with its plane at right 
angles to a magnetic field of 0.1 T. When the coil is suddenly withdrawn 
from the field, a galvanometer in series with the coil indicates that 10°C 
passes around the circuit. What is the combined resistance of the coil and the 
galvanometer? 

[University of Cambridge] 


13.71 A wire loop of area 0.2 m? has a resistance of 20 Q. A magnetic field, normal 
to the loop, initially has a magnitude of 0.25 T and is reduced to zero at a 
uniform rate in 107^ s. Estimate the induced emf and the resulting current. 


13.72 A square wire with a loop of resistance 4 Q2, with sides 25 cm rotates 40 times 
per second about a horizontal axis. The magnetic field is vertical and has a 
magnitude of 0.5 T. Estimate the amplitude of the induced current. 


13.73 A bar slides on rails separated by 20 cm, Fig. 13.17. If the current flowing 
through the resistor R = 5 Q is 0.4 A and the field B = 1 T, what is the speed 
of the bar? 





Fig. 13.17 
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13.74 A uniform magnetic field of induction B fills a cylindrical volume of radius 
R. A metal rod of length 2/ is placed as in Fig. 13.18. If d B/dt is the rate of 
change of B show that the emf that is produced by the changing magnetic 
field that acts at the ends of the rod is given by 


UB Jao 
peru R2 — l? 


Fig. 13.18 Magnetic 
induction at the centre of a 
current-carrying wire made of 
three-fourths of a circle and a 
chord 





13.75 A square wire of length /, mass m and resistance R slides without friction 
on parallel conducting resistance rails as in Fig. 13.19. The rails are inter- 
connected at the bottom by resistance rails so that R, the wire and rails form 
a closed rectangular loop. The plane of the rails is inclined at an angle 0 
with the horizontal and a vertical uniform magnetic field B exists within the 
frame. Show that the wire acquires a steady velocity of magnitude 


mgR sin O 
QU = ——————— 
B?I? cos? 0 


Fig. 13.19 





13.76 ^A copper disc of 10 cm radius makes 1200 rotations per minute with its plane 
perpendicular to a magnetic field. If the induced emf between the centre and 
the edge of the disc is 6.28 mV, find the intensity of the field. 

[Indian Administrative Services] 
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13.77 Show that Faraday’s law E = dwg /dt is dimensionally correct. 


13.78 The magnetic field of an electromagnetic wave is given by the relation 
B —3 x 10 ^ sin(4 x 10°F) 


where all quantities are in S.I. units. Find the magnitude of emf induced by 
the field in a 200-turn coil of 15 cm? area placed normal to the field. 


13.79 Find the ratio of emf generated in a loop antenna by 100 MHz (typical televi- 
sion frequency) to that of 1 MHz (typical radio frequency) if both have equal 
field intensities. 


13.80 Define magnetic flux and state Faraday's law, describing the relationship 

between the magnetic flux linked through a circuit and the current induced in 
the circuit. What is the force on a straight wire of length / carrying a current 
I in the presence of a magnetic field B? 
Two long frictionless and resistanceless parallel rails, separated by a distance 
a, are connected by a resistanceless wire. A magnetic field B is oriented 
perpendicular to the plane containing the two rails. A frictionless conduction 
slider of resistance R and mass m is placed perpendicular to the rails and 
is given an initial velocity u along the rails. Obtain an expression for the 
force F on the slider while it moves at velocity v. Hence, find the maximum 
distance that the slider travels? 


13.81 A flat, circular coil has 100 turns of wire, of radius 10cm. A uniform mag- 
netic field exists in a direction perpendicular to the plane of the coil. This 
field is increasing at a rate of 0.1 T/s. Calculate the emf induced in the coil. 


13.82 A rectangular coil in the plane of the page has dimensions a and b. A 
long wire that carries a current J is placed directly on the coil, as shown 
in Fig. 13.20. 


(i) Obtain an expression for the magnetic flux through the coil as a function 
of x for0 € x « b. 

(ii) For what value of x 1s the net flux through the coil a maximum? For 
what value of x is the net flux a minimum? 


p m 
| | X-0 
i | 





Fig. 13.20 
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(iii) Obtain an expression for the emf induced in the coil if the wire is placed 
at x = b/4 and the current varies with time according to 7 — 2f. 


13.83 Show that in the betatron the magnetic flux Ø linking an electron orbit of 
radius R is given instantaneously by Ø = 27r R? B where B is the instanta- 
neous magnetic field. 


[University of Newcastle upon Tyne 1965] 


13.2.6 Hall Effect 


13.84 What is the Hall effect and what is the significance of a positive Hall coeffi- 
cient? 
A potential difference is applied between the ends of a strip of copper and 
a current of 100 A flows along its length. The strip is 20cm long in the 
x-direction of a rectangular system of coordinates, 2cm wide in the y- 
direction and 1 mm thick in the z-direction. A uniform magnetic field of 
10 Wb/m is applied across the strip in the positive y- direction and the hall 
EMF is found to be 5 uV 
Derive (a) the magnitude and direction of the Hall field when the current 
flows in the positive x-direction and (b) the concentration of free electrons. 

[University of Manchester 1972] 


13.85 The Hall coefficient and electrical conductivity of an n-type silicon are 
—7.3 x 10? m?/C and 2 x 107 mho/m, respectively. Calculate the magnitude 
of the mobility of the electrons. 


[University of Durham 1962] 


13.3 Solutions 


13.3.1 Motion of Charged Particles in Electric and Magnetic Fields 


141 10°G=1T 
Bq 1 x 1.6 x 107? 





foot = 7 s - 3.83 x 10° Hz = 3.83 MHz 
onm 2n x 4.0026 x 1.66 x 10-27 
1gq?r?B? 1 1.6 x 1071?)?(0.25)? (1.5)? 
js (dx c4 Ru DNO TU Ee 
2 my 2 1.66 x 10-27 
2.17 x 10- ? 
sixilo Nev = 16 So aV 


1.6 x 10-13 
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Bq 1.5 x 1.6x 107! 


Z s 2 3 10 = Mz 
Damy — 2z x 1.66 x 10777 





Ip 


1 Qey*r? p? 
(b) Ky ~ = = K, = 13.56 MeV 
2 4mp 


(B)Qe fp 


ee io 
eS d 7 / 


(1) 


w| 


13.3 qvb=Eq > v= 


mv? nv 


/ 
Exam quB —rc- " 
Separation — 2r2 — 2r, — 2(ro — ri) 
2E 
— 7BB" 





(2) 


(m2 — mı) (3) 


where we have used (1) and (2). 


2 


pu. 
r 


B 0.2 x L.6x 10-1? x 0.2 
mere ecu ee be 
U 2.5 x 107 


In terms of electron mass 


229589105 


= ———__ = 28] 
9.1 x 10-3! i 
Hence the particle is a pion (zr — meson) 


qE 
13.5 Acceleration i= a (1) 


= sat” (2) 
x = vt (3) 
Combining (1), (2) and (3) 


_ qEx? 


d 2mv2 





(4) 


which is the equation to a parabola. 


2mK — (2x9.1 x 10?! x 5x 105 x 1.6 x 1071172 


— 0.0238 
qB 1.6 x 10-9 x 102 E 


13.6 r = 


= 2.38 cm 
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13.7 qE — qv B 
E 1500 





B = ~ = ——=05T 
v 3000 
mb 1.9 x 1.6 x 107! x3 x107 : 
13.8 (a) v " ET. 0-8 m/s 
2r 2a x 1.9 6 
(b) ; 2 —— 2 ————— 2 1.19 x 1078s 2 1.19 us 
U 107 
—27 6 
139 p— 2nmf _ 2m x 2.0141 x 1.66 x 10^ x 5x 10 _ 0.656 Wb/m? 
q 1.6 x 10-7? 
1g?r^B? || (1.6 x 10719)?(0.762)* (0.325)? 
Ell lacu ee Stee 
2 m 2 2.0141 x 1.66 x 10-27 
— 2.9 MeV 


13.10 For deuterons 





2n fm | 21 x 11.5 x 10? x 2.014 x 1.66 x 10 77 ; 
E = = 1.509 Wb/m 


B 
q 1.6 x 10719 


For protons 


B 1.6 x 1071? x 1.509 
Jaa iW E TOMUS 
onm 2z x 1.66 x 10-27 
Bq 1.5 x 1.6 x 10-7? 
13.11 ———— LIU UU UU —-c-115x106c/s-211.5M 
(à) f— 54m an x332 x 107 d e 
1q?rB? | 1(1.6x 10-1? x 0.5 x 1.5? 
(UR Jes RE ELUCET MNT e 
2 m 2 3.32 x 10-27 
13.56 MeV 
q 16x 107"? 
t 15x 10—!6 
13.13 (i) Magnetic force, Fy = gVB 


Electric force, Fg = q E 
For no deflection, FM = FẸ 





13.12 i= — 1.06 x 107? A 


qvB=qE 
E 80x10 2 x 105 m/ 
v= — = —— = 2X m/s 
B 0.4 
2 
(ii) E —qvuB 
r 
E 80 x 10? 
c * — 4.38 x 107 C/kg 


Br B (0401.14 x 1022) 
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13.14 (a) F-qE--quxB 
(b) In the electric field energy acquired, K = q V 


p=v2mK -— J2mqvV. (1) 
In the magnetic field 
p = qBr (2) 


Combining (1) and (2) 


2mV 
r= | — 
qB? 
13.15 Let the isotopes ^?U and ???U be called 1 and 2, respectively. In the mag- 
netic field the momenta are given by 


pi — qBri, p? — qBr2 
P2 — pi = qB (r2 — r1) = 1.6 x 107}? x 0.2 x 2 x 1073 (13.26) 
= 6.4 x 10?!kg m/s. (1) 


In the electric field 


qV = B - a (2) 
p= pif =p 308 x 10 = 1.00639 pr. 3) 
Combining (1) and (3) 
pi — 1.00159 x 107? kg m/s. (4) 
Substituting (4) into (2) 
(107192 


pull aN 
2x16x10-" x3.90x10-5 ^ 


13.16 (a) F—-qvxB 
If B is perpendicular to v, then the particle would move in a circle. 
Centripetal force = magnetic force 


mv? 


mv 
— = 4p f= —— 
r qB 
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d d dB 
(b) § — —-(N9) = —— (NBA) = —NA—— 


d 
= rr ct cos(151)) = 15 NABo sin(15r) 


q 
Ar EQF 


q = 4r sor E = 4r x 8.85 x 107!? x 1076 x 5.8 x 107° 
= 6.447 x 107”? C 


13.17 (a) E = 





Number of electrons 


q 6.447 x 107" 


Uu T = 4.029 or 4 


n = 


(b) Minimum electric field E required to prevent the droplet from falling is 
conditioned by equating the electric force to the gravitational force: 


qE = mg 
mg 4 pg 4 (1079) x 1000 x 9.8 


— Ir ZT X 


q 3 q 3 6.447 x 10719 
= 6.37 x 10^ V/m 


13.18 When a charged particle moves at an angle 0 to the field direction, the par- 
ticle will move in a helical path. The vector velocity v of the particle can be 
resolved into two components, one parallel to B and one perpendicular to it: 
vj — vcos0 and v, — vsinO (1) 
The parallel component determines the pitch of the helix, that is, the distance 


between the adjacent turns. The perpendicular component determines the 
radius r of the helix: 


2K 2x1x1L6x10 P? š 
v = | — = ,{/ ————_____ = 5.93 x 10° m/s 
m 


9.1 x 10731 
mv sind 9.1 x 1077! x 5.93 x 10° sin 60° E 
= —— m L————————————22982x10"m 
lq| B 1.6 x 10-! x 10-3 
= 2.92 mm 


, , 27 m 2z x 9.1 x 107?! E" 
Time period f e ——— —————————————£. = 3.57 x 10°°s 
Ig|B 1.6 x 1071? x 10? 


Pitch = (v cos 0)T = 5.93 x 10° x cos 60° x 3.57 x 1078 = 0.1m 
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13.19 (i) Choose the origin at o, Fig. 13.21. The electric field E acts along 
the y-direction perpendicular to the plates which are located in the 
x-direction. The electric force on the electron is directed along the 
y-axis and the magnetic force along the z-axis. If the component of 
initial velocity in the direction of B is zero then the path of electron 
will be contained entirely in the xy-plane. 


Fig. 13.21 Generating a 
cycloid 





Writing Lorentz force F = gE + qvB, in the component form 


dv, 

Fy =m—— =qE —-qBv, (1) 
dt 
dv, 


Writing for convenience 


B E 
pa dm (3) 
m B 


Equations (1) and (2) can be rewritten as 


C" (4) 
dt 
dv 
uq ^ 6) 


Differentiating (4) and using (5) 





d^v, dv, 2 
ae ye 7099 
d? 
i r +o vy =0 (6) 


With the initial conditions v, — v, — 0, at t = 0, (6) has the solution 
vy = A sin ot (7) 


where A = constant: 


dv, 
— = Aw COS wt = wy — wr, 


dt 
At? = 0,0; =0 
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Ao -—oOy-— A-—y 


v; = y sin øt (8) 


Substituting (8) into (5), integrating and using the initial condition vy = 
Oatt=0 


vy, — y (1 — cos ot) (9) 


(ii) The coordinates x and y at any time ¢ can be found out by integrating 
separately (8) and (9) with the initial condition x = y = Oatt = 0 


ae 





y = —(1— cosot) (10) 
w 
sin wt 
=y ( — ) (11) 
w 
Using (9) and (10) we get 
Ux = wy (12) 


(iii) The energy of the particle is unaffected in the static magnetic field. 
Under the electric field in the y-direction the energy picked up will be 


V 1 
wq cp eniin 
24V 
or v? a c y* (13) 
md 


where we have used (12). 


13.20 Referring to Fig. 13.21 and setting 0 — ct and R — y/o and (10) and (11) 
of prob. (13.19) we get the parametric equations of cycloid 


y = R(1 — cos 0) (1) 
x — R(0 — sin 0) (2) 


These equations define the path generated by a point on the circumference of 
a circle which rolls along the x-axis. The maximum displacement of electron 
along the y-axis is equal to the diameter of the rolling circle, that is, 2 R. 
Identifying 2R — d 





=R=- = = (3) 


d y E/B Em 
2 o eB/m eB? 


where we have set q = e, for the electron charge. 


V 
Also E= d (4) 
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Using (4) in (3) 
2nV 

P 5 
2B (5) 


Thus the condition that the electrons are able to arrive at the positive plate is 


2mV 
eB? 





d? 


13.3.2 Magnetic Induction 


na pa — 
2r 


|. 2nBr 2x x10 9x04 
j x eA 





Ho | 4x x1077 


13.22 (a) Consider a typical current element dx. The magnitude of the contribu- 
tion dB of this element to the magnetic field at P is found from Biot- 
Savart law and is given by (Fig. 13.22) 




















Fig. 13.22 Magnetic P 
induction due to a 4m Se 
current-carrying wire of finite / N E 
length / S 
/ S 
S 
axd% [| x Ze 
<— xX — > 
A C i D 
| -d- 1 = b — J 
i dx sinO 
Cee (1) 
An R2 


Since the direction of the contribution dB at point for all such elements 
is identical, i.e. at right angles to the plane of paper, the resultant field is 


r 
obtained by integrating dB from A to D in (1). Writing sin@ = » 


b 


E [ow _ uoir | dx _ uoir x | 
Ar (x? + r2)3/2 Amr? (x2 + r2)!/2 a 


a 
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[Lol 
B — —— (cos 04 4- cos 05) (2) 
Amr 


(b) For infinite wire 0; — O0 and 05 — O, in this limit (2) becomes 


B= uol 
2r 


which is the expression for a long wire. 


13.23 B = É% 
27 
_ 2Br 2x 107? x 0.5 


i = —— = — ~ =7.96A 
uo 4x x 10-77 


13.24 Magnetic field B4 due to current i in one segment is (Fig. 13.23) 


[Lol 
4a R 





By = (cos 6; + cos 62) 


Putting 0; — 0; — 45? and R — a/2 


[Lol 


E J/2z2a 


Fields due to four sides are equal and additive. Therefore net field 


Bı 





24/2 uoi 
Ta 


B=4B, = 


Fig. 13.23 Magnetic 
induction at the centre of a 
square conducting loop 





13.25 The magnetic fields in the upper branch and lower branch act in the opposite 


4I 
direction. The current in the upper branch is * and in the lower branch is 


I - 
5" As the current is flowing through semicircles, 


608 


13.26 


Fig. 13.24 Magnetic 
induction at the centre of a 
current-carrying wire made of 
three-fourths of a circle and a 


chord 


13.27 
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4] I 
B= (F) 





4a 5 5a 

I I 

py — Ho (L) _ Mol 

4a \5 20a 
3uol 
Nea So 
20a 


Field B at the centre is due to three-fourths of the circle (B1) added to that 
due to the straight segment (B2) 


3 . 
4 2R 
i 
Bo = ay (00s 01 + cos 62) 


From the geometry of Fig. 13.24, 6; = 62 = 45° andd = 


S| 





4 


2a R 


3 
Then B = Bı + B2 = Mor («m 





(a) The magnetic induction due to straight wires is 


| Hoi Mol Hoi 











Bı = = (1) 
4rR 4nR 27R 
because straight wires are of infinite length only on left side. 
Induction at 0 due to semicircular portion is 
[Lol 
By = — 2 
?- un (2) 


Total magnetic induction 


i i i 
Ho Mol X Ho (ird 


B = Bi + B = B 
1 +82 =R 4R 40R 
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(b) The straight portions of the wire do not contribute to the field at O as the 
current is directed towards C and makes an angle 0 — 0^, for which the 
Biot-Savart formula gives B — 0. Thus the entire induction comes from 
the semicircular portion of the wire for which 5 — x 

13.28 (a) Let the angle 0 be subtended at the centre by one side AC of a regular 
n-sided polygon, Fig. 13.25. Then 


Fig. 13.25 Magnetic 
induction at the centre of a 
current-carrying regular 
n-sided polygon 











2T 0 T 
0 = —or- = — (1) 
n 2 
The magnetic induction due to one side AC at the centre O is 
i | COS Q 
Bı = a (cosæ + cosg) = po (2) 
Amr Amr 
where r 1s the distance of O from AC. 
The field B due to n sides will be additive and is given by 
ni cosa 
Bap nog (3) 
2m F 
Now r = asin a, so that in (3) 
COS a COS Q 1 1 0 1 Tm 
= - = — cota = — tan | — } = — tan (=) (4) 
r asing a a 2 a n 


where we have used (1). Using (4) in (3) 


D= EU tan (=) (5) 


2a n 
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(b) In the limit n — oc, tan (=) — T and (5) becomes 
n n 
p ol 
2a 


an expression which is identical for B for a circular loop. This is reason- 
able since as n — oo, polygon — circle. 


13.29 For square / — 4a and for circle | = 27r 


a m (1) 
r 2 
At the centre of the circle, Be = e 
y 
24/2 uoi 
At the centre of the square, 5, — 2v 2 uoi via prob. (13.24). 
wa 
Be 7T a x? 
— = —— — = — = 0.87 
B, 4/2r 8/2 
13.30 (a) The magnetic induction B at the centre of a circular wire is B = E 
r 


Hence for the arc which subtends an angle 0 at the centre 


| Hoi 0 — noi 


2F 27 4n r 





Induction at C due to the inner arc is 


10 
Boc LO 
47 R, 





and due to the outer arc 


Aoi 
4r R 





B = 


The negative sign arises due to the fact that the current has reversed. As 
the radial part of the path points towards C, it does not contribute to B. 
Therefore, the resultant induction is 


Ofi 1 
BaB ha a 
4yr R, R2 





Note that for clockwise current we take B as positive and for counter- 
clockwise we take B as negative. 
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(b) Put 6 = z to obtain 


1 1 
Be Se = 
4 R, R2 


13.31 The total induction is given by adding B, due to the straight conductor which 
contributes on both sides of P and Be due to the circular path, both being 
directed out of page (Fig. 13.9) 


|. Hoi 

2m R 
p, = Hi 
2R 


[Lol 
B= B B. = —— 1 
st Dc RT 





S 


| Hoi ds x r 


13.32 dB = 
47 r? 





(Biot-Savart law) (1) 


The magnetic induction dB at P on the z-axis due to an element of length d/ of 
the ring is shown in Fig. 13.26. Resolving dB along z-axis and perpendicular 
to it, and summing over all such elements it is seen that the perpendicular 
components vanish for reasons of symmetry and the parallel components get 
added up. 

Writing d/ for ds and noting that the angle between R and dl is 90^, (1) can 
be written as 


E (ug irdl) cosa 


dB, = (dB) cosa = (2) 
Az r? 


Writing dd = Rdd, where ¢ is the azimuth angle and r cos a = R, (2) 






































becomes 
Zz 
Y dB 
P N 
\ 
\ 
\ 
Dus ssa i 
te T 
T \ N 
/ A M y 
N NS a F. 
: : : ON 
Fig. 13.26 Magnetic s / > RH 
induction on the axis of a ~ dd = rdo 


current-carrying ring X 
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13.34 


13.35 


13.36 


13.37 
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: p2 
Aoi R^dó 
dB, — ———— 3 
: 4n r? a 
Integrating 
27 
: p2 : p2 
[Lol R Hoi R 
] / © Anr? J i 2 (R2 + 72)3/2 © 
0 
uoNi 42 x 107’ x 500 x 5 4 
B= = —— S54 x 10 T 
l 1.0 
uol |1 1 
B = — | — 
2 E * d— -| 
Apply Ampere’s law inside the hollow cylindrical conductor 
; 3 sd 
(B)Qxr)-— Duo (1) 


x (b? — a?) 


where the right-hand side includes only the fraction of the current that passes 
through the surface enclosed by the path of integration. Solving for B, 


|. bol (r^ — a?) 
— 2zr (b? —a2y 
Magnetic field at P, due to loop A is 


AoINR? 


Bull 
^U 208 x x3 


(1) 


R 
where x = AP = 3 Similarly the magnetic field B, due to the second loop 


is given by an identical expression with x — CP — —. As the currents are in 


the opposite direction these two fields are added: 


uo INR? 
Put x = R/2 to find 
8 N uol 
= AR D 


Consider a ring of radius r, width dr, concentric with the disc. The charge 
on the ring, Fig. 13.27 
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2mrdr — 2qrdr 

















dq = = —— 1 
q=4 ee R2 (1) 
The elementary current due to rotation of charge with frequency f is 
di — fd co 2qrdr | coqrdr (2) 
L = — — LL 
4—2x R r R? 
The induction at the centre due to the current in the ring is 
di rdr æ qdr 
ire ees Lee (3) 
2r 2r m R? 27r R? 
Total induction from the rotating disc 
f d 
B= | dB — [ 5837 r - d (4) 
2x R?  2mR 
0 


Fig. 13.27 Magnetic 
induction at the centre of a 
charged rotating disc 





13.38 The field at any point P at distance x from P, the middle point will be 


[Lo INR? 1 1 
m T 3/2 


ece] [e] 


by prob. (13.36). 





(1) 
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o B 
Differentiate B with respect to x and evaluate (5) to find the first 
X — 


g2 


0 
=) = 0. Thus 
A Jai 


derivative zero. Differentiate B once again to find ( 


the field around P is seen to be fairly uniform. 


[Lol 
2t Y 


4x x 1077 x 100 zs 
= = 2 x 10 OT 
2m x19 


Hoir 
2x R? 


— 4x x 1077 x 100 x 6 x 102 
E 27 x (3 x 1072)2 





13.39 (i) B = (r > R) (1) 


(ii) B= 





(P E (2) 


2135540 9T 


13.40 (a) È B; Al = uoi (Ampere’s law) 
Xx BAL=BUAL=B - 2nr= poi 


where we enclose the current i by going round once the circle of radius 
r. The magnetic induction will be tangential to the circle and the sum- 
mation is simply the circumference of the circle, Fig. 13.28a: 


(B)(2rr) = noi 
_ Hol 


R 
2E ve 


(b) Consider a circular path C at distance r < R, Fig. 13.28b. The current 
ig inside a cross-section of radius r is proportional to the cross-sectional 
area 


By Ampere's law 


Fig. 13.28 Magnetic 
induction due to a 
current-carrying cylinder 





& 2^7 


-~ 
© 
— 
=~ 
Oo 
— 
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2 
r 
X B; Al = (B) (2x r) = poio = Hol 5 
Hoir 
B = r< R 
2x R? ( ) 


13.41 Let the radius of the inner arc of the loop be r and that of the outer arc 2r. 
Both the arcs are quarter of a circle. The straight portions do not contribute 
to B as their directions pass through P. As the currents in the two arcs flow 
in the opposite sense, B will be down due to current in the outer arc and up 
due to the current in the inner wire: 


luo? 1 pol Hol 
Bret = -— 7 7 =— 2 down 
4 2r n 16r 





13.42 By prob. (13.22) at P, Fig. 13.29 


Lol 
B — — — (cos 04 + cos 62), (1) 
4t x 


put 0; — 0» then 
L2 


J/ (L/2)? + x? 


So that (1) becomes 


cos @; = cos@) = 


I L 
p Ho 


mx day 4 x2 


(a) Let the square be of side a — //4. The distance of the centre of square 
from the side is a/2. Put x = a/2 and L = a = 1/4 in (2) to find for one 


(2) 


side 
24/2 ud 
B, - ———— 
ml 
8A 2uol 
As there are four equal sides, B — 4B, — a 
T 


The B-field will be perpendicular to the plane containing the wire and 
the field point. 

(b) Let each side of the equilateral triangle be a = //3. Distance of the 
centre of the triangle from any side is x — a/24/3. Put L — a — 1/3 


Ouol 
and x — a/24/3 in (1) to find for one side B, — m Hence for three 
7 


sides 
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Fig. 13.29 Magnetic field 
due to a current-carrying 
straight wire of finite length 





27uol 
Den ce 
2zl 


B (square) E 2112 — 119 
B (triangle) 8/2 ` 





8Nuol  (8)(100) (47 x 1072) 








= ail 
13.43 By prob. (13.36) B = SER OC 53/(0.2) E d 3E 
13.44 $ B dl = uoi (Ampere’s law) 
By prob. (13.43) 
olr 
~ 2m R? P d) 
R I 
For r = —, ae (2) 
Ž 4r R 
Hol 
Further B — —— (r > R). (3) 
Amr 


Equating (2) and (3) we find r = 2R. Thus at r = 2R, the magnetic field is 
the same as atr = R/2. 


13.45 (a) In the absence of magnetic material the number of flux linkages Nog(N 
being the number of turns) is proportional to the current 


Nop = Li (1) 


If n is the number of turns per unit length, A the cross-sectional area and 
l the length of the solenoid and B the magnetic induction 


Np = (nl)(BA) (2) 
By Ampere’s theorem 

B = uoni (3) 
Combining (1), (2) and (3) 


L = won’ Al (4) 
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A 
p? Ni 2 Al N2;2 2 
We op dl agus Oe HON RIT 
ziko 2uol? 21 
4m x 10~7) (100)?(5)?2 (0.01)? 
__ (4 x 1077) (100)(5)?2 0.01)? e 14g 
2x 0.1 
n 4x. x 1077 x 100 x 5 0.1)2 
pg UBL USE Roco A 
0.1 
— 1.972 x 107 ^Wb 
—Aó  —1.72x 1074 
m a? eee — —3.94 x 10? V 
At 5 
ES 1077 x 3 
]iae up Rld9 t. 745 MT VLcodgRT 


2nr 2x x 50 x 10-3 


(b) In the vector form the Biot and Savart law can be written as 





qp - Aoi di x r 

4r r? 

Az x 1077) 2) Qk x 3i : "P 
pira IS asd i, — (Eod = 


An 33 
Thus dB = 4.44 x 1078 T along positive y-axis 


4r x 1077) (2) Gk x (—6i : 
(ii) dB = See —— 10e 1075; 


T 
Thus dB = 1.11 x 107? T along negative y-axis 
(iii) dB —0 €: k x 20) 
4x x 107) Q) Ok x 3j ^ 
(iv) dB — (4x x 10 ))GK x 5j) uA da 107°; 
An 33 


dB = 4.44 x 10^? T along negative x-axis. 


Ni 100 x 2 


13.47 H — ngi = — — ————— 
27r 2a x 0.1 


= 318.47 A/m for both vacuum and material. 


B — KuoH — 1 x 4z x 1077 x 318.47 = 4 x 107^ T (vacuum) 
B — 500 x 4z x 1077 x 318.47 — 0.2 T (material) 


B — uoH 
M= eS 0 (vacuum) 
Ho 
B 0.2 5 : 
M = — —H = ——~ — 318 = 1.59 x 10 (material) 
uo 4r x 1077 


13.48 Use the formula for B(z) on the axis of a circular coil of radius r carrying 
current i: 
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uoir? 


PO = G24 DR 


(1) 


Use the following values: 

B —6x 107? T, uo = 4r x 1077 A/m, r 2 106 m and z 2 6.4 x 108m 
(distance of the pole from earth's centre) and solve for the current ;. We find 
i — 2.6 x 101? A, Thus the order of magnitude of current is 1019 A, 


13.49 The induction midway between Helmholtz coils is (prob. 13.36) 





SN uol 
B= aR (D 
Given N = 50, I = 10 A, R = 0.5m and uo = 4r x 107’ H/m 
B —894 x 107^T (2) 


Emf generated between the centre and the rim of the disc is 

E = nr? Bf = m x (0.1)? x 8.94 x 1074 x 16.66 = 468 x 107 V = 468 u V. 
13.50 Given 

l = 1.0m, v =3i +2j+3k, B=i+2j 43k 

Voltage developed 

E = |v x B|L sing = |v||B| (sind)! sing 


where 0 is the angle between v and B, ¢ is the angle which / makes with B: 


1/2 
= D. 4224 1°) =A 


1/2 
B| = (1? 422 4 3 xq 





5 eB 39493. 5 
Iv| IB (14) (i4) 7 
sind = 0.4898 


é = (v14) (V74) (0.4898) (1) sing = 6.857 sin ¢ 


E€ will be maximum for ¢ = 90° and zero for @ = 0 or 180°. 


13.51 The motion of the proton is equivalent to a current. The current density is 
given by 
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J =ev (1) 
The magnetic field due to a current-carrying circuit is given by the Biot- 
Savart law 
I (dl'xR 
mae (2) 
An R? 


When d/' is the circuit element, R is the vector which points from d/’ to the 
field point. As there is only one proton there is no need to integrate to find 
B. Replacing the current by the current density J, the Biot—Savart law is 





modified as 
uo [J x R 
p- 2 (5) 3) 


Substituting (1) into (3) 


R 
p — toe (2X 
An R? 


R — (2j) m 





pes (i E 3j) 10^ m/s 


vx R=10° — 107 


— pe sS. 
3 02 —. 
O Oo = 


" 
4 1077 (-10 k) 
BT x 16x 107 x 5— À 
7 (v5) 
— 143 x 1072 KT 


13.3.3 Magnetic Force 








F iis 4n x10 x2x3 
me -=T aio N 
l Amd 27 x 0.05 
: B 
liso ro 
l 2rd 


1 — 1.0A 





| 2nd (FX. 2n x .2x 10? 
^ uoi V1). 4x x 1077 x 10 


The currents are parallel. 
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13.54 For equilibrium, magnetic force = gravitational force. 








| Holijio 
21 d 
— Wolii? — 4m x 1077 x 2x 10 x 15 mem 
2n mg 2z x4 x 10 x 9.8 
= 1.53 mm 


13.55 (a) Net force per metre on the outer wire 


F Fi F ç nHuoüis Ho i2i3 
l l l nd 2rx2d 
— poii +i2) 4r x 107” x 20(2 x 204+ 20) | 
7 An d 7 An x 0.1 7 





1.2 x 107° N 


(b) Zero 
13.56 F = ilB + (i)\(m R)B + ilB = i (2l + m R)B. 


13.57 (i) The force on the horizontal segments is zero as they are perpendicular 
to the straight wire. For the vertical segments the force is repulsive for 
antiparallel currents and attractive for parallel currents, the magnitude 
being 


JU 





where d is the distance of separation. 
Force on the nearer vertical segment 


— (4m x 1077)(0.1)(20)(5) _ 


Fi = — —1x10^N 
(2z:) (0.02) 
Force on the farther vertical segment 
Ax x 107^)(0.1) 20)(5 
Fy = LU x10 0.0000) | ^ 06x 10 N 


(277 ) (0.07) 


(ii) The net force on the coil, F4 — Fi 4- F; — —7.14 x 10? N 


13.58 (a) Wire PQ will produce a field of induction B4 at the segment AB of the 
coil. The magnitude of B, will be 


— Boll 


B 
2d 


(1) 


The right-hand rule shows that the direction of B, at the segment AB 
is down, wire AB, which carries a current /> finds itself immersed in 
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13.59 (a) 


Fig. 13.30 


an external field of magnetic induction Bı. A length / of the segment 
AB will experience a sideway magnetic force equal to i/ x B whose 
magnitude is 


olh h 


Fə = hl Bı = 257 





(2) 


The vector rule of signs shows that F> lies in the plane of the coil and 
points to the right. A similar reasoning shows that the force on the seg- 
ment CD will be 


Kl 
F; = oll Ip 3) 
27 (d +1) 


to the left in the plane of the coil. There is no force on the segments BC 
and AD as they are perpendicular on PQ: 





uolhh |1 1 
Fret = oe 4 
= ee IL 7 
to the right 
p Qn x 10770.050)0000) [ 1 l 
e 27 0.1 0.1 +0.05 
= 1.335 x 10?N 


where we have multiplied (4) by 10 for the number of coils. 
The flux $g enclosed by the loop, Fig. 13.30, is 


bp = Bix (1) 


where /x is the area of that part of the loop in which B is not zero. By 
Faraday’s law 


døg 


E d (Bi) — —B = BI (2) 
z= — ——— Z — — xX) aS — = E U 
dt dt dt 


1, 
ee 
ae 
x 

x 
x 

x 
x x 

x 

< 

-< 2 À- 
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where the speed v = —dx/dt for the speed with which the connecting 
rod is pulled out of the magnetic field. The emf Bly sets up a current in 
the loop given by 
. € Blv 

z= — Tl 3 
per (3) 


(b) The total power delivered to the resistor is just the Joule heat given by 


p 2p B21? v2 
= = 
: R 





Note that energy conservation tells us that for steady motion of the rod 
the external agent must provide power equal to the Joule heat. That this 
is so is borne out from 


B^? 


P= fay = 
: R 





(c) The current the loop produces forces Fi, F» and F3 on the three sides of 
the loop in accordance with 


F —ilx B (4) 
Because F| and Fh are equal and opposite, they cancel each other, while 


F which opposes the motion of the sliding rod is given by (4) and (3) in 
magnitude as 


B21? 
R 





F, = ilBsin90° = (5) 


13.3.4 Magnetic Energy, Magnetic Dipole Moment 


13.60 Elementary magnetic moment 





3 
pe _ (wardr 2,  eqr dr 
dys = aaa = ( D ) (xr Pe 
where dA is the area enclosed by r and the value of di is used from (2) of 
prob. (13.37). 
Therefore the magnetic moment of the disc is 
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R 
= fa a _ wqR? 
uim udin RR 4 


0 





13.61 Magnetic moment 


i. — NiA — (Dy) rr?) 


| Hn 6.4 x 10?! , 
i= — = —————————-—498x10'A 
zr?  m(6.4 x 106)? 


13.62 Magnetic energy density 





1 
Ug = —— 2 
21.0 
But B = por 
2r 
1 (moi\* 1 poi2 4 x 1077 x (100 
l4 E —— — SSS Seo 
Pio NIF 8 r2 8 x (0.2 
— 0.157J/m? 
1 13.5)? 
13.63 ug — —— B? — Les 7.25 x 107 J/n? 
20 2 x 4z x 1077 


13.64 Tmax = IAB = (i) (zr?) B 


But l = 2īr > r = — 
2m 


i li B 
T = yl —— — 
e 2T An 


13.65 Let the sphere of radius R rotate about the z-axis, Fig. 13.31. Consider a 
spherical shell of radius r(r < R) concentric with the sphere. Consider a 
volume element symmetrical about the z-axis. 





dV — 2zr? sinó d0 dr (1) 


where 0 1s the polar angle and r is the distance of the volume element from 
the centre. The charge dq residing in the volume element is 


3q 


ET A A 


dq 


The current due to rotation of charge is 
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Fig. 13.31 Magnetic moment 
due to a rotating charged 





sphere 
(D 3gw r* sind dé dr 
di = — dg = — ————— 3 
On tag R? 6) 
where we have used (2) and (1). 
The magnetic moment due to di is 
3q wr’ sind dod 
dus = (di)(dA) — ( 2227 287 "7 | s 2 sin? ) 
4r R? 
3 œwqrźdr sin? 0 d0 
Z aa a (4) 


= R3 


where dA is the area enclosed by the circle of radius r sin 0. 
Total magnetic moment 


R T 
3 wq 4 3 3wq (R? - wq R? 
u= | an=3 24 | rar | sinodo = 123 5]13]^ 3 
0 0 


(5) 





The angular momentum of a sphere about a diameter is 


2 2 
SS RTO (6) 


H q 
QUEE 3m 7 
L 2m Sg 
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13.66 U = —p - E = —p E cosé = —(1.6 x 107~*”)(1000) cos 30° = —1.38 x 


10726 J. 


13.3.5 Faraday's Law 


13.67 


13.68 


13.69 


13.70 


13.71 


13.72 


13.73 


ap dvbeemm 
— g roblem 
d yp 
d d 
£= -2 = (BA) (by Faraday’s law) 
1 
But B x — and A = nr? 
r 
£ dr 
X — 
dt 
Or Ext 


where we have used (1) 


0.4 Oe — 0.4 x 80A/m — 32 A/m 


B = uoH = 4r x 107” x 32 = 4.02 x 10° T 
v = 720 km/h = 200 m/s 
E = Blv = 4.02 x 107° x 30 x 200 = 0.24 V 


V = nr? Bf = n (0.1)? x 2 x 107” x 5 = 3.14 x 107° V 


BAN — 0.1 x 0.001 x 30 
| ^. 1075 


Ag  AAB _ 0.2 x 0.25 
At ^t 10-4 


R = 300 Q 


= — 500 V 


500 
= —— = 25A 
20 


i = 


x | 


The amplitude of the induced voltage 
£o = wB A = 27 fBA = 27 x 40 x 0.5 x (0.25)? = 7.85 V 


Amplitude of the induced current 


7.85 
ipa a ER 
R = 


£ iR—04x5-2V 


(1) 
(2) 
(3) 


(4) 
(5) 
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É — vB 
De en 10 m/s 
LB 0.2 x 1.0 
d AdB 
13.74 £ = E d 
dt dt 


A = area of the triangle sandwiched between the ends of the rod and the 
radii connecting the centre with the ends, Fig. 13.18: 


1 , 1 
A= 5 (base) (altitude) = 5! J/ R? — (1/2)? 
dB L |j 
Thus RRT R? — (1/2) 


13.75 Gravitational force on the loop 
Fs = mg sind 
Magnetic force on the loop 


l 
Fm = (B cos @)il = B cosé E 
B cosl v B?l? cos? 0 
— —————vBcos0 .[| — —————— 
R 
For steady speed, Fret = Fm — Fg = 0 


v B?l? cos? 0 


—mg sind = 0 
R 
mg R sinO 
Or Um —————— 
B?l? cos? 0 
13.76 € = n R° Bf 
É 6.28 x 1073 


E it 
zx Rif 344 x (0.1)2 (1200/60) 


13.77 [emf] — [electric field][distance] 


— [force/charge |[distance] 

-[MLT ^ Q pz] 2 (ME/T ^ Q^] 
[dóg/dr] — [G8]IT ^] = [B][area][T'] 

— [force/(velocity) charge] ee 

= [MLT~*/LT~' OVL*]{T'] 
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13.78 


13.79 


13.80 


—[ML^T ?Q"!| 
[emf] — [dép /dt] 


The flux through the coil 


ó —B.A-15x 10 ^ x 3 x 10 sin(4 x 10°F) 


d 
E = -N — —200 x 15 x 10^ x 3 x 4 x 106 x 10^ cos(4 x 1067) 


— —3.6 x 107 cos(4 x 106 7) V 


B — Bosin(ot + $) 
E x wBocos(at + $9) 
Emax (television) OL fi 100 


- = — = = — = 100 
Emax (radio) C h 1 


Bo is the same for both the waves. 


The flux ¢g enclosed by a loop of area A is given by óp = BA, where B 
is the magnetic field. Faraday’s law of induction says that the induced emf & 
is a circuit equal to the negative rate at which the flux through the circuit is 
changing. In symbols & — —dó$5p/dt, the current being / — &/R, where R is 
the resistance. The magnetic force on a straight wire is given by F — il x B: 


$r = BA = Bix (BLI) 


By Faraday’s law 


dog d dx 
=— ——— = ——(Blx) = —BI— = BI 

S dt s 9 dt " 

E Blv 
| — = Sz —— 

R R 

B?l?v 
Force F — ilB — 





If the magnetic force acts as a resisting force then equation of motion will be 





B??v 
ma = — 
R 
dv dv ds du B??v 
Or — —— Es 





"dt dsa ^ ds R 
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B21? 
dv = — (=) ds 
mR 
- [4 E B?l?s LC 
"= mE mR 


where C = constant of integration. 
When s = 0,v = u 





c&n 

HN (u—v)mR 

"— pap 
um R 


Buc 
where we have put v = Q. 


b= 
13.81 = di 


= —100 x x (0.1)*(0.1) 2 0.314 V 


d dB 
= = = -Nar (Faraday’s law) 


13.82 (i) The flux on one side is equal and opposite to that on the other for 0. — 
r < b—x, where r is the distance of any point from the long wire. Only 
the flux through the portion b — x « r « x is not cancelled: 











Iad 
d= ai= 
2m 1 
X 
uola dr | uola x 
LI = _ n 
27 r 27 b—x 


—X 


(ii) $ — oo for x — b and $ — O0 for x — b/2 
(iii) For / — 2t and x — b/4 


o= n(5) 2t 





20 3 
i dọ  Loaln3 
|| d T 


13.83 Betatron is a machine to accelerate electrons to high energy. It consists of 
an evacuated ‘doughnut’ in which the electrons are made to circulate under 
the influence of changing magnetic field. If a magnetic flux $ changes in an 
electromagnet, it accelerates the electrons and at the same time holds them 
in an orbit of fixed radius. The average force acting on the particle during a 
single rotation is the work (induced voltage multiplied by charge) divided by 
the distance 27 R. Equating this to the time rate of change of momentum, by 
Faraday's law of induction 
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do dP 
EEE aa 
dt dt 
dd /dt d d 
pe R 
27 R dt dt 


where B is the magnetic field and R is the radius. 
Integrating and assuming that initially the flux is zero and R is constant 


p = 2x R? B 


13.3.6 Hall Effect 


13.84 Consider a strip of a conductor of width W and thickness t carrying a d.c 
current i in the positive x-direction along its length, Fig. 13.32. A magnetic 
field B set up in the z-direction into the page produces a deflection force in 
the positive y-direction, as the drift velocity of electrons is in the negative 
x-direction. Consequently charge concentration builds up towards the upper 
edge of the strip. As the charges collect on one side of the strip they set up 
an electric field that opposes sideways motion of additional charge carriers 
inside the conductor. This build up of charges establishes a potential Vy 
across the width of the strip, called Hall potential and the phenomenon is 
known as Hall effect. Eventually equilibrium conditions are reached and a 
maximum voltage, known as Hall voltage, is quickly established. The sign 
of the voltage gives the sign of charge carriers and its magnitude the number 
density n of charge carriers: 





Fig. 13.32 Hall effect Lower potential 
X X X XX X X X | y 
—— X xX xX XxX XX XY = 
Vg X XX XX XK KY x 
E x Xx 3X x x. T 
Higher potential 
i B i B 
(a) Ey = vgB = — = 
ne newb 
100 x 10 B 
= 2.5 x 107^ V/m 


— 1.25 x 109 x 1.6 x 10-19 x 10-3 x 0.02 


The field is along positive y-direction. 
(b) When equilibrium is established the Lorentz force is zero: 


630 


qE--qua x B=0 


Or E-—-—VaxB 
E — —vgB C. vg.LB) 
Vi b Db 
I IH = va D = J? = i 


ne Wtne 
iB 
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100 x 10 


— elVq 1.6 x 10-1? x 10 x 5 x 10-6 


= 1.25 x 109 /g? 


13.85 If Ry is the Hall coefficient, o the electrical conductivity, then the mobility 


u is given by 
u = Ryo = (—7.3 x 107°) (2 x 10°) 


The magnitude is 0.146 m? /V/s. 


= —0.146 m?/V /s 


Chapter 14 
Electromagnetism II 


Abstract Chapters 13 and 14 are devoted to electromagnetism concerned with 
motion of charged particles in electric and magnetic fields, Lorentz force, cyclotron 
and betatron, magnetic induction, magnetic energy and torque, magnetic dipole 
moment, Faraday’s law, Hall effect, RLC circuits, resonance frequency, Maxwell’s 
equations, electromagnetic waves, Poynting vector, phase velocity and group veloc- 
ity, dispersion relations, waveguides and cut-off frequency. 


14.1 Basic Concepts and Formulae 


Self-Inductance (L) 


No Total flux linkage 
L -—————————— (14.1) 
I Current linked 
E= -L 2 (14.2) 
~ dt 


For a long solenoid or toroid 


| uoN* A 
-—— 


L (14.3) 


where WN is the number of turns, A is the area of cross-section of each turn and / is 
the length of the coil. 
The energy stored in an inductor 1s 


W = Li? (14.4) 


L-R Circuit 


di 
Differential equation. Le --iR —é (for charging process) (14.5) 
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(cen 


By | ver 


Solution i — 


Inductive time constant 
m= L/R 
. . di, 
Differential equation L + iR = 0 (discharging process) 


Solution i = eet 


C-R Circuit 
Ri+q/c=é€ (charging) 


q —qo(1 — e £S) 


Capacitive Time Constant 


t — RC 
Ri +q/C = O (discharging) 
q = qoe /FC 


Inductors in Series 
Leg = Li c L2-- 2M (coil currents in the same sense) 
Leq — Lic L2 —2M (coil currents in the opposite sense) 
where M is the mutual inductance 


Leq = L1 + L2 (inductors well separated) 


Inductors in Parallel 


M = (Li L2)" 2 (inductors are closely placed) 


The Alternating Current (AC) 
The effective or root-mean-square value: 
Ie = Ip/V2 


where Jọ is the peak current 


(14.6) 


(14.7) 


(14.8) 


(14.9) 


(14.10) 
(14.11) 


(14.12) 
(14.13) 


(14.14) 


(14.15) 
(14.16) 


(14.17) 


(14.18) 
(14.19) 


(14.20) 


14.1 Basic Concepts and Formulae 


Reactance: Inductive XL = @L, Capacitance Xc = 1/@C 


Impedance Z = y R? + (Xi — Xc)? 


RLC Series Resonance Circuit 
BV 
wC 


The phase o is given by the relation 


XL-Xc oL- 4 


tano — = 
R R 


(1) a 1s positive 1f coL — 1/oC, and V leads I. 
(ii) o 1s negative if coL « 1/oC, and V lags behind 7. 
(i1) o is zero if @L = 1/wC, and V is in phase with 7. 


(resonance frequency) 


P=I1.Vecosa (power) 
Quality factor (sharpness of resonance): 


Q — ogL/R 


Table 14.1 gives the analogues for electrical and mechanical quantities. 


Table 14.1 Analogies between mechanical and electrical vibrations 
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(14.21a) 


(14.21b) 


(14.22) 


(14.23) 


(14.24) 


(14.25) 


(14.26) 


Characteristic Mechanical Electrical 
Inertia Mass (m) Inductance (L) 
Stiffness Stiffness constant (k) Inverse capacitance (1/c) 
Force Force (F) EMF 
Resistance Frictional factor (r) Resistance (R) 
Kinetic energy l/mv? lj Li? 
Potential energy lpkx? lpgq?/C 
Reactance mæ — k/w coL — 1/oC 
2 

Impedance r? + (mo — E R2 + (oL = an) 
Condition for oscillation r « 2 km KR«24LJIC 

1 1 
Resonance frequency ^ k/m SUNG 
Quality factor wom/r woLl/R 
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Parallel Resonance Circuit 


h= E ue (14.27) 
)—2zV LC E ' 
When R = 0 
1 
TE (14.28) 


Maxwell’s Equations 


Differential Form 


V.B —0 (Gauss’ law of magnetostatics) (14.29) 
V.D = p (Gauss’ law of electrostatics) (14.30) 
oB 
VOCE m (Faraday's law) (14.31) 
oD 
Vx H=J+ WT (Ampere-Max well law) (14.32) 


Auxillary Equations 


D = £E, D = eg9gE - P (14.33) 
B = 0H, B = uo(H 4 M) (14.34) 
J Sob, J = pv (14.35) 


where B — magnetic induction, p — charge density, E — electric field, D — dis- 
placement vector, H = magnetic intensity, J = current density, o = conductivity, 
M = magnetization, v = velocity, P = polarization. 

The concept of displacement current can be explained by the working of a par- 
allel plate capacitor placed in a vacuum and connected to a battery. As the capac- 
itor gets charged current flows through the wires but the usual current does not 
pass between the plates of the capacitor plates. From considerations of continuity 
Maxwell was led to postulate the existence of a displacement current equivalent to 
the changing electric field in the space between the plates. 

On the theoretical side, Maxwell examined Ampere’s law, V x H = J, and 
noticed that there is something strange about this equation. On taking the divergence 
of this equation, the left-hand side will be zero, because the divergence of a curl is 
always zero. This equation then requires that the divergence of J also be zero. But 
if the divergence of J is zero, then the total flux of current out of closed surface is 
also zero. 
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Now the flux of current from a closed surface is the decrease of the charge inside 
the surface. In general this cannot be zero because charges can be moved from one 
place to another. This difficulty is avoided by adding the term 0D/dt, where D = 
&€o E, on the right-hand side of (32). 


Integral Form 





QE = $ B.ds — 0 (Gauss’ law for magnetostatics) (14.36) 
Qenc ; 
0p = $ E.ds = (Gauss’ law for electrostatics) (14.37) 
£0 
dyg . . 
E.ds = m7 (Faraday's law of induction) (14.38) 
dog 
B.ds — Ho80 + Molenac (Ampere-Maxwell law) (14.39) 


Electromagnetic Waves 


The E- and H -waves are transverse to the direction of propagation and are perpen- 
dicular to each other. 


V x (V x E) 2 - VE 4- V(V.E) (14.40) 
Wave Equation 
V?E 2 —o^yugsoE (14.41) 


The Intrinsic Impedance 


n= fe (14.422) 
€ 
[Lo 

no = ,/— =377Q (free space) (14.42b) 
£0 


The Poynting vector (S) represents the power in the electromagnetic wave and is 
given by 


SE XH (14.43) 
and points in the direction of propagation of the wave. 


The skin thickness (ô) represents the depth to which an electromagnetic wave of 
frequency f = w/2z can penetrate a medium and is given by 
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2 
ies um (14.44) 
[LOW 


where ju is the permeability and o is the conductivity. 


Phase Velocity (vpn) and Group Velocity (vg) 


Phase velocity is just due to the nodes of the wave that are moving and not energy 
or information. In fact the phase velocity can be greater than c, the velocity of light 


voh = @/k (14.45) 


In order to know how fast signals will travel one must calculate the speed of 
pulses or modulation caused by the interference of a wave of one frequency with 
one or more waves of slightly different frequencies. The speed of the envelope of 
such a group of waves is called the group velocity and is given by 


Vg = dw/dk (14.46) 


Waveguides are hollow metallic structures in which the electromagnetic waves 
are guided to travel from one place to another without much attenuation. Here, we 
shall be concerned only with rectangular guide of cross-section of x — a and y — b, 
with the wave propagated in the z-direction. 


e- (F-E (m 


N 


where c is the velocity of light in free space, m and n are integers. Equation (14.47) 
is valid both for TE,,, and TH,,, waves. 
For the simplest case m = 1 and n = 0. For TEj9 wave. 


C 
Uph — —————— 
2 
À 
y1- (2) 


where 9 is the free space wavelength. 


» 2 
Vg = C,/1 — (>) (14.49) 
2 


Uph.Ug — C (14.50) 


A 
2 
2 
À 
y1- (2) 


(14.48) 


(14.51) 
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14.2 Problems 


14.2.1 The RLC Circuits 


14.1 


14.2 


14.3 
14.4 


14.5 


14.6 


14.7 


14.8 


14.9 


A 2.5\F capacitor is connected in series with a non-inductive resistor of 
300 (2 across a source of PD of rms value 50 V, alternating at 1000/27 Hz. 
Calculate 


(a) thermal values of the current in the circuit and the PD across the capacitor. 
(b) the mean rate at which the energy is supplied by the source. 
[Joint Matriculation Board of UK] 


A 3 Q resistor is joined in series with a 10 mH inductor of negligible resis- 
tance, and a potential difference (rms) of 5.0 V alternating at 200/m Hz is 
applied across the combination. 


(a) Calculate the PD Vg across the resistor and Vj, across the inductor. 
(b) Determine the phase difference between the applied PD and the current. 
[Joint Matriculation Board of UK] 


An inductance stores 10 J of energy when the current is 5 A. Find its value. 


A tuning circuit in a radio transmitter has a 4 x 107° H inductance in series 
with a5 x 107!! F capacitance. Find 


(a) the frequency of the waves transmitted. 
(b) their wavelength. 


A 6 Q2 resistor, a 12 Q inductive reactance and a 20 $2 capacitive reactance 
are connected in series to a 250 Vrms AC generator. (a) Find the impedance. 
(b) Estimate the power dissipated in the resistor. 


At 600 Hz an inductor and a capacitor have equal reactances. Calculate the 
ratio of the capacitive reactance to the inductive reactance at 60 Hz. 


A capacitance has a reactance of 4 $2 at 250 Hz. (a) Find the capacitance. 
(b) Calculate the reactance at 100 Hz. (c) What is the rms current, if it is 
connected to a 220 V 50 Hz line? 


When an impedance, consisting of an inductance L and a resistance R in 
series, is connected across a 12 V 50 Hz supply, a current of 0.05 A flows 
which differs in phase from that of the applied potential difference by 60°. 
Find the value of R and L. Find the capacitance of the capacitor which when 
connected in series in the above circuit has the effect of bringing the current 
into phase with the applied potential difference. 

[University of London] 


When a 0.6 H inductor is connected to a 220 V 50 Hz AC line, what is (a) the 
rms current and (b) peak current? 
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14.13 


14.14 


14.15 


14.16 
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A simple alternator, when rotating at 50 revolutions/s, gives a 50 Hz alternat- 
ing voltage of rms value 24 V. A 4.0 Q resistance R and a 0.01 H inductance 
L are connected in series across its terminals. Assuming that the internal 
impedance of the generator can be neglected, find (a) the rms current flowing; 
(b) the power converted into heat; (c) the rms potential difference across each 
component. 


An AC circuit consists of only a resistor R = 100 €2 and a source voltage 
V = 0.5 Vn at time t = 1/360s. Assuming that at t = 0, V = O, find the 
frequency. 


Given that for a series LCR circuit the equation is 


d? V nee Dag 
d? Ldt è LC | 

If a similar equation is to be used for a parallel LCR circuit as in Fig. 14.1, 
then show that 


L 


R, = 
POR 








( 00,.— 


^ “fw Nun 
A A 
Ne at a ll el 


r= 
MoDa 
Pu 
pe 


; ; = 1 
Verify the equation c = ED! 


Show that in the usual notation the following combinations of physical quan- 
tities have the units of time: (a) RC, (b) L/R, (c) VLC. 


In an oscillating RLC circuit the amplitude of the charge oscillations drops 
to one-half its initial value in 4 cycles. Show that the fractional decrement of 
the resonance frequency is approximately given by Aw — 0.00038. 


Derive the equation for the current in a damped LC circuit for low damping. 


14.2 Problems 639 


14.17 Setup the equation for the RC circuit in series and show that the input power 
is the sum of the powers delivered to the inductor and capacitor. 


14.18 Set up the equation for the RLC circuit in parallel and show that at any time 
the Joule heat in the resistor comes from the energy stored in the inductor 
and capacitor. 


14.19 For the electrical circuit shown below when the switch K is closed the charge 
and current are observed to oscillate (Fig. 14.2). Show that the differential 
equation governing the charge of the system can be written as 


dQ dQ č , 
Z oa = 
a a + og 


where y and og are to be determined in terms of the capacitance, C, induc- 
tance, L, and resistance, R. 

For a resistance R = 100 Q, capacitance C = 700 pF and inductance L = 
80 mH calculate 


(a) The natural frequency, fo, of the oscillation. 
(b) The time constant, t, for the decay. 


Fig. 14.2 





14.20 Solve the differential equation given in prob. (14.19) and obtain the time 
period for damped harmonic motion. 


14.21 A resistor, capacitor and inductor are connected in series across an AC volt- 
age source shown as in Fig. 14.3. 


(i) Find the magnitude of the inductive reactance X; of the inductor and 
capacitive reactance Xc of the capacitor. 
(ii) Find the magnitude of the total impedance Z of the circuit and sketch 
the impedance phasor diagram for this circuit. 
(iii) Find the total current 7r through the circuit. 
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Fig. 14.3 R=1000 L=200mH C=10uUF 


-/DODOUDOUDU 





V, 7600 Volts rms 


Frequency f-80Hz 


(iv) Find the phase angle between supply voltage and current through the 
circuit. 

(v) Find the voltages across R, C and L and show these on a phasor dia- 
gram. 

(vi) What is the condition for resonance to occur in this type of circuit and 
at what frequency would this occur? 


[University of Aberystwyth, Wales 2001 ] 


14.22 A 40 QQ resistor and a 50\F capacitor are connected in series, and an AC 
source of 5 V at 300 Hz is applied. What is the magnitude of the current 
flowing through the circuit? 

[University of Manchester 2007] 


14.23 For the circuits shown in Fig. 14.4a, b consisting of resistors, capacitors and 
inductors 


(i) Derive the expression to represent the complex impedances for each of 
the networks. 
(ii) Work out the magnitude of the impedance for each of the networks 
given that the frequency of the supply voltage is 150 Hz. 
[University of Aberystwyth, Wales 2006] 


L-60mH 
/DODDODQUDO - 





Fig. 14.4a 


C=100uF 





Fig. 14.4b 
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14.24 


14.25 


14.26 


14.27 


14.28 


14.29 


14.30 


14.31 


(a) Define what is meant by electric current and current density. 

(b) When we refer to a quantity of charge we say that the value is quantized. 
Explain what is meant by quantized. 

(c) A thin copper bar of rectangular cross-section of width 5.6 mm and 
height 50 um has an electron density of n — 8.5 x 1075 /m?. 


If a uniform current of i — 2.4 x 107^ A flows through the strip 


(i) Find the magnitude of the current density in the strip. 
(ii) Find the magnitude of the drift speed of the charge carriers. 
(iii) Briefly explain why the current is relatively high for such a small drift 
speed. 


[University of Aberystwyth, Wales 2008] 


Two series resonant circuits with component values LC and L5C», respec- 
tively have the same resonant frequency. They are then connected in series; 
show that the combination has the same resonant frequency. 

[University of Manchester 1972] 


An inductance and condenser in series have a capacitative impedance of 
500 $2 at 1 KHz and an inductive impedance of 100 $2 at 5 KHz. Find the 
values of inductance and capacitance. 

[University of Manchester 1972] 


A condenser of 0.01 uF is charged to 100 V. Calculate the peak current 
that flows when the charged condenser is connected across an inductance 
of 10 mH 

[University of Manchester 1972] 


An inductance of 1 mH has a resistance of 5 $2. What resistance and con- 
denser must be put in series with the inductance to form a resonant circuit 
with a resonant frequency of 500 kHz and a Q of 150? 

[University of Manchester 1972] 


A parallel resonant circuit consists of a coil of inductance 1 mH and resis- 
tance 10 Q in parallel with a capacitance of 0.0005 pF. Calculate the reso- 
nant frequency and the Q of the circuit. 

[University of Manchester 1972] 


The voltage on a capacitor in a certain circuit is given by V (t) 2 Vge-"/ ^C, 


Find the fractional error in the voltage at t = 50 s if R = 50 kQ + 5% and 
C = 0.01 pF 10%. 
[University of Manchester 1972] 


A condenser of 10 uF capacitance is charged to 3000 V and then discharged 
through a resistor of 10, 000 $2. If the resistor has a temperature coefficient of 
0.004/°C and a thermal capacity of 0.9 cal/°C, find (a) the time taken for the 
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voltage on the condenser to fall to 1/e of its initial value; (b) the percentage 
error which would have been introduced if thermal effects had been ignored. 
[University of Manchester 1958] 


Show that the fractional half-width of the resonance curve of an RLC circuit 
is given by 


Aw V3 


w Q 


where Q is the quality factor given by Q = œ L/R. 


14.2.2 Maxwell’s Equations, Electromagnetic Waves, 


14.33 


14.34 


14.35 


14.36 
14.37 


14.38 


14.39 


Poynting Vector 


A plane em wave E — 100cos (6x 10? t + 4x) V/m propagates in a medium. 
What 1s the dielectric constant of the medium? 
[Indian Administrative Services] 


An infinite wire with charge density A and current / is at rest in the Lorentz 
frame S. Show that the speed of reference frame S’ where the electric field 
is Zero, i.e. that frame in which one observes pure magnetic field, is given by 


Ac? 
v= TT: 


Show that for a magnetic field B the wave equation has the form V7B = 


3?B 


£0 Of 


Use Maxwell’s equation to show that V. (j pao ) Esp. 


The free-space wave equation for a medium without absorption is 
0^E 
V^E — ug£o —— — 0 
1090 312 


Show that this equation predicts that electromagnetic waves are propagated 
with velocity of light given by c — 1/4/0969. 


An electromagnetic wave of wavelength 530 nm is incident onto a sheet of 
aluminium with resistivity p — 26.5 x 10-?Qm. Estimate the depth that the 
wave penetrates into the aluminium. The expression for the skin depth, 4, is 
Ô = J/2/pnoo o. 


[University of Manchester 2008] 


Consider an electromagnetic wave with its E-field in the y-direction. Apply 
OB, 
Ot 


E = Eo cos (kx — ot), B = Bocos (kx — ot) 


. OC 
the relation —~ = to the harmonic wave 


Ox 


to show that Eo = c Bo. 
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14.40 


14.41 


14.42 


14.43 


14.44 


14.45 


14.46 


14.47 


14.48 


14.49 


14.50 


Using Maxwell’s equations, show that in a conducting medium, the wave 
equation can be written as 


ps 8E 0^ E 
= Luo - — En 
nr Oe 


and a similar expression for the B-field. 
[University of Aberystwyth, Wales 2005] 


Let / be the length of the coaxial cylindrical capacitor, a the radius of the 
central wire and b the radius of the tube. The conductors are connected to a 
battery of V volts and a current J 1s passed. Calculate (a) the capacitance per 
unit length of the cable, (b) the inductance per unit length. 


Consider a coaxial cable with radius a for the central wire and radius b for 
the tube connected to a resistance R and battery of emf €. Calculate (a) E; 
(b) B; and (c) S for the regiona <r < b. 


The general expression for magnetic energy density has the form ug = 
1/2 B.H. Show that in the vacuum the above expression is reduced to ug = 
BP 

210 ' 

Show that at any point in the electromagnetic field the energy density stored 
in the electric field is equal to that stored in the magnetic field. 


A current / is passed through a coaxial cable with inner radius a and outer 
radius b. The cable can function both as a capacitor and as an inductor. If the 
stored electric and magnetic energy is equal then show that the resistance R 
is approximately given by 


377 (2) 
R= —In({—-—]Q 
2T a 


A proton of kinetic energy 20 MeV circulates in a cyclotron with 0.5m 
radius. Calculate its energy loss to radiation per orbit and show that it is 
negligible. 


A 40-W point source radiates equally in all directions. Find the amplitude of 
the E-field at a distance of 1 m. 


A laser beam has a cross-sectional area of 4.0 mm? and a power of 1.2 mW. 
Find (a) intensity 7, (b) Eo, (c) Bo. 


A laser emits a 1-mm diameter highly collimated beam at a power level 
314 mW. Calculate the irradiance. 


Beginning with the expression for the Poynting vector show that the time- 
averaged power per unit area carried by a plane electromagnetic wave in free 
space is given by 
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Ej 
2110€ 





Save = 


[University of Durham 2003] 


A plane electromagnetic wave has Ey = Ey = 0 and 
E, =50 sin E x 10H ¢ — a) | Calculate the irradiance (flux density). 


Show that E x H is in the same direction as the wave propagates and has 
2 
magnitude equal to |E x H| = EE, 


[University of Aberystwyth, Wales] 


An electromagnetic plane wave in vacuum has E-field given by 
E, = 10sin z (2 x 109x — 6 x 10!4t), Ex = Ey — 0. 


Find (a) frequency; (b) wavelength; (c) speed; (d) E-field amplitude; 
(e) polarization. 


Write down the equation for the associated magnetic field for the wave given 
in prob. (14.53). 


A radar monitors the speed v of approaching cars by sending out waves of 
frequency v. If the frequency received is v", find the speed of the car. How 
would the beat frequency change if the car is receding? 


Microwaves of frequency 800 MHz are beamed by a stationary police man 
towards a receding car speeding at 90 km/h. What beat frequency was regis- 
tered by the radar? 


State Ampere's law. 

A long solid conductor of radius a lies on the axis of a long cylinder of 
inner radius b and outer radius c. The central conductor carries a current i 
while the outer conductor carries a current —i. The currents are uniformly 
distributed over the cross-sections of each conductor. By considering the 
current enclosed by a circular loop of radius r centred on the axis of the 
inner conductor use Ampere’s law to calculate the magnetic field in each of 
the four regions (a) r <a, (b)a<r<b,(c)b<r<c,(dr>ce. 


The CMS experiment at the Large Hadron Collider at CERN uses a large, 
cylindrical, superconducting solenoid. This magnet is 12.5 m in length with 
a diameter of 6m. When powered, it generates a uniform magnetic field of 
4'T. Estimate the energy stored in the magnetic field. 


Given that the total power radiated by the sun in the form of electromagnetic 
radiation is 4 x 102° W, estimate the electric and magnetic field amplitude at 
the surface of the sun. (The radius of the sun is 7 x 10° m). 

[University of Durham 2003] 
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14.60 


14.61 


14.62 


14.63 


14.64 


14.65 


14.66 


14.67 


14.68 


At the orbit of the earth, the power of sunlight is 1,300 Wm~*. Estimate the 
amplitude of the electric field if we assume that all the power arrives on the 
earth in a monochromatic wave. 

[University of Aberystwyth, Wales 2004] 


A typical value for the amplitude of the E-field for sunlight at the surface of 
Mars is 300 V/m Calculate the amplitude of the corresponding B-field and 
estimate the flux of radiation at the surface of Mars. 

[University of Manchester 2006] 


Show that ral 274 


[University of Aberystwyth, Wales] 

Calculate the skin depth in copper (conductivity 6 x 107 27! /m) of radiation 

of frequency 20 kilocycles/s. Take jz, the relative permeability of copper, as 
unity. 

[University of Newcastle upon Tyne 1964] 


Copper has an electrical conductivity o — 5.6 x 10/ Q^! /m and a magnetic 
permeability u = 1. On this basis estimate the order of magnitude of the 
depth to which radiation at a frequency of 3000 Mc/s can penetrate a large 
copper screen. 

[University of Bristol 1959] 


-1/2 
Show that the skin depth in a good conductor is E Wo m] where the 


symbols have their usual meaning. 
[University of Newcastle upon Tyne 1964] 


If the maximum electric field in a light wave is 107? V /m, find how much 
energy is transported by a beam of 1 cm? cross-sectional area. 
[University of Durham 1962] 


Prove Poynting's theorem, namely 


oD OE 
div eee, TE. +F.j =0 


What is the interpretation of this equation? 
[University of Durham 1962][University of New Castle upon Tyne 1965] 


From Maxwell’s equations, one can derive a wave equation for a dielectric 
of the form 
ae 0^ E IEF 6 
— Loeoer —>— — LOON— = 
Ho Ocr 912 Ho N 9f 


where F is the electric field, t is the time, e, is the relative permittivity and 
oyn is the electrical conductivity. Hence by substituting a travelling wave 
solution into the wave equation derive a dispersion relation of the form 
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where k is the wave vector and o is the angular frequency. 
[University of Durham 2006] 


Show that the general identity 
V x (V x E) 2 — VE - V(V.E) 


is true for the specific vector field F = x?gi. 

Use the Poynting vector to determine the power flow in a coaxial cable by 
a DC current / when voltage V is applied. Neglect the resistance of the 
conductors. How are the results affected if this assumption is not made? 


A wire with radius a and of conductivity og carries a constant, uniformly 
distributed current / in the z-direction. Apply Poynting's theorem to show 
that power dissipated in the wire is given by the familiar expression I?R for 
Joule's heat. 


A super-conductor is a material which offers no DC resistance and satisfies 
the equation 


Me 


B = — V x J 





ne? 


where n is the number of conduction electrons per unit volume, B is the 
magnetic field and J is the current density. Using Maxwell's equations, show 
that the equation for a superconductor leads to the relation 


VB = uone? B 
Me 
[University of Durham 2004] 
An oscillating voltage of high frequency is applied to a load by means of 


copper wire of radius 1 mm. Given that the skin depth is 6.6 x 107° m for 
this frequency, what is the high-frequency resistance per unit length of the 
wire in terms of its direct current resistance per unit length? 

[University of Durham 1966] 


Use Stokes’ theorem to derive the expression 
OB 

Curl E = —— 
Ot 


[University of New Castle upon Tyne 1964] 
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Explain the difference between the vectors B and H in the theory of mag- 

netism. Derive the expression B. — 4o(H + M). Indicate briefly how B 

depends on it in the case of (a) paramagnetics and (b) ferromagnetics. 
[University of Durham 1962] 


Show that Gauss' and Ampere's laws in free space, subject to the Lorentz 
condition, can be expressed in the usual notation as 


1397 p 1 97A 
—V^$ 4- — — — — and — VA - — —— — uoJ 
0 c? 0t?  &9 gas 
respectively. 


[The University of Aberystwyth, Wales 2005] 


Using Faraday's law, V x E = —9 B /ðt, for the propagation of electromag- 
netic waves travelling along the z-axis, show that 


E, — ZoH, 


where Zo = ~y uo/£o = 376.6 Q, is the wave impedance of free space. 


(a) The electric field of an electromagnetic wave propagating in free space 
is described by the equation 


E(z, t) = Eo[xsin(kz — wt) + ycos(kz — wt)] 


where x and y are unit vectors in the x- and y-direction, respectively. 
What is this wave’s direction of propagation? What is the polarization of 
the wave? 

State and prove the boundary conditions satisfied by the magnetic inten- 
sity H and the magnetic field B at the boundary between two media with 
different magnetic properties. 

(c) Show that 


(b 


—_ 


tan 01 o M 





tan 06» E U2 
where 0, and 0» are incident and refraction angles. 


A plane wave is normally incident on a dielectric discontinuity. Use appro- 
priate boundary conditions to calculate R, the reflectance, and T, the trans- 
mittance, and show that 7 + R= 1. 


An electromagnetic wave, propagating and linearly polarized in the xz-plane, 
is incident onto an interface between two non-conducting media as shown 
in Fig. 14.10. The electric fields and propagation vectors of the incident, 
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reflected and transmitted waves are denoted by Ej, Er, Et, kj, kp and kt 
respectively. The wave is incident onto the interface at the origin and makes 
an angle 0 to the normal. Both incident and reflected waves propagate in the 
medium with refractive index nı. The transmitted wave propagates in the 
medium with refractive index n» at refraction angle $. 

Use the boundary conditions satisfied by the electric field at the interface to 
show that the reflectance, R, is given by 


2 


n cos 0 + nı cos à 


(a) Using the expressions for R in prob. (14.80) and Snell’s law, show that 
the reflectance is zero when tan 0 — 72 

(b) Calculate this angle for electromagnetic radiation in air incident onto 
glass, which has a refractive index n — 1.5. 


(a) For normal incidence the reflection coefficient, R, at the planar surface 
between two dielectric media is given by 


| (n — n3) 
© (n +m)? 


where n4 and n» are the refractive indices of the media. Sketch the form 
of R against n;/n2. On the same figure sketch the form of T against 
nı/nz where T is the transmission coefficient. Indicate numerical values 
of T and R where appropriate. 
(b) At what value of nı /n2 does R = T? 
[University of Durham 2000] 


Consider the solutions of linearly polarized harmonic plane waves 


E= Ege Or B= Boe! @'-k +9) 


where Eo and By are constant vectors associated with maximum amplitude 
of oscillations. Show that (a) B is perpendicular to E; (b) B is in phase with 
E and (c) the magnitudes of B and E are related by B — E/c for free space 
in the SI system. 


An uncharged dielectric cube of material of relative permittivity 6 contains 
a uniform electric field E of 2kV/m, which is perpendicular to one of the 
faces. What is the surface charge density induced on this face? 

[University of Manchester 2006] 
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14.2.3 Phase Velocity and Group Velocity 


14.85 Using the results of prob. (14.93) and the following table, estimate the frac- 


14.56 
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tional difference between the phase and group velocity in air at a wavelength 
of 5000 À 


Free space wavelength (À) (n — 1) for air 
4800 2.786 x 1074 
5000 2.781 x 1074 
5200 2.777 x10 


[University of Manchester 1972] 


Given the dispersion relation œ = ak?, calculate (a) phase velocity and (b) 
group velocity. 


(a) Write down an expression for the phase velocity vp of an electromag- 
netic wave in a medium with permittivity «€ and permeability jw. 
(b) The relative permittivity, €r, in an ionized gas is given by 
D2 
e, —1-— E 
where D is a constant and œ is the angular frequency. 
Find an expression for the refractive index n and thus show that 


o SD ir 


where k is the wavenumber and c is the speed of light in vacuum. 

(c) Hence show that vpvg = c?. 

(d) In a particular gas, D has the value 1.2 x 10!! /s. Determine the phase 
and group velocities at 20 GHz. 
Comment on the result. 


Show that the group velocity vg can be expressed as 
du 
= = 
Vg = Up + dk 


where vp is the phase velocity and k = 27/2. 


Show that the group velocity can be expressed in the form 
Cc | Àcdn 
Vs = — c —— 
E n A 


where n is the refractive index. 


Show that if the phase velocity varies inversely with the wavelength then the 
group velocity is twice the phase velocity. 
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14.91 Show that the group velocity can be expressed as 
C 


no (st) 


14.92 For a rectangular guide of width 2.5 cm what free-space wavelength of radi- 
ation is required for energy to traverse 50 m of length of the guide in 1 ps. 
What would be the phase velocity under these conditions? 


Ug — 


14.93 Show that for light waves of angular frequency œ in a medium of refractive 
index n, the group velocity vg and the phase velocity vp are related by the 
expression 


1 1 o dn 


Ug Up c do 


where c is the velocity of light in free space. 
[University of Manchester 1972] 


14.94 Prove that the usual expression for the group velocity of a light wave in a 
medium can be rearranged as v, — CUN where c is the phase velocity of 
the waves in free space, v is the frequency and n is the refractive index of the 
medium. 

[University of Durham 1961] 


14.95 Show that the group velocity associated with a free non-relativistic particle 
is the classical velocity of the particle. 
[University of Manchester 1972] 


14.96 Calculate the group velocity of light of wavelength 500 nm in glass for which 
the refractive index jz at wavelength X (meters) is 


3.60 x 10-4 
u = 1.420 + — > —— 


[University of Manchester 1972] 


14.2.4 Waveguides 


14.97 For a rectangular guide of width 2.5 cm, calculate (a) the phase velocity; (b) 
the group velocity; (c) guide wavelength for the free-space wavelength of 
4cm. Assume the dominant mode. 


14.98 A rectangular guide has a width a = 3cm. What should be the free-space 
wavelength if the guide wavelength is to be thrice the free-space wavelength? 


14.99 (a) Calculate the guide wavelength for a rectangular waveguide of width a = 
5 cm if the free-space wavelength is 8 cm. (b) What is the cut-off wavelength 
for the guide? 
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14.100 Calculate the number of states of electromagnetic radiation between 5000 
and 6000 À in wavelength using periodic boundary conditions in a cubical 
region 0.5 cm on a side. 

[University of Manchester 1972] 


14.101 Consider a car entering a tunnel of dimensions 15 m wide and 4 m high. 
Assuming the walls are good conductors, can AM radio waves (530— 

1600 kHz) propagate in the tunnel? 
[The University of Aberystwyth, Wales 2006] 


14.102 Calculate the least cut-off frequency for TE», waves for a rectangular 
waveguide of dimensions 5 cm x 4 cm. 


14.103 Calculate how the wave and group velocities of the TEo; wave in a rectan- 
gular waveguide with a — 1 cm and b — 2 cm vary with frequency. 
[The University of Wales, Aberystwyth 2004] 


14.104 Consider a rectangular waveguide of dimensions x — a and y = b, the 
TM; wave travelling in the z-direction which is the axis of the guide. 
Given that the z-component E, satisfies the equation 


ee ae ee 
3x alr 3y] 47 (k^ — e ue) Ez 
obtain (a) the solution for E; and (b) the cut-off frequency. 


14.105 Consider a rectangular waveguide of dimensions x — a and y — b, the 
wave travelling along the z-direction, the axis of the guide. Given that the 
z-component H, satisfies the equation 


ə ə? à 5 
(sata) hat — œw uE) H; 


(a) obtain the solution for H.. (b) Obtain the cut-off frequency. (c) What are 
the similarities and differences between TM,,, mode and TE,,,, mode? 


14.3 Solutions 


14.3.1 The RLC Circuits 


14.1 (a) Reactance of capacitor 


l l 


= — = — — 400 €2 
2nfc | 2x x (1000/2z) x 2.5 x 10-9 


c 


Impedance of the circuit 


Z =,/R2 + X2 2 V/(300)2 + (400)? = 5002 
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Ve 50 
The rms current, J. = — = —— =0.1A 
Z 500 


PD across the capacitor, Ve = IJ; X; = 0.1 x 400 = 40 V 


(b) P P= Val uns 50 x 0.1 m 3.0W 
ower, P — cosa = — = 50x 0.1 x — =3. 
ele c e ez 500 


200 e 
14.2 (a) Xi, 2 2xfL 22x x — x10x 10? 24Q 
TT 


Pay RP ay A eA 
joe eis cs DOA 
aia ay 
Vcg eds dy 


(b) Phase angle between V. and Ie is given by 


t aaa 
an — m Q = 
“= R 3 


V. leads I. by 53° 


l 2 


„20 2x10 


1 1 
14.4 (a) f= ; — 1.125 x 107" Hz 


zn LC  2mz4 4x 10-6 x5 x 10-1 


Wa- 3 x 108 
— f 1.125 x 107 


145 (a) Z = J/(X,— Xcy - 8 — J(2 —20 + 62 = 102 


R  ViR  Q50)7x6 


— 26.67 m 





14.6 At œo = 600rad/s, XL = Xc 
L Et : 
w = —— — = W 
~ ae E 
Xc  l/oc l ey (600? 


— 100 











At w= 60rad/s, 


a oL | o?LC E w? 602 
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1 1 
" a X — ——— LI 
14.7 (a) Xc oC InfC 
1 1 _4 
C = ——— = ————_ = 1,57 x 10 “F 
2af Xc 2m x 250x4 
I 1 1 
(b) Xe = =r —L———————-109 
2a f’C 2m x 100 x 1.57 x 1074 
220 
k=% = =22A 
(c) fe Kc 10 
14.8 = = V&L? + R2 = An? f?L? -- R? 
e 
e — y 4r? x (50)2 L2 + R? (1) 
0.05 
L 2 
Also tana = n I 
R R 
L 
tan 60° = V3 = 27 x 50% (2) 


Solving (1) and (2) we find R = 120 Q and L = 0.66 H. 
When the capacitor of capacitance C is connected in series with the above 
circuit a = 0. 


1 1 
tang = tan 0° = — | œL — — 
R 


l l 


———MÓ 000 M LENS = 15.37 uF 
w*L (2m x 50)? x 0.66 


C= 


Ve Ve 220 





Th t, l = — = =z— 1 ITA 
pee Se En oe oan OG 
(b) Peak current, /o — /2/. = 1.414 x 1.17 — 1.65 A. 
V. 24 
—4 72A 


14.10 (a) J, 2 ————————— = ^ -= 
V/An?f?L? -- R2. J4n? x (50 x (0.01)? + 4? 

(b) Power, P — I2R = (4.72)? x 42 89W 

(c) Ve = kR = 4.72 x 4 = 18.88 V 

Vt = 2nfLl, = 20 x 50 x 0.01 x 4.72 = 13.82 V 
14.11 V = Vpn sin æt 
1 
0.5 Va = Vm sin (2n «) 
Anf m 


S ctetu 
30 6 ^^ : 
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14.12 For the parallel RLC circuit, Fig. 14.1 


Q=CV, b= st ga 
ae dt 

di, 
dv (92 an) _ e dV QV 
d. PP\ dt d) P dt? PL 


d? V z 1 dV x LP (parallel Ü 
—— px —— -— aralieci arrangemen 
dt? R,C dt LC 


Compare the above equation with the given equation 


dV RdV V 


a La” LC 
B L 
= CR? 


Rp 


14.13 We can find the dimensions of uo and £ọ from the following set of formulae: 


F — ilB (force on the current-carrying wire) (1) 
= D (magnetic field due to a current-carrying wire) (2) 
my 
Q? 
— —C —- (electrostatic force between charges) (3) 
4yr Eor? 
i= 0/1 (4) 


Combining (1)-(4), [woeo] = [T?/L7] 





o: | ]-[z| ti te 
ieee 


14.14 We first derive the dimensional formulae for R, C and L from the defining 
equation Power = i? R 


[Power] = [MI°T~>] = [A7R] 2 [A?][R] 
[R] 2 [M T 2A ?] (1) 


1 2 
Energy of a capacitor E — 5 e and Q = it 


> [C] = [MUT AY (2) 


14.3 Solutions 


14.15 o 


14.16 


1 
Energy of an inductance, E — 5 Li? 


- [LL] 2 EMT? A77] 
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(3) 


Using (1), (2) and (3), it is observed that the given combinations have the 


dimension of time and therefore are expressed in seconds 


[RC] = [L/R] = [VEC] = tT] 





1 
s 
L4 R \? 
VLC 2L 
= R?C R°C\ RC 
ee ee patct 
w w 4L SL SL 


where we have used (1) and (2) and expanded the radical binomially. 


—Rt/2L 


1 
q — qme :d/dm — 5 


2L 2L 
whence t = — In (=) — —— [n2 
R q R 


If n 1s the number of cycles and v the oscillating frequency 





2L 
jl : —AuUnwy LC = — ln2 
V R 
CR? (nD? 
or —— = 
L (zn)? 
Combining (3) and (5) 


c Á In2)2 . 0.006085 
n NES NN none 
w W 8z?n? n? 





where we have put n — 4. 


q — qme ^. cos wt (charge oscillation of damped oscillator) 
Differentiating with respect to time 
. dq r-Re f E ee 
]e——-gaoe ——— coso t 4 sino t 
dt dm 2Lo/ 
= —quo'e FL.  (tan$ cosot + sinw’t) 


(1) 


(2) 


(3) 


(4) 


(5) 
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14.17 


14.18 
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where we have set R/2Lo/ — tan $. This gives 


—quole fL 
i= EE (sin $ cos c't + cos ¢ sinw’t) 
COS 
= —gnw'e FL sin@w't + $) 
— = m A 


cos $ 


But for low damping $ — 0 as R/2Lo/ — O. 


cos $ — 1, so that 


j — —qquole FF. sin(o/t -- ) 


Equation of the circuit is 


l 
E (1) 


L ME dq £ 
P Oe a ues 
dt C^ dr 
d yi d /q?° 
or dr E73 z dt (5) = Pinput (2) 


Thus, the input power is the sum of the powers delivered to the inductor and 
the capacitor. 


The circuit equation is 
2 
Lo ee () 


__ dq 
Multiply (1) by i = 3 


di 1 dq 
Lx doge d e ee) 
d^ + ela 


d 1 2 
ip cul op M pac usu 
dt \2 2C 


dE ; 
o esses R 2 
3 i (2) 


Li 


or 


1 2 
where E — at c Ac — total energy 
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14.19 


14.20 


If U is the total field energy then 


U=U 4 Up a tnit4t& (1) 
Se C 


which shows that at any time the energy is stored partly in the magnetic 
field in the conductor and partly in the electric field in the capacitor. In the 
presence of the resistance R the energy is transferred to Joule heat, being 
given by 


dU 2 
—— — —i*R 2 
dt e) 


the minus sign signifying that the stored energy U decreases with time. Dif- 
ferentiating (1) with respect to time and equating the result with (2) gives 


(3) 


Substituting i = dQ /dt and di /dt = d? Q /dt?, (3) becomes 


dQ RdQ Q 
— +- + =0 4 
P LE C a 


Writing R/L = 2y and 1/LC — ox, (4) takes the required form 


dO dQ 


Ny eg OU 5 
eo a oe ©) 
(a) f 2.128 x 10*H 
a) fo = ———— = —— a. x Z 
2m4 LC 2nV80x 10-3 x 700 x 10-2 
L 80x 1073 » 
(b t = — 2 ————-28x1075s 
R 100 
$e, de 20 —0 (1) 
ae ae ee 
dr? ar a 


Let Q — e^! so that dQ/dt = Ae^' and d? Q/dt? = A?e^t. 
The characteristic equation is then 


M+ 2yr +05 =0 


whose roots are A = —y £,/y? — ws (2) 


Calling « — Jy? — ex 


à1 = —y +Q, à = —y — 4q 
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The general solution becomes 
Q = Cie ro JE Coe (3) 


The constants C4 and C» are determined from the initial conditions. Suppose 
att = 0, Q = Qo and 


i = dQ/dt = 0 

Qo — C14- C5 (4) 
dQ 

o T «4) — Co(y +a) =0 (5) 


Solving (4) and (5), C1 — Qo(y + a@)/2a and C2 = Qo(a — y)/2a 
Substituting Cy and C2 in (3) 


l 
Q — z Qoe” [d+ y/aje" + (1 — y/aje ] (6) 


For underdamping condition resistance R is small so that y < «co and o is 
imaginary and may be written as œ = jœ’, where j is imaginary. The roots 
of the characteristic equation are complex conjugate. 


Pey 7) 


Equation (6) reduces to 





Q = Qoe” [cos wt + (y/a’) sina’t] (8) 

Calling sine — —y/« and cose — o'/«o, (8) becomes 

Q = (> 2) e ’' cos(a't + €) (9) 
w 

or Q — Ae "' cos(o/'t +€) (10) 


where the amplitude A — «o Qo/o/ and the phase e — tan! (- y /o/). 
The constants A and € which are real are determined by initial conditions. 
Equation (9) represents a damped harmonic motion of period 


i 27 
Peo o (11) 
ad - y? 
As in the case of an undamped oscillation, the frequency is independent of 
the amplitude but is always lower than that of the undamped oscillator. The 
amplitude of oscillations Ae ' decreases exponentially and is no longer 
constant. 
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14.21 Phasor diagram, Fig. 14.5 


Fig. 14.5 g Voltage phase 
Z-714040 / A 
P d X,-Xe 298.560 
"A N 94 | 
R-100€0 ` Current phase 
(i) Xj, 2 oL = 2xfL = (2x )(80)(0.2) = 100.48 2 
1 1 1 


oc  2rfe | (22)(80)10 x 10-5) 


(ii) Z=/R2 + (X, — Xc)? =V (100)? + (100.48 — 199.04)? = 140.42 
V 600 


iiD Zr = — = —— SOT A 

ae Z 140.4 RD 

(i ) R 100 1 o 
iv) cosg = — = ion 0.71225 — qo = 44.58 


(v) Vr = ITR — 4.27 x 100 = 427 Vims 
Vt — Ir Xj, — 4.27 x 100.48 — 429 Vims 
V? = Ve = (Vi — Vey" 


The voltages on R, C and L are shown in the phasor diagram, Fig. 14.6. 
Here the voltage lags the current as Xc > XL. 


wi o= — 
(o^ — —— 
LC 
VR 
Ee 
A 
VL 
we Vc 
VN | 
Fig. 14.6 a! 


1 
(vii) The circuit will be in resonance when X = Xc, that is, oL — — 


WC 
) l 


OP dL 
LC 
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l l 
o = ee = —— = 112.6Hz 
u 2nVLC — 214/02 x 10 x 1076 
1 l 
Xc = = oe = 10.62 
14.22 2C = On FC Qx)G00)60 x 10-6) 


Z = ,/ R* + XZ = v (300)? + (10.6)? = 300.19 Q 
V 5 
© Z 300.19 





= 0.0166 A 


14.23 Impedance of a capacitor 


i. Let an AC emf be applied across a capacitor. The potential difference 
across the capacitor will be 


Vc = Vo sin æt (1) 


where Vo is the amplitude of the AC voltage of angular frequency wt = 
27 f, across the capacitor. 


qc = CVe = C Vo sin æt (2) 
d 
The current i. = — = wCVocos wt = wC Vo sin(wt + 90°) (3) 
, Vo . 7 
Or ice = — sin (æt + 90") (4) 
Xc 
where Xc = lI/oC (5) 


Comparison of (4) with (1) shows that i, leads Vc by 90° or quarter of a 
cycle. Further, the current amplitude 


Vo 


lo = 
0 Xc 


(6) 


By Ohm's law Xc is to be regarded as impedance offered by the capaci- 
tor. In complex plane 


E 
Ze = — 7 
c= zE (7) 
where j is imaginary. 
Impedance of an inductance 


On applying an AC across an inductance the potential difference will be 
Vt = Vo sin æt (8) 


where Vo is the amplitude of VL. By Faraday’s law of induction (§ = 
—L di/dt) we can write 
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14.24 


14.25 


di 
WV -L- (9) 
dt 
Combining (8) and (9) 
di V 
CL 07D sino (10) 
dt L 
Vi Vi 
lp [ci = 2 f sinora S| Cos wt 
L wL 
V 
= (2) sin(wt — 90°) (11) 
XL 
where X; —oL (12) 
is known as the inductive impedance. In complex plane Xg = jøæL, 


where j is imaginary. Comparison of (11) with (8) shows that the current 
in the inductance lags behind the voltage by 90° or quarter of a cycle. 


ii. Z, — VR? +02L2 = /(44)2 + Qn x 150 x 0.06)2 = 71.632 


1 i 
Zc- |R — [1024 —————————— —— — 14.589 
E toC * Qm x 150 x 10-42 


(a) Electric current is the time rate of flow of charge; in symbols / — dQ/dt. 
(b) The charge Q is an integral multiple of the unit of electron's charge 
e, that is, Q = ne, where n is a number. The charge Q is said to be 





quantized 
(c) (i) Current density j i ELUN 857 A/m? 
Cc 1 urrent densi ee l m 
tI =A ~ 66 x 10-3)(50 x 10-5) 
857 
(ii) Drift speed Va = 2. = ———.-—_ = 63x 


ne (8.5 x 1078)(1.6 x 107!) 
107? m/s 
(iii) Collisions with atoms and ions of the conductor makes possible 
large currents to pass. 


1 1 
// L1C|1 E Jf L5 C5 


When the combinations L4C and L5C» are connected in series, the combi- 
nation will have inductance L and capacitance C given by 








By problem w= (1) 


L=Li+ L2 (2) 
CITC: 
C1C5 
Now LC= Qu} ig (4) 


GPO 
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14.26 


14.27 


14.28 
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L1C1 
2 





(5) 


From (1) we have L5 — 


1 
Substituting (5) in (4) we get on simplification LC — L1C1 — 5 
w 


1 
It follows that @ = ——— 
VLC 


1 1 
Le -E 
wc  2rfc 
Olo 1 
— 2nfz 2m x 1000 x 500 
ZL =L= 2m fL 
| ZL 100 
nf 2m x 5000 





= 3.18 x 107” F = 0.318 uF 


— 3.18 x 107° H = 3.18 mH 


The maximum stored energy in the capacitor must equal the maximum stored 
energy in the inductor, from the principle of energy conservation. 


lg ll, 
yi la T 


where iq is the maximum current and qm is the maximum charge. Substitut- 
ing C Vo for qm and solving for im in (1) 


For resonance 
1 
(p — ———— 
JLC 
6 : : 1.013 x 107? F 
SO Z eS mlm — X 
An?f?L | 4m?(5 x 105)? x 102 
Quality factor 
Q- L 
© R 
2 2z (500 x 10?)(10? 
R= 2nfL — 27 (500 x 107)(10 7) — 20.944 € 


Q 150 


Resistance to be included in series 1s 20.944 — 5.0 = 15.944 Q. 
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14.29 For parallel resonance circuit 


|| Cm 
w = WO L-—— 


] ] 
WO E i EE T ——M———————— 
VLC 107? x 5 x 1076 


(00 1 CR? 


"9m Om L 


= 1.414214 x 10° rad/s 


T 


. 1414214 x 106 i 5 x 10-19 x 102 
7 Om 10-3 


= 2.250736 x 10°/s 
Quality factor 


oL 1414 x 106 x 10 
Q = — = =I 
R 10 


14.30 V — Vge RC 


t 
In V — In Vo — — 
R 


C 
Ex nn t d 1 t d 1 
Vv. dR\R RdC \C 
t (AR AC 50 x 10-9 5 10 
Er dell cd zs 
CR\ R C 10-8 x 5x 104 \100 100 


14.31 (3) V =e" FC 
The voltage on the condensor will fall to //e of its initial value when the 
time 


t = RC = 10 x 10 = 0.1 s 


(b) Error on t will result from error on R. 


At =CAR 
At/t = AR/R 
2 2 
3000 
Power P = 2R = £ — ( ) — 121.8 W 


eR  (Q718? x 104 
Energy U = Pt 1215 x 0.1L 12.151 
Heat H = 12.18/4.18 — 2.914 cal 
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Rise in temperature 


AT = Heat / thermal capacity = 2.914/0.9 = 3.24°C 
R= Ro(1 + aAT) = 10*(1 + 0.004 x 3.24) 
= 1.01296 x 104 
AR = R— Ro = 129.6 
At AR 129.6 


0 





At 
Percentage error = P x 100 = 1.3% 
14.32 The amplitude im of the current oscillations is given by 


Em 


V (œ@' L — l/o'!c)? 4- R? 


Em 


At resonance, œw = œ and im = E 


Em I Ej 


V@L —lac2+R2 2R 


Squaring and simplifying 


1 2 
c — =) — 3 R? 
WC 


or w- LC £430RC—1=0 


Set ta = 


The only acceptable solutions are 
V3 R E 3R? QI 

Qj = ——— a ae ee 
‘2 LY 422" 1 


V3 R 3 R2 1 


01——2L YaD Ic 


Subtracting the last equation from the previous one 


R 
Aw = 1 — 02 = V37 


^o  X3R 


w w L 


14.3 Solutions 


14.3.2 Maxwell's Equations and Electromagnetic Waves, 


Poynting Vector 


14.33 E; = 100cos(6 x 10°¢ + 4x) (by problem) 
E; = Acos(ot + kx) (standard equation) 


14.34 


14.35 


Comparison of (1) and (2) shows that 


œw = 6 x 10° and k = 4 





w 6 x 10° g 
v= — = = 1.5 x 10° m/s 
k 4 
c 3x 108 
Dielectric constant, K = — = —————- = 2.0 
v1.5 ~x 108 


pe -ds — q/ego (Gauss’ law) 
E (2x rl) — 4/89 
= rey 


— 2zr&0 





$B -ds = uol (Ampere’s law) 


2rrB = uol 
I 
pa 
207 


E.=y(E,—vBg) (Lorentz transformation) 











B À vuogli 7 
nid 27r 80 2nr ]  2mr 
À 
Thus ŒE! = 0 if vuol = — 
£0 


x Ae? 





or v= = 
I uo £0 I 


Maxwell’s equations in vacuum are 


V-E=0 
V-B=0 
OB 
VxE--—— 
Ot 
oE 
V x B = uoEo — 


Ot 


(: 


— — vuol 
EQ 


) 
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(1) 
(2) 


(1) 


(2) 
(3) 


(1) 
(2) 


(3) 
(4) 
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14.36 


14.37 


14.38 
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Use the vector identify 
Vx(VxB)=V(V-B)—V°B 


3E ; 
Vx([uotoz-]- -V^B (:V.B—0 byQ) 


o (V x E) 0 OB VR 
&€9— (V x = —Loép9 — — = - 
Ho 031 Mo 031 3t 
VN 0^B 
— EQ) —— 
HOE0 312 
V x B = uoj (Ampere's law) (1) 


Use the vector identity A - (A x B) — 0. PutA — V. 


V-(V x B)=0 
Vv -j=0 (2) 


o 
More generally, V -j + m — 0 (continuity equation) (3) 
and V.E-eop (Gauss'law) (4) 


Combining (3) and (4) 


V?B = ot (free-space wave equation) 
Compare with the standard three-dimensional wave equation 
2 

vAy - n (5) 

] 1 
JLo  /(47 x 10-7)(8.854 x 10-12) 
= 2.998 x 10° inse 
2mc 2m x3 x 108 
a 530x107 
1 1 
p 26.5 x 10-9 


2 2 
ô mE ———— eee ———————————————————— 
V ioo o An x 1077 x 3.77 x 107 x 3.55 x 1015 


— 3.45 x 10? m — 3.45nm 


o= ni = — 3.55 x 10" 


=3 77x 10 


O = 
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14.39 


14.40 





E = Eo cos(kx — at) (1) 
QE, ; 
——- — —kEosin(kx — ot) (2) 
Ox 
B = Bocos(kx — ot) (3) 
OB 
E = wBo sin(kx — ot) (4) 
JE JE 
Ox Ot 


Combining (2), (4) and (5), we get 


w 


Eg = — bo = cb 
v D 0 


Maxwell's equations for a non-ferromagnetic homogeneous isotropic 
medium can be written as 


V.E- (1) 
€ 
V.B-0 (2) 
OB 
VxE=-— (3) 
Ot 
OE 
MONS (4) 
Taking the curl of (4) 
0 
NOUIS ON GE) ee ay A) (5) 


where the time and space derivatives are interchanged as FE is assumed to be 
a well-behaved function. Expression (3) can be substituted in (5) to obtain 


V x(V xB) OB 0?B (6) 
X x =S= HO mA eS 
nea 0t? 
Using the vector identity 
V x(V x B) = V (V - B) — V’°B (7) 


By virtue of (2), V - B = 0 and (6) becomes 


v= e = 8 
= je 7 + uo (8) 
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A similar procedure applied to (3) yields a similar equation for the E-field. 
Taking the curl of (3) 


0 
I ame V OO) (9) 
Using (4) in (9) 
V x (V x E) p E (10) 
x x E) = -uo — — pe— 
PUN e 
But V x(V x E) = V(V - E) —- VE (11) 
and V-B=Ê (1) 
€ 


Combining (10), (11) and (1) we obtain for uncharged medium (p — 0) 


E 3E 0°E 
— uo — + “we — 
op IS 
14.41 (a) £o $ E-dS =q (Gauss law) (1) 
eg E(2zrl) —q 
or E-qj/2z&orl (2) 


the flux being entirely through the cylindrical surface and zero through the 
end caps. The potential difference between the conductors is 




















b b d p 
q r q 
V = | Edr = — = In{ — 
J Í J 2m Eol r 27 £ol " (2) 
a a 
C 1 C q 27t &ol (3) 
apacitance C — — — 
7 V nea 
., Capacitance per unit length of the cable is 
C 2t £0 Ga) 
S B 
l In(b/a) 
(b) The magnetic induction between the conductors is 
[Lol 
p 2m r y 
Energy densit l g2 Moi (5) 
ner ensity u = ——B* = 
ET á 2 uo ST 272 


where we have used (4). 
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Consider a volume element dV for the cylindrical shell of radii r and 
r + dr and of length l. The energy contained in the volume element is 














-2 2] d 
ndy = - T3 Omridom 2 T — (6) 
b 
-2 » 
| fd 
Des few = p — = In(b/a) (7) 
a 
is 
But U= p (8) 


Comparing (7) and (8) 
[Lol 
L = — |In(b/a) 
27 
.. Inductance per unit length of the cable is 


L po 
— = — In(b 
[3 


14.42 (a) By prob. (14.41) the potential difference between the conductors is 








oe _ 4 
ve TEE In(b/a) — m In(b/a) (1) 


where A = q/l 1s the charge density. 


N B B Eu M (2) 
ad ^ 2meor — r In(b/a) 





where we have put V — £. 





Hoi [ns 
b) B = — = b 3 
(b) Amr AnrR Te (3) 
(c) The Poynting vector 
1 1 Ea 
S — — E x B — — EB — ——————— 
uo uo 2nr? RIn(b/a) 


where we have used (2) and (3). 


j 
14.43 up => B- H (1) 
B—yuH (2) 
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14.45 


Substituting (2) in (1) 
"mo = E 
E CA^ 9H 
In free space u = uo. Therefore in vacuum 
B2 


ug = — 
2uo 


1 
up 5 eo E? (energy density in E-field) 
1 B? - 
ug = — — (energy density in B-field) 
2 uo 
The fields for the plane wave are 
E = Eg sin(kx — ot) 
B= By sin(kx — ot) 
Substituting (3) in (1) and (4) in (2) 


l 
lp = 5 £0 E? sin? (kx — wt) 


B2 
ug = - — sin?(kx — of) 
Dividing (5) by (6) 


2 
ug €0MoEm 





UB B2 
1 
But £ouo = = and Fa => cha 
C 
UE 
— =] or UE = UB 
UB 


By prob. (14.41) the magnetic energy stored in a coaxial cable 
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(3) 


(1) 


(2) 


(3) 
(4) 


(5) 


(6) 


(7) 


(1) 


where i is the current and / 1s the length of the cable. Further, its capacitance 


Del ngu 
4r 
is given by 
27 Eol 


~ In(b/a) 





(2) 
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The electric energy stored in the cable 











1 1 27 &gl 
Ug = -&£^C — - (i^ R* 3 
B= 55 2 (| (3 
By problem Ug = Um. 
l nn. [ 27é€0l mori 
AR — In(b 4 
5 (er) ag; M) 4) 
1 /uo 1 4r x 1077 
R2 — [—— In(b/a) 2 —,| ———— ——— In(b 
aie e 25 V 8.85 x 10-2 aaa) 
376.7 
= — ln(b/a) 2. 
2T 


14.46 As the kinetic energy of proton (20 MeV) is much smaller than its rest mass 
energy (938 MeV), non-relativistic calculations will be valid. In the classical 
picture a charged particle undergoing acceleration ‘a’ emits electromagnetic 
radiation. The electromagnetic energy radiated per second is given by 





q?a? 
- - (1) 
67 ENC 
Ww 1 542 2K 
Now a = — = -mvt—— — —— (2) 
R 2 mR mR 
Substituting (2) in (1) and putting q = e for the charge of proton 
Nu 2e? K? (3) 
= 3m egoc?m?2R2 


The energy radiated per orbit is given by multiplying P by this time period 
2r R/v = 2n Rym/2K 


4e? K3/2 
E 3./2¢e9c3m3/2 R 
B 4(1.6 x 1071932(20 x 1.6 x 10-3)37 
— 34/2(8.85 x 10-12) (3 x 108)3(1.67 x 10-27)3/2(0.5) 
= 1.89 x 10?! J 2 1.18 x 10? ev 


AK 


which is quite negligible 


14.47 Consider a sphere of radius r with its centre at the point source of power P. 





Then the intensity of radiation at distance r will be / — rk 
Lr 
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Ta P _ c eg EG 
An r2 2 
E | i | | a | 49 V/ 
= = = m 
0 | on r2cE9 2x (1.02 (3 x 108 x 8.85 x 10-12) 
(a) J P 19107 300 W/m? 
a z= — Z= Se Z= m 
0 A  4x10-6 
B ceo Ez : am qus 2 x 300 ne 
= ———_- — = —— — pe 
: 2 Nees 3 x 108 x 8.85 x 10-!2 
= 475 V/m 
Eo 475 
By = — = ——= = 1.58 x 10°° T= 1.58 uT 
() Bo— 7 — 3x 10 P E 
pm 314 x 107? : j 
I=- =— = — = 4x 10° W/m 
A zr? 3.14 x (0.5 x 1073)2 


The average value of the Poynting vector < s > over a period of oscillation 
of the electromagnetic wave is known as the radiant flux density, and if the 
energy is incident on a surface it is called irradiance. 


E = Eocos(kx — owt), B = Bocos(kx — ot) 
S — c^eyE x B — c?sgEo x Bocos? (kx — ot) 


(S) = c?sg |Eg x Bol (cos? (kx i o) 








T 
2 l 2 l 
But (cos (kx — ot) i cos^(kx — ot)dt — 5 
0 
Further ELB and Eo = c Bọ. 
Í 1 E2 
dsos = -oE za 
2 2 uoc 
E, — 50sin |4z x 104 ( t- —~ 
3 x 108 
ceo E2 1 
P 7 9 5(3 x 108)(8.85 x 107!2)(502) = 0.066 W/m 
IExB| E 
IE x H| = =— (;B=E/c) 





Ho [Loc 


E x H will be in the direction of S — (E x B)/yo, which is the direction of 
propagation. 
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14.53 


14.54 


14.55 


E, = 10sinz (2 x 10°x — 6 x 10'*r) 


codi (2x Sir oe 10'4r) 


Compare this with the standard equation 


E; = Ez sin(kx — ot) 


(a) w =2nf =6n x 10'* > f =3 x 10!*Hz 

(b) k 22z x 10° > A = 20/k = 10-°m 

(c) v = o/k — 6z x 101^/2z x 106 23 x 1095 m/s 

(d) E.9 — 10V/m 

(e) The wave is linearly polarized in the z-direction and propagates along 
the x-axis. 


The wave propagates in the x-direction while the E-field oscillates along 
the z-direction, that is, the E-field is contained in the xz-plane. Since B is 
normal to both E and the direction of propagation it must be contained in the 
x y-plane. 

Thus, By = B, = 0, and B = By(x,t). Now B = E/c. 


By (x,t) 2 3.33 x 10 3 sinz (2 x 106x — 6 x 107) T 


Let v be the frequency of the incident microwave beam. Let the car be 
approaching with speed v towards the observer. Then the frequency seen 
by the car is given by the formula for Doppler shift 


v' 2 v(1 4 v/c) (1) 


Upon reflection the microwave returns as if it was emitted by a moving 
source travelling with speed v towards the observer. Therefore the observed 
frequency is 


v" 2 v(14- v/c) 2 vd  v/cY* (2) 
where we have used (1). 


ow — 2 — U U 
Av=v —v=vi+o0/c)* —v= 2v- (1+ — 
C 2c 


Assuming that v/c << 1 


AY 29 z (beat frequency) (3) 
C 


For a receding car, proceeding along similar lines, 


Ay =v" y 2 —2v- 
pex EM (4) 
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14.56 By prob. (14.55), Av — v — v = —2v? 


2 x 800 x 10° 5 
Av 2 —— =x [ — x 90) = — 133 Hz 
3x 108 18 


14.57 The relation between the current i and the magnetic field B expressed as 
$ B - dl = «oi is known as Ampere’s law. There are equal and opposite cur- 
rents iin the conductors. 


(a) r « a. The net current passing through the conductor bounded by the 
closed path corresponds to that flowing through the inner conductor, 
Fig. 14.7. Hence by Ampere's theorem 


Fig. 14.7 Magnetic field due 
to current carrying coaxial 
cylinder 








2 
$B EADS aa 
Ta 


ir 
pa 
Qn a2 





Or 


(b) a « r « b. Here the current through the outer conductor does not con- 
tribute to B. 


ps . dd — (B)(2ztr) — poi 


[Lol 
2m 


or HS 


(c) b <r < c. Here currents through both the conductors contribute to B. 


2 — p2 
$ B -di — (Byz) — uoi — uoi M 
E uoi (Car) 


er ee) 


(d) r > c. As the net current flowing through the closed path is zero, B = 0. 
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14.58 Magnetic energy density 


1 B? 4? 
UB = z 


l 2 7 3 
— = —-——_~ = — x 10’ J/m 
2 uo 240x107’ vx 
Energy stored in the magnetic field Ug = ug x volume = upz rl 


—2x10/ x3?x12.52225 x 10?J 


14.59 If Po is the power radiated by sun of radius r, then using the results of 
prob. (14.51) 





Pes 4r — — E? Agr 
[Loc 
1 /P 
En, = 0440€ 
r 2m 


1 4 x 10% x 4 1077 x 3 x 108 
a EE RETE V/m 


~ 7x 108 27 
Ea 221 810? 2 
By = — -—L———-731x10*T2737G 
C 3 x 108 


14.60 By prob. (14.51) 

En 

PAVE 6 

Em = /2moc (S) = V2 x 4m x 1077 x 3 x 108 x 1300 = 990 V/m 


(5) = 














Ei 300 i6 
14.61 By, = — — —————1x10 ^T 
mc e eque 
E2 300)? 
(S == e O A = 119.4 W/m? 
2ugc | 2 x4z x 1077 x 3 x 108 
E E B 
ix Ep. 49 (HOMI .. S. .. UO 
|H | B B LLOEO E0 
h h d th ti B H and : 
where we have use e equations B — uoH and c = 
/Mo£0 
4z x 1077 
= 377 2 
8.85 x 107 8.85 x 10-12 
Volt/metre Volt 
Units spe — are = = Resistance 





|H | Ampere/metre Ampere 
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D 
14.63 Skin depth ó — || ——— —— 
2x f o oL. 
B / 2 
— V2z x20 x 10 x 6 x 107 x 4z x 1077 x 1 


— 4.6 x 10 ^m = 0.46 mm 


14.64 . — 2 
2m fowow 
1 —4 
E -———————————————————————————2-123-x*lI0- "18 
m x3 x108 x 5.6 x 107 x4r x 1077 x1 


= 0.123 mm = 3.88 um 


14.65 Let us begin with the ‘curl H’ Maxwell ’s equation 


aD 
VxH=J+— (1) 


Assume that all the fields and currents in this equation are sinusoidal at a 
single frequency c. In that case (1) can be replaced by 


V x H — J 4 joD — J 4- josE (2) 
where J is the current density, D = &E is the displacement vector and j is 
imaginary (/—1). 

The ‘curl E’ Maxwell’s equation is obtained in a similar way as (1). 

V x E=—joB (3) 
Applying the curl operation to each side of (3) 

Vx(V x E)=—-joV xB (4) 
Now V x B can be replaced using (2) and the relation H = B/w: 

V x (V x E) 2 —jou(J 4 josE) (5) 
We now use the vector identity 

VxVxE-—V(V-.E) — VE (6) 


Conductive materials do not contain any real charge density because any real 
charge that many exist will repel itself and move outwards until it resides on 
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14.66 


the material’s outer surface. Therefore V -D = O and so also V-E = O. Thus 
the first term on the right by (6) vanishes. Therefore (5) becomes 


WE = jou(J + jocE) (7) 


Assume that the material under consideration obeys Ohm’s law, J = og E, 
where og is the conductivity. Then (7) becomes 


V^E — jo (og -- joe)E (8) 


For simplicity assume that the given material is an excellent conductor, so 
that og >> |we|. In that case, the displacement current term, masked by the 
conduction current, can be neglected, yielding 


V^E — jouogE (9) 
Since E — J/og we can write 
V^J — jouogJ d 


Suppose the current flows through this material in the z-direction. The cur- 
rent density is independent of x and y. In that case (10) simplifies to 


ad, 


which has the solution 
= Ae (1392/9 4. BeGtyz/s (12) 


where A and B are constants, and 6 given by 


2 


W[LOE 


ô = 





(13) 


is known as the skin depth. Thus the magnitude of current density decreases 
with depth. This effect is of practical importance as it affects resistive losses 
accompanying a high-frequency current flow in an electronic circuit. 


The average value of the Poynting vector is 
1 1 E E? 
(S) = — EmBm = —— Em (=) — = 
0 2110 C 2 [Loc 

(1073) 


— 2 x Az x 10-7 x 3 x 108 
= 1.327 x 107! W/cm’. 





= 1.327 x 107? W/m? 
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14.67 Poynting’s theorem is a mathematical statement based on Maxwell’s equa- 


tions. The theorem is interpreted as energy balance equation in situations 
where electromagnetic waves are present. We begin with the vector identity 


V.(ExH)  H. V x E —E.(V xH) (1) 
We now make use of Maxwell’s ‘curl’ equations 


OB 








Vx E=-— (2) 
Ot 
oD 
VxH=J+— (3) 
Ot 
Substituting (2) and (3) in the RHS of (1) 
V- (E x H) H ep E (4) 
. x — — EL s ; 
Ot Ot 
which is the mathematical statement of Poynting’s theorem. 
Further B = uH and D = £E (5) 
0 0 OE 
—(E.E)- — |E|* =2E- — 6 
à 2 ) F |E] x (6) 
Using (5) and (6) in (4) we obtain 
V.Exm=-2 |E er \_ 2 (Hla) 5 J (T) 
: x = — — E = è 
Ot 2 Ot 2 


We can integrate each side over any arbitrary volume V. Applying the diver- 
gence theorem to the integral on the left 


fexmas=-] |y (5 EP) ez (Sum) er dV — (8) 


and changing the sign of the equation and the order of differentiation and 
integration we can rewrite (8) as 








2 Ot 2 


9 [ &e|El 0 f u|Hl* 
— (SH) nci dV + — dV + | E-JdV (9) 
S V V y 


The first term on the right represents the rate of increase of electric energy 
inside the volume V. The second term on the right represents the rate of 


14.3 Solutions 
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increase of magnetic energy. The last term corresponds to the power con- 
verted into Joule’s heat. Energy conservation demands that these three terms 
be balanced by flow of energy into the volume and this is accounted for by 


the term on the left. 


The quantity $ = E x H, representing the power density, is known as the 
Poynting vector. The minus sign in (9) means that ds is the outward normal 
and that (E x H) - ds represents power flowing outwards rather than inwards 


for energy balance. 


In one dimension the given equation reduces to 
O° E 3” E 3E o 
332 IL 0808; 33 — MOON 31 


Let the travelling wave be given by 
E = Ej 9D 


3? E 
0x? 


OE 3? E 
= —k*E, OF = —i@E and EI = =0 E 


Inserting (3) in (1) and re-arranging and cancelling E 


2 . 
r= Hi9898, 0 + 1Lgon@ 


F= x^g? 
i j k 
0 a ə 
VseEe|— ———l-—5 
Ox Oy Oz 
x?z2) 0 0 
i j k 
^. 0 g g A A 
V x ax^z^j =|— — — |= —6x?zi + 6xz°k 
Ox Oy Oz 
0 3x?z? 0 


Voc(V x F)- —6x?zi + 6xz7k 


9? 9? 9? g 
LU B E T — ay? + 22) x i = —(6x°z + 2z°)i 


3 3 .8Nf.9 3 3 . 
V(V.F e a i sre Lalala 
ies Cat ay *4ae) Fae “Fay +4 Z) arh 


0 o 
= i + ja tho (2x23) = 223i + 6xz7k 
Ox oy 


(1) 


(2) 
(3) 


(4) 


(1) 
(2) 


(3) 
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Thus V x (V x F) = —6x* zi + 6xz7k (1) 
—~WF+V(V-F) = —(6x7z + 22°)i + 227i + 627k 
= —6x7 zi + 6x27k (4) 


Comparing (1) and (4), the identity 


V x(V x E)=-WE+ V(V - E) is verified. 


The electric field of the cable is radial and is given by 
V 
E = E = —— (1) 
r In(b/a) 


where a and b are the radii of the inner and outer cable. The corresponding 
magnetic intensity is tangential and is given by 


H = Hy = — (2) 


As the angle between E and H is 90°, the Poynting vector 


IS| = |E x H| = EH (3) 


VI 
(4) 


Sime 5 e 
mU 2 = Dar? In(b/a) 


and the direction of S is that of the current in the positive conductor. 
The power flow is confined to the space between the conductors and for any 
plane perpendicular to the axis of the conductor 


b 


b 
VI dr 


a a 
where we have substituted S. from (4). 


b 


But E = In(b/a) (6) 


P=VI (7) 


This is the entire power transmitted by the cable. It follows that the Poynting 
theorem indicates that the entire flow of energy resides in the space between 
the conductors. 
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If the resistance of the cable cannot be neglected then V is no longer constant. 
An axial component of E is necessary to maintain the flow of current to 
compensate for the Ohmic energy loss. 


The current density in the wire is (/71a?)é,. Therefore the electric field in 
the wire, including on the surface of the wire, will be (7/ 7 a^ og)é,. 

The magnetic field intensity by Ampere’s theorem is (7/ 21 a^ és. 

The Poynting vector at the surface is given by 


S=ExH I à I à Po. (1) 
= x = | —,— @ x ——e = ——— e 
raog “ 21a ? 2xz2a?jog | 


Now Poynting's theorem is 


2 2 
-[&xm.a- c [7a ZI presi (2) 
V 








Ot 
V 


Since the fields are constant in time, the first two terms on the right of (2) 
which contain time derivative 0/dt vanish. The power dissipated in the wire 
is then 





I? TL 5 
P= | E-Jav =- | Œ xM -ds = -— y Cral) = — PR 
2x?oga? Toga? 
Me 
Given B= =y xJ (1) 
ne 
Use the vector identity 
V x (V x B) = —-V°B +V (V - B) (2) 
Use Maxwell’s equations 
V-B=0 (3) 
B OE 
V x — = J + £&o— (4) 
Ho ot 
oD m 
Here — ze (5) 
Ot Ü gr 
so that (4) becomes 
V x B = uoJ (6) 


Using (3) and (6) in (2) 
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uoV x J 2 —V?B (7) 
Using (1) in (7) 


2 

ne*B 

v?p — PONG R 
Me 


High-frequency resistance 


Ks = 4) 5 (1) 


Direct current resistance per metre 





B 1 _ 1 (2) 
oA onr? 
Further the skin thickness 
2 
ô = | — (3) 
[Low 


For metals assume u = po. Combining (1), (2) and (3) 


Rs nr? [uo _ #00)? [ax x 107 gs 
R Ó 2 6.6 x 10-5 2 


When a charge q moves in a magnetic field, it experiences a magnetic force 
Fn = quxB (1) 


When an electric conductor is physically moved across a magnetic field, the 
free electrons in the conductor will experience a force on them in the direc- 
tion of the force. The flow of electrons implies the existence of a potential 
difference between the ends of the conductor. The situation is the same as if 
an electric field had been set up in the conductor which is expressed by the 
relation 


Em = Fm/q = 0 x BV/m (2) 


Equation (2) implies that every moving magnetic field is accompanied by an 
electric field. 

From (2) and the definition of the emf € of a source, the instant emf of the 
source is 
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E- [Eam [ vx Bav (3) 
This is the general expression for motional emf. Now Faraday’s law states 
that 
do 
En - dl = — — 4 
$ En 4 (4) 


This equation states that every time-changing magnetic field has an electric 
field associated with it. Now the total flux through the surface is 


$= | B-ñds 6) 
S 

Therefore 

d d 

L= i Bd (6) 

dt dt 


If the source and only the induction are changing, d/dt outside the integral 
may be replaced by 0/dt inside the integral. The expression becomes 


d OB 
ET OE nds (7) 
dt Ot 
Combining (7) with (4) 
oB . 
En a=- | fds (8) 


C 


Transforming the line integral in (8) into surface integral by the use of 
Stokes’ theorem 


fs-a-- [à vx mas (9) 
C S 
Combining (8) and (9) 
. OB 

[rcv xmas =— faa (10) 
S 
Since this expression is true for any surface, the two integrals in (10) can be 
equated to yield 

OB 
VxE--——— (11) 

Ot 


This is known as Faraday’s law in point form or differential form. 
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Ampere’s law is expressed by 
$ B . dl = moi (1) 


where B is known as magnetic induction or magnetic field. Its unit is weber 
per metre square or tesla. If magnetic materials are placed in the field of 
induction, the elementary magnetic dipoles, permanent or induced, will set 
up its own field that will modify the original field. A large value of B in an 
iron core is explained by a subsidiary vector, the magnetization M which is 
the magnetic moment per unit volume of the core material. A hypothetical 
current iy is introduced and Ampere's law, (1), is modified accordingly: 


P B- dl = poti + iv) (2) 
Writing 
P B-dl= moi +o f M-ai (3) 
we find 
B — uoM 
f(a . 
Ho 
or pu .dl= i (5) 
B — uoM 
wien dil ET (6) 
Ho 


is known as the magnetic field strength. 
B = uo(H + M) (7) 


The unit of H is henry/metre. 


(a) For paramagnetic material B is directly proportional to H, the relation 
being B = km UoH, where km is the permeability of the magnetic 
medium, which is a constant for a given temperature and density of the 
material. 

(b) In ferromagnetic materials the relationship between B and H is far from 
linear. The B—H curve is known as the familiar hysteresis curve. kp is a 
function not only of the value of H but also because of hysteresis and is 
a function of the magnetic and thermal history of the specimen. 


Consider Maxwell’s equations 


V -E=p/e (1) 
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oD 
and VxH-Jt— (2) 


Define a new electric potential function ¢ (r, t) such that 


gA 
E--Vé- (3) 


The reason for redefining the scalar potential in this fashion is that (3) is 
consistent with Faraday’s law, V x E — — (0B/0t), as can be verified by 
substitution. On the other hand the electrostatic definition, E — —VV 1s 
inconsistent with Faraday's law and therefore cannot be used in electrody- 
namics. However, the relation B — V x A, continues to be correct. Substi- 
tuting (3) in (1), we obtain 


0 

V26+—(V-A)=—© (4) 
Ot € 

Substituting B — V x A in (2), we get 


oE 
V^A — V(V. A) — -nJ - ue (5) 


It is convenient to choose a Lorentz gauge given by 


V.A— ==. (Lorentz condition) (6) 
C 


With the use of (6), (4) and (5) are simplified to 


y2 I 0^ p 


"Sb M) 
Mi eu (8) 
c? Ot 
oB 
VE ae (Faraday’s law) (1) 


Writing the curl in rectangular form gives 


0E, ^ 9B, 
Oz at 





Integrating in time and choosing the constant of integration as zero, we 
obtain 


Bx = -f — vt) (2) 
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Notice that the variation of B is exactly the same as the variation of E, except 
that E, and By, are at right angles to each other and perpendicular to the 
direction of propagation. From (2) and the relation H; — B,/j we find 


Hy — d fa — vt) (3) 
[Lov 


so that Ey = uov Hx (4) 
Using the relation v = ~y 1/uo£0, we can write (4) in the form 


Ey = ZoH, 


with Zy =./-° =376.6Q. 
£() 


14.78 (a) E(z, t) = Eolx sin(kz — wt) + ycos(kz — wt)]. This is a plane polar- 
ized wave polarized in the xy-plane and propagating in the positive 
z-direction. 

(b) The magnetic lines will suffer refraction in passing from one magnetic 
medium to another. 


(i) The continuity of B lines is first specified as a necessary condi- 
tion. Figure 14.8 shows a bundle of B lines in passing through the 
interface between two magnetic media characterized by u1 and u2. 

(ii) Since div B = Q, it is required that the magnetic flux associated 
with the flux lines be constant in passing through the interface. 


o — B, ds, — B5 ds»? 


Ha ONA og, Medium 1 
TE d$ 2 y n ic 
2 J J T 
Fig. 14.8 The refraction of / 
magnetic lines B2=u2H2 


where ds, and ds» are the cross-section of the flux lines in medium 
] and 2, respectively. Dividing by ds, the corresponding area on the 
interface, we get 
ds ds 
1 Bo ds2 
ds ds 


14.3 Solutions 


(iii) 


(c 


Nw 
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which from Fig. 14.8 may be written as 
B, cos 0; = Bo cos 62 (1) 
which may be written as 
B,-n=Bo-n 


which shows that the normal component of the B vector is the same 
on both sides of the boundary. 

Next we apply Ampere's circuital law to the path across the inter- 
face, Fig. 14.8. Assuming that no current exists in the interface, for 
the path considered 


pH-dl=0 


Breaking the integral into individual parts of the path 


b C d a 
fua- [nas [nas [mas [nao 
a b C d 


In the limit the path shrinks approaching the interface 


E a 
[ ima [mao 
b d 


b d 
B. [ mas [ mao 
a C 


Thus Hii = Ho 
ie. Hixn-H»xn (2) 


This implies that the tangential component of the H vector is the 
same on both sides of the boundary. 
Dividing (2) by (1) 


H1 sin 4 E H» sin 6 
B1 cos 0» E B» cos 0» 


1 1 
— tanı = — tan 05 
H1 H2 
tan 0 
Les PI (law of refraction) 
tan 05 U2 
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14.79 Consider a plane wave normally incident on a dielectric discontinuity, as in 


Fig. 14.9. In the region z < 0, € = £1, and for z > 0, € = &». The boundary 
condition on E is that its tangential component is continuous, the boundary 
condition on H is that its tangential component is also continuous. 


Ej(z — 0) -- Ex(z — 0) — FEi(z — 0) (1) 
Hi(z — 0) t- Hi (z = 0) = Hkz = 0) 
Letting E; — Ege "e,, E, 2 E4e *e,, E, — Ere e, 


E l E l 
H = — eMe, and H, — = te ike, (2) 
7] 7] 


Fig. 14.9 Reflection of plane 





waves normally incident on R 
the interface between two —— 
dielectrics T 
— 
l 
——— 
z=0 
and substituting in (1), we obtain 
Fo + £, = E2 (3) 
Fo Ej E 
NE (4) 
1 nı n2 
where nı = ~y u1/£€1 and m = y u2/£2. Solving, we find 
Ei Hoe 
— =p=——— (5) 
Eo 2 c T1 
E 2 
a EUM (6) 
Eo n2 + nı 


Note the minus sign in the last relation for H; in (2) arises because the Poynt- 
ing vector $ = E x H must be in the direction of propagation (right-hand 
rule). 

Substituting nı = A/u1/e1 andgo — «/u2/£2 in (5) and (6) and setting 
[41 = u2 = uo for non-magnetic substances, and putting 4/21/85 = nı/n2 
for the refractive index, we obtain 


14.3 
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(n2 — n1)? 
(n2 +n1) 
2 
rS (mL (8) 
n2 no-cnj/ no (ny +m) 


Adding (7) and (8) it follows that R+T = 1. This is simply the consequence 
of conservation of energy. 


14.80 Refer to Fig. 14.10. Consider a plane perpendicular to the propagation direc- 


tion through the origin. Let the distance from this plane measured in the 
direction of propagation be called /. If the coordinates of a point are x, z, 
then 


lj = x sin + z cos 0 (1) 


Fig. 14.10 Reflection and 


Refraction of electromagnetic 


wave 


Region 1, £4 n4 


| . JW Direction of 
LC increasing Ip 





\ Region 2, €,n 
Q X g €2 Ng 


plane of 
l=0 


Z Direction of 
increasing Iz 


As the electric field is in the plane of incidence, for the incident wave 


! (2) 
Hi m Ene ihe, 


| E, — Ege (cos 0 e, — sin ez) 
n 


where ki = œ,/\veı and nı = yp1/£1 are the values of the propagation 
constant and characteristic impedance in region 1. 


For the reflected wave /p = x sin@’ — zcos 6’ (3) 


Eg — Ege 8 (cos 0p e, -- sin Orez) 

. 4 
AR — a Ra iiy ( ) 
1 
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For the transmitted wave the relations are 


lr —xsin$ 4-zcos$ (5) 
Ey: = Eve Mri (cos $ ex — sin $e;) 
HT = ET gd (6) 

112 


The boundary conditions at z = O require that the tangential E that is E, 
and tangential Hy be continuous. Setting E,(z = Q) in region 1 equal to 
E,.(z = 0) in region 2, 


—jkyx sin 0 


Eo cos0 e + Eg cos ôg e FT SinfR. —. Er cog yg Vert sin ó (7) 


If this equation is to hold for all values of x then 
ky sin 0 = ky sin Og = kr sin ọ (8) 


It follows that Og — 0, that is, the angle of incidence is equal to angle of 
reflection as in a plane mirror. 
Further 


sin $ kī SE] n| 


E em V 9 
sin 0 kr AJ £2 n2 P 





where n is the index of refraction of the material. Equation (9) then gives 
Snell's law (n; sin0. — n5sinQ) which holds irrespective of the nature of 
polarization. Using (9) in (7) and cancelling the exponential terms we have 
Eo cos0 + Eg cos = Er cos o (10) 
Using (8), the boundary conditions on H, yield 


Eo ER E ET 


— — — (11) 
1 1 2 

Solving (10) and (11) we get 

ER _ cos d — n, cos Ó (12) 
Eo n2 COS @ + 1 cos Ó 

E 2 0 

Er 7]? COS (13) 


Eo mocoso +n cos’ 


Substituting n1 = 4/ui/&1,7]2 — 4/H2/82,HM|1 — H2 = po for non- 
magnetic dielectric and using (9) in (12), we obtain 
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R= Ey ^ n2 cos 0 — nj cos A 
NE) n2 cos 0 + n; cos 





14.81 (a) Reflectance R = 0 if n2 cos — nı cos = 0 (1) 
Given tan 0 — A (Brewster’s law of polarization) (2) 
n] 
in 0 
= B (Snell's law of refraction) (3) 
sng nj 


Combining (2) and (3), we have (Fig. 14.11) 


sin $ — cos0 (4) 
or ¢=90° —6 (3) 


Fig. 14.11 R and T against nı /n2 


(b) 


14.82 (a) 


(b) 


0.5] Zx = 5.828 





Eliminating nz between (1) and (2) 


n2 cos 0 — nı coso = nı (sin — cos ġ) = nı (sin 0 — sin 0) = 0 where 
we have used (5). 


n 1.5 
tan = — = — = 1.5 
n| 1 
= 56.31" 
2 “1 _ | i 2 
pa Mor Xm _ @&—)) (1) 
(ny +12)? (2 4 1) rr 
where x = 2 
n» 
a (2) 
E (x +1)? 
Setting R = T yields the quadratic equation x* — 6x + 1 = 0, whose 


solution is x = 3 + 2/2 or 5.828. Thus for nj/no = 5.828, we get 
R=T =0.5. 
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14.83 Using Maxwell’s equations 


V-E=0 (1) 

V-B=0 (2) 
9 B 

V x E = —— (3) 
ot 

(a) E= Eget ^n (4) 

B= Bae AH (5) 


Let the wave be propagated in the z-direction. Then 


V- E=-ik-E=0 
and V-B=-ik-B=0 


This shows that both E and B are perpendicular to k, which is the direc- 
tion of propagation. Therefore both E and B are transverse oscillations. 
(b) B and E are in phase 
(c) Using (3) 


VxE-—-ikxE — —ioB 
kxE  lkxE 


w c k 


B—-$xE (6) 
C 


B= 








where $ = k/k is a unit vector in the direction of propagation. The three 
vectors E, B and k form a right-handed rectangular coordinate system. 
From (6) we obtain B = E/c. 


1484 E=; 
ErEO 


o = 2e9¢-E 22 x 888 x 10 x 6 x 2 x 10? 
— 2.124 x 1077C/m? 





14.3.3 Phase Velocity and Group Velocity 


14.85 Using the result of prob. 14.93 


LL ee 


Ve Vp Vs V, c? c do 





14.3 Solutions 


14.86 


14.87 





Vp— Vs æœcdn 
V; è Vedo 
But « — 2v — 2zc/A 
Vy — c/n 
dn — dn dA A^ dn 
do dadw  2ncda 


Substituting (2), (3) and (4) in (1) 


WS Ni 
nı — 1 nı +n2 
2.786 x 1074 
2.781 x 1074 


n2 — 1 An 
2.781 x 1074 


2.777 x 1074 


n= 
| 42784 « 107^ 
132.779 « 1077 











5 x 1077 
4 x 1077 





X1(A) 


4800 
5000 





À2(A) 
5000 
5200 





— ATA 
L= 55 


4900 A 
5100 A 





693 
(1) 
(2) 
(3) 
(4) 
(5) 
AA —À1— 22 
—200 A 
—200 A 





Using formula (5), the first set of data gives (Vp — Vg)/Vp = 1.22 x 1075 


and the second set 1.02 x 107°. 





w = ak? 

w 

= —- k 

(a) Up n a 

do 
(b) vg = ar = 2ak = 2vp 

l 

(a) vp = 


8 


2 D? 
e=n =l- 
o 
D? 
pede 
PL 
C 
U — 
p n D2 
le: 
WM 


Squaring (3) and re-arranging 


oe 
OG 
0 = D4 9° = D+ Re? 
U 
p 
Up — c/k 


(1) 


(2) 


(3) 


(4) 
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14.88 


14.89 


14.90 


14.91 


— 
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dw 
(c) Differentiating with D with c constant, œ — = c?k 


dk 


do ck c D? 
Ug a eC 1 — 3 
dk w Up w 
— an2 
UpUg — C 


(5) 


(d) Substituting D = 1.2 x 10l!/s, o 2 2z x 20 x 10° Hz and c = 3 x 


108 m/s in (3), we find vp = 1.016 x 10° m/s 


Substituting vp = 1.016 x 10” m/s in (5) we find vg = 8.858 x 10’ m/s. 


It is observed that while Up > C, Ug < C. 


y = dw 
5 — dk 
w= vk 
d du 
Vie rae oe 
ee 
du 
MEC (by prob. 14.88) 
V —c/n 
Substituting (2) in (1) 
V d ps 1 c ckdn 
= c/n + ck— | — | = —- — — — 
dk \n n n?dk 
N dn dn dA dn d /27z 27 dn 
O SS i ea MX —— = — 
dk dà dk dA dk V Kk k? dà 
Using (4) in (3) 
y, — C | Acdn 
* ^ n nedi 
1 
v X i (by problem) 


v = Ak (where A = constant) 


(1) 
(2) 
(3) 


(1) 
(2) 


(3) 


(4) 


(1) 


du d 
= k— = Ak + k—(Ak) = Ak + Ak = 2AkK = 2 
Ug = V + dE + ak | ) + U 
dv dv do dv 
guy gap a 
Me UT doak sd 
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Now v=c/n (2) 
du dv dn c dn 
— = —— =- (3) 
dæ dn dw n* do 


Substituting (2) and (3) in (1) and using w = kv and rearranging we get 


a a 
n 4- o(dn/do) 


dist 50 
DR Q1 ls. c esi a RA 
time ] x 10-9 


Vo = Cy/ 1 — (A/2a)2 
5 x 10’ =3 x 10°,/1 — (0/5)? 


Solving for A, we find the free-space wavelength A = 4.93 cm. 


c? (3x108)? ò 
Vp m Lm = 18 x 10’ m/s 
Vo 5 x 10 


14.93. V, — do/dk (1) 


Rewriting (1), 1/ V; — dk/do 


1 dí(í(oY 1 c dV, (2) 
Vs do NV;7 VW V2 do 


Substituting Vp = c/n in (2) 











1 1l cn?c 1 dn e (3) 
Vo 7 Vp c? n?do)] V; cdo 
Q0 
14.94 V, = — 
5 — Ok 
l B 0k E 0 (27 /A) E 9 (1/AX) 
Ve dm d(2nv) ð 
C 1 nv 
But n = — = — == — 
Up vÀ À 
Ov Ov COV 
Vs — 


7 j (1) x 0 (nv/c) = a(n v) 


14.95 v, — nue 
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do  d(oh) dE  d(p'/2m) 1 dp? 2p mv 


dk dkh dp | dp 2mdp 2m 


14.96 By prob. (14.85) 





e 
where Vp = — 
n 


Re-arranging (1) with the aid of (2) and writing u for n we find 


V Sg e 
= C| = — 
P | dA 


3.60 x 10-4 


w= 1.420+ v 


(by problem) 


Substituting 4 = 500nm — 5 x 10^" m in (4) 
u = 1.564 

Differentiating u with respect to À in (4) 

du 72x107“ 

dà "S 

„du 772x107 


"ru il — —0.288 


Or 


Substituting (5) and (6) in (3), we find Vs = 0.35 c. 


14.3.4 Waveguides 


SSS =- SU 


m 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


14.97 (a) Assuming the dominant mode, for a — 2.5 cm, and b — 2.5 cm, for the 


rectangular waveguide, and c = 3 x 10° m/s, the velocity of electromag- 


netic waves in free space, the phase velocity is given by 


C 3 x 109 


Le S 
"^ Vi1-QJ2ay  Vl- (4/5X 


5 x 10? m/s 


(b) V; — cy/1— (4/2a —3 x 1085/1 — (4/5)? — 1.8 x 105 m/s 


À = 


V1 — (à/2a)}? p V1 -— (4/5)? p 


(c) às = 6.67 cm 
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À 
14.98 às = —— l 
© /1— Of2ayr = 
he = 3A (by problem) (2) 


Combining (1) and (2) and solving for à with a = 3cm we find the free- 
space wavelength 4 — 44/2 cm. 


À 8 


T1072) p 4/1 — (8/10)? 


(b) The cut-off wavelength A. — 2a — 2 x 5 = 10cm. 


14.99 (a) Ag = 2:13.39 cmi 


Srv^dvV — 8zdA- V 


14100 N — —3, a 


Mean A = 5500A = 5.5 x 1077 cm 


dA — (6000 — 5000)À — 1077 cm 
V = (0.5)? cm? 
— 8x x 1077 x (0.5)? 


— 18 
oo = 3-43 x 10 


14.101 The cut-off frequency of the TMmn or TEmn mode is 


» [T 


The lowest value we can have for v,,, 18 for the choice m = 1, a = 15 and 
n = (0, that is, for TM1o wave. 


c 1 3x10 7 i 
vo =z x — = = 10’ Hz = 10° kHz 
2 15 30 





This is much above the range of AM waves (530-1600 kHz). Hence AM 
waves cannot propagate in the tunnel. 


14.102 The cut-off frequency will be least for TE1ọ waves. Of course TM;o waves 
do not exist. 


CO C 3 x 108 9 
yjQ— —— — —-——-————-—3x10'Hz-—3GHz 
27 a 2a 2 x 0.05 


Note that we take the higher dimension (5 cm) for the lower value of cut-off 
frequency. 
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14.103 The relation between w and k in a rectangular waveguide is 
2 2 2 
(0 mim ni 
e-$-Coy- (n ! 
c? a b | 
For TEp} waves m = 0,n = 1, a — lcm and b = 2cm. Equation (1) is 
then reduced to 


ay? JU 


eS - (a) a 


The phase velocity is given by 


E 9 
TEES (3) 
The group velocity v; is given by 
do 
= — 4 
Ug Hr (4) 
do kc? c 
= eS SS SS 
S dk o w 
The cut-off frequency is given by 
TE 
E 6 
ool = = (6) 


The œw — Kk plot for m — 0, n = 1, b = 0.02m is shown in Fig. 14.12. For 
convenience the variables are chosen as dimensionless. 


Fig. 14.12 Dispersion 
diagram for the TEo; mode of 
rectangular waveguide for 





5 10 15 20 25 
b=2cm kb/c —— 


At high frequencies, the curve is asymptotic to the line c — kc. Thus at high 
frequencies, both the phase and group velocities approach c. However, the 
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w — k plot is always above the œ = kc line. This implies that the phase 
velocity vp = w/k is always larger than c. 

The group velocity ug = dw/dk is determined by the slope of the curve 
which is less than the slope of the line œ = kc, and so vg is always less 
than c. 

There is a minimum frequency, known as the cut-off frequency, below 
which k becomes imaginary and the wave ceases to exist. As the frequency 
approaches the cut-off frequency the phase velocity becomes infinite and 
the group velocity becomes zero. 


9? 9? 
14.104 (a) | — + — 
dy 


TE ) E; — (K^ — o pe) E; (1) 


For TM waves H, vanishes, and E, must be a solution of (1). Let 


E, = (Acosk,x + B sink,x)(C coskyy + Dsinkyy) ekz (2) 


where A, B, C, D are arbitrary constants and ky and k, are constants to 
be determined by boundary conditions. Substitution of (2) in (1) yields 


(«2 i K) = oue — k? (3) 


The form of (2) is further constrained by the boundary conditions. 
Assuming that the walls of the waveguide are perfect conductors, Ez 
which is tangential to the walls must vanish atx = 0,x =a, y = 0 
and y — b, Fig. 14.13. In (2) E; will not vanish at x = O unless A = 0. 
Similarly the boundary condition at y = O is satisfied if C = 0. The 
boundary conditions at x = a and y = b are satisfied by putting. 


= 

a 

mmn 
pa 4 
y 5 (4) 


UNE 


Fig. 14.13 Rectangular [4 —— à ——h-| 
hollow metal waveguide 
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where m and n are positive integers. Finally, we get the result 


E; — K sin(—— J sin (772) e^ (5) 
a 








where K = (B)(D) is another constant. Note that E. vanishes if either 
m = Oorn = O. In that case TM or TMon wave does not exist. The 
other field components are given from equations which are obtained by 
manipulating Maxwell’s equations. 











j 3E, dH, 
i du 6 
E w? ue — k? ( Ox ale ay (6) 
j 8E, dH, 
E ec 7 
: wue — kĉ2 ( dy ir Ox 7) 


Using (5) in (6) and (7) and putting H, = 0 


jK kmr MTX . nmX ou 
[oe eo (8) 
w~ Le — k^)a a 
iK knr MTX na . 
Ey = e 50s sin ——— cos oo (9) 
W~ LE — 


The solutions (5), (8) and (9) represent an infinitely large family of 
waves, characterized by different values of the integers m and n. They 
differ from one another by the values of the integers m and n. They also 
differ in their velocity as well as field configuration. 


Combining (3) and (4) we get 


2 2 2 
CD mz nz 
p= $-(2)-@) a 
ç? a b (o) 
where we have substituted we = 1/c*. The cut-off frequency is 


obtained by setting k = 0. 


ioe I5 + QT. (11) 


For TE waves there is no E;. Here, we must find boundary conditions 
on H, that cause the tangential component of E, to vanish. The given 
equation is 


9? 9? 3. 3 
(Z+) H.E — W ue) H; (1) 
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The general solution is 


H, = (Acoskyx + B sin kxx)(C cos kyy + D sin ky yje (2) 
0H, 
Ox 





= (—kyA sink,x 4- Bk? cos k,x) 


(C cos kyy + D sin ky yje 


0H, "" 
For E = 0 at x — 0, itis necessary that B = Q. 
x 








Similarly 
P CASS Bank Ck, sink,y 4- D cosk,y)e 7 
T — (Acos kyx + Bsink,x)(—Cky sinkyy + D cosky,y)e 
0H, 
For 5 = 0, D = 0. Therefore (2) becomes 
y 
H. — K cos(k,x) cos(k, y) ge (3) 


where K is the product of A and B is another constant. Imposing 
boundary conditions at x — a and y — b, we have 





OH: 
= —Kk, sink,x coskyy = 0 
yielding 
kya = mr (4) 


oH 
and m —K Kk, cos kyx sink, y = 0 
y 


yielding 
kyo =m (5) 
m x Am y 
H. — K cos (—) COS (==) (6) 
a b 
Substituting (2) in (1) we obtain 
ki +k? = ope — k? (7) 


which is identical with (3) of prob. (14.104). 


(b) Substituting the values of ky and ky, from (4) and (5) in (7) and setting 
k = 0 gives the cut-off frequency. 
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SCR i 


which is identical with (11) of prob. (14.104). 
(c) Thus the features which are identical for the TM and TE modes are 


(i) œ — k plot 

(ii) Phase 
(iii) Group velocity 
(iv) Cut-off frequency 


However the important difference is that when either m = 0 orn = O, the 
TM mode fails to exist. On the other hand H, does not vanish for m = 0 
or n = 0 (see (6)). Because of this fact the TEj9 is the mode which has the 
lowest cut-off frequency. Here we have assumed that a > b. The cut-off 
frequency for TE;9 mode is given by 


T C 
910 — — (9) 
a 


the free space wavelength being 2a. 

The small dimension (5) has no bearing on the cut-off frequency for this 
mode. The other advantage is that single mode operation is feasible over a 
wide range of frequencies. 


Chapter 15 
Optics 


Abstract Chapter 15 deals with geometric optics. Problems are solved under 
internal reflection in slabs and prisms, fibre optics, matrix methods, Fraunhofer 
diffraction by single slit, double slit and grating, missing orders, resolving power, 
Rayleigh’s criterion, interference, colours in thin films, Newton’s rings, polarization, 
Malu’s law and Brewster’s law. 


15.1 Basic Concepts and Formulae 


Geometrical Optics 
Fermat’s principle: A ray of light traverses from one point to another by a route 
which takes least time. 


Momentum of photon p — hv/c (15.1) 


Fraction ( f) of light escaping from an isotropic point source in a medium of refrac- 
tive index n through a flat surface is given by 


1 1 
f-3n-i ur (15.2) 


Intensity of light (7) at distance r from a point source of power W is related to 
pressure P by 


I W 
P=- = 
C — 4zr?c 





(15.5) 


Mirage is a type of illusion formed by light rays coming from the low region of 
the sky in front of the observer on a sunny day. 


N 
Optical path length (O.P.L.) = X 4 isi (15.4) 
cS 


where si is the path length of the ray in the ith medium. 
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Fibre optics: The maximum acceptance angle Omax outside which entering rays 
will not be totally reflected within the fibre is given by 


no Sin Omax = \/nz —n2 (155) 


where nọ is the refractive index of the medium outside the fibre, n; that of the fibre 
and n, that of the cladding material. 
Snell's law of refraction 

ny, sing = n2 sinr (15.5a) 


where i — angle of incidence and r = angle of refraction. 


Prisms (Fig. 15.1) 





Fig. 15.1 


ri +r =A (15.6) 
Qc er aeS aA (15.7) 


For minimum angle of deviation 
o£ Doa =] Srn (15.8) 


n = sin 5A + D)/ sin 2 (A) (15.9) 


If the prism of index n, is placed in a medium of index n2 then n should be replaced 


by n1/n2. 
Lenses: Object distance (u), image distance (v) and focal length (f) 


1 1 d] 
m (15.10) 


u U 


15.1 Basic Concepts and Formulae 705 
Lens Maker's Formula 


Sign Convention 


1 1 1 
— — (n— 1) (- — =] (lens maker’s formula) (15.11) 
F rr 


r is positive if the refracting surface facing the object is convex and r is negative 
if the refracting surface facing the object is concave. 

If the lens of refractive index n; is immersed in a medium of index n2, then 
n = n/n. 

Combination of Two Thin Lenses: Let lense Lı of focal length fı facing the 
object at distance uı and L2 of focal length fz be located at a distance d behind L1. 
Then the final image is located from L» at a distance v» given by 


foLfiu1 — dài — fi] 


vy = —————————————— (15.12) 
fiui + u1 — fifa — d) 
, , Height of the final image 
Magnification — ——————————————— (15.13) 
Height of the object 


If v2 is positive then the image 1s real, if v2 is negative, the image is virtual. 
System matrix: In = Ro To Ryo Ti (15.14) 


where the initial image /; in medium | is transformed into the final image h in 
medium 2. R12 is the refraction matrix at the first surface (air to glass), T» is the 
translation matrix in the second medium (glass) and R2 is the refraction matrix at 
the second surface (glass to air). 


The matrix S = Ro Ty R12 (15.15) 


is known as the system matrix. 


Interference 


Conditions: Light sources are coherent, 1.e. their phase difference remains constant 
and that the distance between the sources is reasonably small (of the order of a few 
Angstroms for visible light). 


Young’s Double-Slit Experiment 


D 
a = mu (bright fringes), m = 0,1,2,... (15.16) 
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Xm = (n + 5) A (dark fringes), m — 0,1,2, ... (15.17) 


where x, is the distance of the mth fringe from the central fringe, D is the source— 
screen distance, d is the separation of slits and A is the wavelength of monochro- 
matic light used. 

If white light is used, the central fringe will be white, flanked by coloured fringes 
on either side with the system of violet fringes closer to the central fringe and red 
one farther. In three dimensions the shape of the fringes is that of hyperboloids, and 
on the screening the shape would be that of a set of hyperbolas. However, because 
of limited field of view the fringes appear as a set of equidistant straight lines. The 
separation of fringes is known as bandwidth (£): 


AD | 
p= Lr (bandwidth) (15.18) 


Shift of fringes (A): When a thin film of thickness f is introduced in the path of one 
of the rays 


(n— l) =mì (15.19a) 
AS (n Eq (15.19b) 


and the entire system of fringes undergoes a lateral shift. 
The intensity distribution of the fringes is given by 


4 42....2 { wax 
I = 4A* cos B (15.20) 


The principle of optical reversibility states that if there 1s no absorption of light, then 
a light ray that 1s reflected or refracted will retrace its original path if its direction is 
reversed. 


Interference by Reflection from Thin Films 


When reflection occurs from an interface beyond which the medium has a lower 
index of refraction, the reflected ray does not undergo a phase change; when the 
medium beyond the interface has a higher index, there is a phase change of x. The 
transmitted wave does not undergo a change of phase in either case. 

Thus for air-glass-air media (Fig. 15.2) for normal incidence 


2tn — (m 4-2), m —0,1,2,...(maxima) (15.21) 


The term !^ A is introduced because of the change of phase of 180? which is equiv- 
alent to half a wavelength 


2n cm. m —0,1,2,... (minima) (15.22) 
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Fig. 15.2 


Fig. 15.3 





Coating of lenses 


These equations are valid if n of the film is higher (for example, air—glass—air) or 
lower (for example, glass—water—glass) than the indices of media on each side of the 
film. 

For oblique incidence, with refracting angle r, the left-hand side of (15.21) and 
(15.22) must be multiplied by cos r. 

For coating lenses, Fig. 15.3 shows a typical arrangement in which the indices of 
the media are in the ascending order. Here the conditions are reversed: 


2tn — mA,m —0,1,2...(maxima) (15,23) 
2tn = (m+'%)r,m = 0, 1,2... (minima) (15.24) 
Wedge film 
p= å (15.25) 
— 2n0 


where 0 is the angle of the wedge. 


AD 


zi. (bandwidth) (15.26) 


Biprism p 
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Newton’s Rings (in Reflected Light) 


Radius of the mth ring (rm) for the convex lens of radius R is given by 


fa AGAR (dark rings, m — 0, 1, 2, ...) (15.27a) 
2t — mA (dark rings) (15.27b) 
I 
js = (n + 5) À (bright rings, m = 0, 1,2,...) (15.28a) 
2t = (m + 2)À (bright rings) (15.28b) 


where f is the thickness of air gap. 


Michelson's Interferometer 


M| and M» are two plane mirrors mounted (Fig. 15.4), M; being movable and M5 
fixed. The plate P) compensates for the extra pathlength in Pı. The interference 
fringes form from the superposition of the two beams and are viewed at E (see 
prob. 15.38). 





Fig. 15.4 


The mirror displacement L when n fringes cross the field of view is given by 


nÀ 
L = — (15.29) 
2 
Diffraction (Fraunhofer) 
Single slit asin — mA. (minima, m — 1,2,3,...) (15.30) 


where a is the slit width and 0 is the diffraction angle. 
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Relative intensities of the secondary maxima 





sin o e 

lọ = Imax ( ) (15.31) 
a 

where a = — sin (15.32) 
1 2 
sinjm+—)z 
u _(*(r+3) 
es | a (15.33) 





I max I 
m4 -J|x 
The secondary maxima lie approximately halfway between the minima. 


Double-Slit and N-Slits (Grating) 











sino V? sin? Np 
I — dies Z -3 (15.34) 
a sin^ f 
rasin 7t d sin 0 
where a = A and p= i 


a is the slit width and d is the slit spacing. In (15.32) the first factor arises due to 
diffraction from a single slit, the second one is due to interference of light waves 
from different slits. 

For N = 1 we obtain the single-slit pattern and for large N we are dealing with 
a grating. 


Maximum number of order Mim =A (15.35) 
Condition for overlapping of spectral lines: 
mià = Mà = M33 =... (15.36) 


Missing orders: The missing orders occur when the condition for a maximum of 
the interference and for a minimum of the diffraction are both fulfilled for the same 
value of 0: 


dsinĝ = mà,m = Q0, 1,2... 
üsmno-pA-bel 233 
d 


m 
a P 


(15.37) 
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Since both m and p are integers, d/a must be in the ratio of two integers. Thus if 
order 3 is missing then d/a = 3. Other interference fringes which are missing are 
9.0 eed 

If the ratio d/a is not exactly equal to the ratio of two integers, then the intensity 
of a particular order will not be zero but would be quite small. 
Grating: Total number of lines (N) on the grating 


N=N'W (15.38) 


where N’ is the number of lines per unit length and W is the grating width. 


Resolving Power (R.P) 
R=i/dA = Nm (15.39) 


Dispersive Power of a Prism (D) 


dé d 
Del (15.40) 
dA qu-—1 
Resolving power (R) for a prism of baselength B is given by 
À d 
Rep (15.41) 
dA dA 


where djz/da is the variation of refractive index of the prism with wavelength, A is 
the mean wavelength and d is the difference in wavelengths to be resolved. 


Diffraction from a Disc of Radius a 


2 
Jun E (15.42) 


where p = P sin Ó and J4(p) is the Bessel function of the first kind. 


Rayleigh's Criterion 


The minimum angular resolution of a telescope of diameter D is 


a 
jmd (15.43) 
D 


where D is the diameter of the telescope. 


15.1 Basic Concepts and Formulae 711 


Zone Plate 


1 
Se (15.44) 


where a and b are the distances of the object and image from the zone plate, r, is 
the radius of the nth zone and f the focal distance. 


Polarization 


Let the x- and y-components of the electric vector be given by 


E, — a, sinot (15.45) 
E, = a sin(wt +54) (15.46) 
E E EE 
> + = -2—— cosô = sin? à (15.47) 
ai a^ daid 


(1) Plane-polarized (linearly polarized) light: 


If ó — 2nz wheren —0,1,2,... for which 


aj 
a» 
Or ô = (2n 4- 1)z, for which 
B cp (15.49) 
a2 


In either case the electric field oscillates on a straight line. 
(11) Elliptically polarized light: 
If ó — (n + 2)r, wheren —0,1,2, ...anda, Æ a? 


Ex 


2 
mou MA 

2 2 
a1 ay 


=] (15.50) 


If 6 = w/2, 52/2, 91/2, ... the tip of the electric vector rotates clockwise for 
an observer towards whom light approaches, and the light is said to be left-handed 
elliptically polarized. 

If 6 = 32/2, 7/2, 11m /2,... the ellipse is described in the counterclockwise 
direction and the light is said to be right-handed elliptically polarized. 

(111) Circularly polarized light 


If ô = (n + Vr wheren —0,1,2,... anda — a = a 
Ey + E, =a’ (15:51) 


Right-handed and left-handed circularly polarized light are described as in case (ii). 
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(iv) Unpolarized light: 
If the phase difference 6 is random between two linearly polarized waves at 
right angles to each other, light is said to be unpolarized. 


Malus? Law 


Consider two polarizing sheets Pj; and P» parallel to each other. Let the polarized 
light of intensity /4, from P4 be incident on P5 whose polarizing axis is oriented at 
angle 0 with that of P4. Then the transmitted intensity Z from P» is given by 


I 2i cos? Ó (Malus' law) (15.52) 


Brewster’s Law 


When an unpolarized light beam 1s incident on a dielectric surface then for a partic- 
ular angle of incidence, called polarizing angle 6,, the reflected light is completely 
plane polarized with its plane of vibration at right angles to the plane of incidence 
(c -component). 

In this situation the reflected light and the refracted light beams are at right angles 


tanO, — n — n»/n| (Brewster's law) (15.53) 


where 7 is the refractive index of medium 2 with respect to medium 1. 
At the polarizing angle the z-component of the beam (plane of vibration parallel 
to the incident plane) is entirely refracted with an admixture of o -component. 
Brewster windows are used in laser technology to produce plane polarized light. 
Birefringence: Optically isotropic substances exhibit optical properties such as 
refractive indices independent of the direction of propagation of the electromag- 
netic wave and the state of polarization of the wave. However, there are crystalline 
solids such as calcite and quartz which exhibit optically anisotropic properties. Such 
substances are called birefringent. In this case there are two refractive indices. If the 
polarization is parallel to the optic axis, light will travel with one velocity, if the 
polarization is perpendicular to the axis, light will travel with a different velocity. 
Let a linearly polarized light be incident at the polarizing angle 6 with the optical 
axis. The polarization can be resolved into x- and y-components. Since the x- and 
y-components travel with different speeds, their phases change at a different rate as 
light travels down the material. 


Full Wave Plate, Half-Wave Plate and Quarter Wave Plate 


Full wave plate is the one in which the vibrations of two components which were in 
phase initially remain in phase after light emerges from a thickness f of the material: 


(aio = fase )t = mÀ, m = 1, 2. 3 TE (15.54) 


where A is the wavelength in vacuum. 
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For half-wave plate 
(Nslow — Nfast)t = (2m + 1)A/2 (15.55) 


This implies that if two components enter the slab in phase, they emerge from the 
slab 180? out of phase. The half-wave plate rotates the polarization direction but 
otherwise leaves the polarization unaffected. 

For quarter wave plate 


(Nslow — fast)! — (2m + 1)A/4 (15.56) 


Here, the two components have the phase difference of 90? as they emerge from the 
slab of thickness f. 

If two quarter wave plates are put together the combination acts as a half-wave 
plate. 

When an unpolarized beam is incident on a birefringent material, it is split up 
into an ordinary ray which travels in a normal way, obeying Snell's law, and an 
extraordinary ray which is displaced, the two emerging rays being linearly polarized 
at right angles to each other. 

Polarimeter: When a polarized beam of light is passed through an optically active 
liquid such as sugar solution then the polarizing plane rotates through an angle 0: 


0 —uLD (15.57) 


where œ is the specific rotation, L is the length of the tube in decimetres and D is 
the amount of solvent in grams per 100 c.c. 


15.2 Problems 


15.2.1 Geometrical Optics 


General 


15.1 Show that the fraction F of light that escapes from a point source within a 
medium across a flat surface is given by 


1 1 
F=-|/1——,/p?2-1 
2 H 


where u is the refractive index. 


15.2 Assuming that a 1000 W light bulb radiates equally in all directions, calculate 
the radiation pressure on a perfectly absorbing surface at a distance of 2 m. 
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15.3 Define optical path and state Fermat's principle. Using Fermat's principle, 
derive Snell’s law of refraction at the plate interface between two materials of 
refractive index n and n’. 


15.4 Use the concept of optical path to briefly explain why a mirage occurs. 
Early in the morning, on a sunny day, the heat of the sun produces a thin layer 
of warm air above the surface of a long straight road. Consider a possible 
light ray path such as that illustrated in Fig. 15.5. This connects an eye-level 
point on the tree with an observer of height h = 2m. If the layer of hot air 
has refractive index ny = 1.00020, while the cold air has refractive index 
ny = 1.00030. 


(a) Show that the optical path length along ABCD 1s approximately 


nox - niv (d — x)? + 4h? 


(b) By using Fermat’s principle, determine the actual distance that the ray 
travels in the layer of hot air when d = 500 m. 

(c) As the observer walks towards the tree, she finds that the mirage disap- 
pears. At what distance from the tree does this occur? 





A M X. ——— I ke 
(d-x)/2 (d-x)/2 


Fig. 15.5 


15.5 An optical fibre consists of an inner material (the fibre) with refractive index 
ng and an outer material of lower refractive index nc, known as cladding, as in 
Fig. 15.6. 






Cladding 





nc 


nc Claddin 
Fig. 15.6 : 
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(a) What is the purpose of cladding? 
(b) Show that the maximum acceptance angle Omax is given by 


(c) Discuss two main fibre loss mechanisms. 


15.2.2 Prisms and Lenses 


15.6 A triangular glass prism (n — 1.6) is immersed in a liquid (n — 1.1) as shown 
in Fig. 15.7. A thin ray of light is incident as shown on face AB making an 
angle of 20? with the normal. Calculate the angle that the ray emerging from 
AC makes with the ground when it leaves AC and strikes the ground. 





Fig. 15.7 


15.7 (a) What is the critical angle for a block of glass, with refractive index ng = 
1.45, in air? 

(b) Two narrow beams of microwave radiation are incident normal to one 
surface of a large wedge of chocolate as shown in Fig. 15.8. If the index 
of refraction for chocolate relative to air for these microwaves 1s 1.2, cal- 
culate the angle between the two emerging beams, shown as œ on the 





Fig. 15.8 
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15.8 


15.9 


15.10 


15.11 


15.12 
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diagram. (You can assume that the chocolate does not melt because of the 
microwaves.) 
[University of Aberystwyth, Wales] 


Each of the angles of a prism is 60° and the refraction index for sodium light 
is 1.5. Sodium light is incident at the correct angle for minimum deviation. 
Calculate the deviation of that portion of the light, which finally emerges from 
the prism, after having suffered one internal reflection. 

[University of Durham] 


Write down the lens maker’s formula relating the focal length of a lens to the 
object and image distances. Explain the sign convention used for the distances 
involved. 

Show that as two lenses are brought into contact, the focal length of the com- 
bined system, f, can be expressed as 


121 1 
f f f 


where f; and f» are the focal lengths of the two separate lenses. 
[University of Durham 2001] 


An object is placed at a fixed distance D from the screen. Real images of the 
object are formed on the screen for two positions of a lens, separated by a 
distance d. Show that 


D — d)? 
(a) the ratio between the sizes of the two images will be Cae 
(D + d)* 
(b) The object size = Vl h, where J and h are the sizes of the images 
D2 — d? 
Cc = — 
(c) f 25 
(d) D>4f 


(a) Derive the lens maker’s formula 


1 ( 1) ( 1 l ) 
— = (n — a 
f rr 
for a thin lens. 
(b) A biconvex lens of plastic of refractive index n — 1.2 1s immersed in 


water (n — 1.33). Would the lens act as a converging lens or diverging 
lens? 


A combination of two thin convex lenses are placed as in Fig. 15.9. An object 
is placed 5 cm in front of the first lens which has a focal length of 10 cm. The 
second lens is 10 cm behind the first lens and has a focal length of 12 cm. 
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(a) Locate the image of the first lens with the aid of a ray diagram. 
(b) Is the image real or virtual? Erect or inverted? 

(c) Locate the final image for the lens combination. 

(d) Is the final image real or virtual? erect or inverted? 


Fig. 15.9 Lı Le 
Object 


4 
d r 
Y N 


5 cm 10 cm > 


< 


15.13 Let a glass sphere of radius r lie with its centre on the x-axis. A ray of light 
parallel to the x-axis will form an image on the other side of the sphere. Show 
that the distance of the image from the centre of the sphere will be equal to 

Ar 
A=) 

15.14 The light from a 100 W bulb uniformly spreads out in all directions. Find the 
intensity J of the electromagnetic waves and the amplitude Eo at a distance 
of 5 m from the bulb. 


, Where y is the refractive index of the glass. 


15.15 An astronomical telescope has the focal lengths of objective and eyepiece in 
the ratio 8:1. Both the lenses are convex. A tower 100 m tall is at a distance 
of 10,000 m: (a) locate the image and (b) find the height of the image. 


15.16 A 1000 W laser beam is concentrated by a lens of a cross-sectional area of 
10? cm?. Find the corresponding (a) intensity and (b) the amplitude of the 
electric field. 


15.2.3 Matrix Methods 


15.17 Derive expressions for the refraction matrix and translation matrix for a sin- 
gle lens. 


15.18 Obtain the matrix equation for a pair of surfaces of radii rı and r2 and refrac- 
tive index n, separated by distance d and placed in air. 


15.19 Using the results of prob. (15.18) show that for a thin lens, 
1 1 1 


J a 


15.2.4 Interference 


15.20 Consider two point sources s, and s2, Fig. 15.10, which emit coherent waves. 
Show that curves such as that traced by p, for which the phase difference for 
rays rj and r2 is aconstant, are hyperboloids in three dimensions. 
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Fig. 15.10 


# N 
N 
N 





15.21 A beam of monochromatic light with wavelength A is incident upon two slits 
Sı and $ a distance d apart, as shown in Fig. 15.11. Derive an expression, 
in terms of à, L, d, and m for the distance ym from the central point to the 
mth bright fringe of the interference pattern on a screen a distance L away 
when L >> yy. 

Two narrow slits separated by 2 mm are illuminated with a helium-neon 
laser of wavelength 612 nm. Calculate the spacing of the fringes observed on 
a screen 4 m. 


Fig. 15.11 














Screen 








15.22 When a thin transparent plate of thickness t and refractive index n is intro- 
duced in the path of one of the two interfering monochromatic beams of 
wavelength X in Young's double-slit experiment, then fringes are shifted. 
Show that (ji. — 1)t = nà. 


15.23 In Young's double-slit experiment the bandwidth f is given by the expres- 


AL : 
sion: B — ——-, where L is the slit-screen distance, d is the slit separation and 


à is the wavelength of light used: 


(a) Obtain an expression for the intensity distribution in the fringe system 
of Young’s double-slit experiment. 

(b) Hence show that the average intensity of the fringes is equal to 27, where 
I is the intensity of each beam. 


15.24 In a Fresnel's biprism experiment, the bandwidth of 0.195 mm is observed 
at a distance of 1 m from the slit. The image of the coherent sources is then 
produced at the same distance from the slit by placing a convex lens a 30cm 
from the slit. Two images are found to be separated by 0.7 cm. Calculate the 
wavelength of light used. 

[Kakatiya University 2002] 
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15.25 The inclined faces of a biprism of refractive index 1.50 make an angle of 
2? with the base. A slit illuminated by monochromatic light is placed at a 
distance of 10 cm from the biprism. If the distance between two dark fringes 
Observed at a distance of 1 m from the prism is 0.18 mm, find the wavelength 
of light used. 

[University of Delhi] 


15.26 A beam of monochromatic light of wavelength 5.82 x 10^ m falls normally 
on a glass wedge with the wedge angle of 20s of an arc. If the refractive 
index of glass is 1.5, find the number of interference fringes per centimetre 
of the wedge length. 

[Indian Administration Services] 


15.27 Light of wavelength 6000 À falls normally on a thin wedge film of refractive 
index 1.4, forming fringes that are 2 mm apart. Find the angle of the wedge. 
[Delhi University | 


15.28 In Newton's rings apparatus, the radii of the nth and (n + 20)th dark rings 
are found to be 0.162 and 0.368 cm, respectively, when light of wavelength 
546 nm is used. Calculate the radius of curvature, R, of the lower surface of 

the lens. 
[University of Manchester 2007] 


15.29 The radius of the 10th dark ring in Newton’s rings apparatus changes from 
60 to 50mm when a liquid is introduced between the lens and the plate. 
Calculate the refraction index of the liquid. 

[Nagarjuna University 2003] 


15.30 Newton’s rings may be formed in the reflective light by two curved surfaces 
as in Fig. 15.12a,b with the monochromatic light of wavelength à incident 


from the top. 
Show that the radius of the nth ring is given by the expression for the two 
situations: 
Ns A (dark rings) 
r; | — t — |] =n ark rings 


1 
=(n+ 3^ (bright rings) 


Minus sign in the bracket of left side for situation (a) and plus sign for situa- 
tion (b). 


Air gap 
R i R 
R, NI 1 y | Lig ht ZS ph 1 ML 1 i 1 


Fig. 15.12 
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15.31 In Young’s experiment for what order does the band of wavelength of red 
light (A = 780 nm) coincide with (m + 1)th order in the band of blue light 
(A — 520nm)? 


15.32 Each of the parallel glass plates 1 and 2 reflects 25% of narrow monochro- 
matic beam of light incident on it and transmits the remainder. Find the ratio 
of the minimum and maximum intensities in the interference pattern formed 
by the two beams 7, and /» (Fig. 15.13). 

[adapted from Hyderabad Central University 1991 | 


Fig. 15.13 ho ob 


15.33 A thin 4 x 107? cm thick film of refractive index 1.5 is illuminated by white 
light normal to its surface. Which colour will be intensified in the visible 
spectrum? 


15.34 A parallel beam of light (A — 5890 A?) is incident on a thin glass plate of 
refractive index 1.5 such that the angle of refraction in the plate 1s 60°. Calcu- 
late the smallest thickness of the plate which will appear dark by reflection. 

[Srivenkateswara University 2000] 


15.35 A beam of waves of wavelength ranging from 5800 to 3500 A is allowed to 
fall normaly on a thin air film of thickness 0.2945 jum. What is the colour 
shown in reflection by the film? 

[Osmania University | 


15.36 Show that the minimum thickness of non-reflecting film is 1/4. 
[Kakatiya University 2001 | 


15.37 A beam of parallel rays is incident at an angle of 30? with the normal on 
a plane-paralleled film of thickness 4 x 107? cm and refractive index 1.50. 

Show that the reflected light whose wavelength is 7542 À will reinforce. 
[Mumbai University] 


15.38 (a) Explain with necessary theory how a Michelson interferometer may be 
employed to find the difference in wavelength of D, and D» lines in the 
sodium spectrum. 

(b) The distance through which the mirror of the Michelson interferometer 
has to be displaced between two consecutive positions of maximum dis- 
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tinctness of D, and D» lines of sodium is 2.89 x 10^? cm. Calculate AX 
assuming that Aj & À» — 5.89 x 1075 cm. 


15.39 In Michelson’s interferometer 100 fringes cross the field of view when the 
movable mirror is displaced through 0.02948 mm. Calculate the wavelength 
of the monochromatic light used. 

[Delhi University] 


15.40 The plates of Fabry — Perot interferometer have a reflectance amplitude of 
r = 0.90. Calculate the resolving power of wavelengths near 600 nm when 

the plates are separated by 2 mm. 
[University of Wales, Aberystwyth 2005] 


15.2.5 Diffraction 


15.41 In Fraunhofer diffraction due to a narrow slit a screen is placed 2m away 
from the lens to obtain the pattern. If the slit width is 0.2 mm and the first 
minima are 5 mm on either side of the central maximum, find the wavelength 
of light. 

[Delhi University] 


15.42 The intensity /g for the single-slit diffraction pattern is given by lọ = In 
, ma . . . . : 
(sin a / a)”, where œ = — sin 0, and Jm is the intensity of the central maxi- 


mum. Show that the intensity maxima can be found out from the condition, 
tana =a. 


15.43 (a) Obtain the expression for ^0, the half-width at half central maximum of 
single-slit Fraunhofer diffraction. 


(b) Calculate A0 for ~ zug. 


[Osmania University] 


15.44 A beam of light contains a mixture of wavelengths A; and A2. When the light 
is incident on a single slit the first diffraction minimum of A; coincides with 
the second minimum of A». How are the two wavelengths related? 


15.45 A single slit is illuminated normally by a monochromatic light of wavelength 
of 5600 A and diffraction bands are observed on a screen 2m away. If the 
centre of the second dark band is 1.6 cm from the central bright band, deduce 
the slit width. 


15.46 (a) What are missing orders in the double-slit diffraction pattern? Explain. 
(b) Deduce the missing order for a double-slit diffraction pattern, if the slit 
widths are 0.16 mm and they are 0.8 mm apart. 


[Brahampur University] 
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What conditions must be satisfied for the central maximum of the envelope 
of the double-slit diffraction pattern to contain exactly n interference fringes? 
Find n given d = 0.20 mm and a = 0.0120 mm. 


In a grating spectrum which spectral line in the fourth order will overlap with 
the third order of 5400 Å? 
[Osmania University] 


What is the highest order spectrum which may be seen with monochro- 
matic light of wavelength 6000 Å by means of a diffraction grating with 
5000 lines/cm. 

[Delhi University] 


A grating has slits that are each 0.1 mm wide. The distance between the cen- 
tres of any two adjacent slits is 0.3 mm. Which of the higher order maxima 
are missing? 

[Andhra University 1999] 


A grating has 5 x 10° lines/cm. The opaque spaces are twice the transparent 
spaces. Find the orders of the spectrum that will be absent. 
[Osmania University 2004] 


How many orders will be observed by a grating having 4000 lines/cm, if a 
visible light in the range 4000-7000 A is incident normally? 
[Kanpur University] 


Show that in a grating if the opaque and the transparent strips are of equal 
width then all the even orders, except m = 0, will be missing. 


Show that the intensity of the first secondary maxima relative to that of cen- 
tral maxima in the single-slit diffraction is about 4.5%. 


A plane diffraction grating in the first order shows an angle of minimum 
deviation of 20° at the mercury blue line of wavelength 4358 Å. Calculate 
the number of lines per centimetre. 

[Andhra University 2003] 


A diffraction grating used at normal incidence gives a green line, 4 — 5400 À 
in a certain order superimposed on the violet line, A = 4050 À of the next 
higher order. If the angle of diffraction is 30°, how many lines are there per 
centimetre in the grating? 

[Delhi University] 


Calculate the least width that a grating must have to resolve the compo- 
nents of D lines (5890 and 5896 Å) in the second order. The grating has 
800 lines/cm. 

[Osmania University 2002] 
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15.58 


15.59 


15.60 


15.61 


15.62 


15.63 


15.64 


A grating of width 3” is ruled with 10,000 lines/in. Find the smallest wave- 
length separation that can be resolved in the first-order spectrum at a mean 
wavelength of 6000 A. 

[Kakatiya University2002] 


Examine two spectral lines of wavelengths 5890 and 5896 A which can be 
clearly resolved in the (1) first order and (ii) second order by diffraction grat- 
ing 2cm wide and having 425 lines/cm. 

[Delhi University | 


The refractive indices of a glass prism for the C and F lines are 1.6545 and 
1.6635, respectively. The wavelength of these two lines in the solar spectrum 
are 6563 and 5270 À, respectively. Calculate the length of the base of 60? 
prism which is capable of resolving sodium lines of wavelengths 5890 and 
5896 À. 

[Vikram University] 


Find the separation of two points on the moon that can be resolved by a 
500 cm telescope. The distance of the moon is 3.8 x 10? km from the earth. 
The eye is most sensitive to light of wavelength 5500 À. 

[Nagpur University] 


Lycopodium particles that have an average diameter of 30 um are dusted on a 

glass plate. If a parallel beam of light of wavelength 589 nm is passed through 

the plate, what is the angular radius of the first diffraction maximum? 
[Kakatiya University 2004] 


The intensity distribution for Fraunhofer diffraction of a circular spectrum of 
radius R is of the form 


2 
l= [n 
p 


2 
where o — T sin @ and J; (x) is the Bessel function of the first kind. Show 


that by Rayleigh's criterion the minimum angular resolution of a telescope is 


given by 0 « b where D is the diameter of the circular aperture. 


Calculate the radii of the Ist and 25th circles on a zone plate behaving like a 
convex lens of focal length 50cm for A = 5000 A. 
[Kakatiya University] 
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15.2.6 Polarization 


15.65 


15.66 


15.67 


15.68 


15.69 


15.70 


15.71 


15.72 


The values of refractive indices for ordinary and extraordinary rays no and ne 
for calcite are 1.642 and 1.478, respectively. Calculate the phase retardation 
for A = 6000 A with the plate thickness 0.04 mm. 

[Kakatiya University 2003] 


Two polarizing sheets have their polarizing directions parallel. Determine the 
angle by which either sheet must be turned so that the intensity falls to half 
of its value? 


Sun rays incident obliquely on a pond are completely polarized by reflection. 
Find the elevation of the sun (in degrees) above the horizon. 


Light is incident from water (uw = 1.33) on the glass (wu = 1.5). Find the 
polarizing angle for the boundary separating water and glass. 


What is the minimum thickness of a quarter wave plate if the material has 
uo = 1.553 and We = 1.544 at a wavelength of 6000 A. 
[Andhra University 2003] 


A tube 20 cm long containing sugar solution rotates the plane of polarization 
through an angle of 13.2? If the specific rotation is 66^, find the amount of 
sugar present in a litre of the solution. 

[Osmania University 2003] 


A system of three polarizing sheets intercept a beam of initially unpolar- 
ized light. The polarizing direction of the first sheet 1s parallel to the y- 
axis, that of the second sheet is at an angle of 0 counterclockwise from 
the y-axis and that of the third sheet is parallel to the x-axis. The inten- 
sity of light emerging from the three-sheet system is 11.52% of the original 
intensity /o. Determine the angle 0. In which direction is the emerging light 
polarized? 


Describe briefly how a linear polarizer produces polarized light from an inci- 
dent unpolarized beam. Is the transmission axis of a pair of polaroid sun- 
glasses usually oriented horizontally or vertically for an observer standing 
upright and why is this? 
What is a Brewster window? Calculate the inclination of a Brewster window 
with refractive index n — 1.5 in a laser cavity in which the gaseous medium 
has a refractive index n — 1.0. 

[Durham University] 
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15.3 Solutions 


15.3.1 Geometrical Optics 


General 


15.1 Let the point source be located at the centre O of a sphere of radius R, located 
within the medium. Light proceeding within a cone of semi-angle equal to the 
critical angle C can alone escape from a plane surface on the top, Fig. 15.14. 


Fig. 15.14 Light from a point 
source escaping through a 
plane surface on the top 








Consider a circular strip of radius r and width dr, symmetrical over the 
sphere's surface. The angle 0 is measured with respect to the z-axis. 


Area of the circular strip — 2zrdr 


Surface area of the sphere = 4 2 R? 


area of the strip 2zrdr 
Fraction df = ——— — ———— - ———- 
area of the sphere — Ax R? 


I (RsinO)(RdO) 1. 
= — ——_.—__ = -—sin0d0 
2 R? 2 


Fraction of light escaping within the semi-angle 0 is then given by 


“d l 
f=]af=] ~ sin 0d = -(1 — cos 0) 
o 2 2 
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Substituting 9 = C, the critical angle 


1 1 
cos = cos C = y 1 — sin? C = LS a pe 
uou 
1 1 / 
2 H 


15.2 The momentum carried by each photon is hv/c. If it is incident normally on a 
black surface, it exerts an impulse of hv/c. The total pressure exerted would 


l . py 
be — »: hv, where the summation extends over photons of all frequencies inci- 
C 


dent on the surface per unit area per second. If W is the power of the source, 
then at distance r, the intensity / — W/Azrr?. Then pressure 


I W 1000 
P = -= — = ——__—__ = 6,63 x 10° Pa 

c  4mr?c  (47)(22)(3 x 108) 

15.3 Suppose a ray in going from A to B traverses distance, 5), 52, $3, ..., sp In 
media of indices r1, 72, n3, ..., ny, respectively. The total time of flight is 
then (Fig. 15.15) 
1 
je NES (1) 
Vi C 


The last summation is known as the optical path length (O.P.L). 


Fermat’s principle states that a ray of light traverses from one point to another 
by a route which takes least time. 

A more, stringent formulation of Fermat's principle is as follows. A ray of 
light in traversing from one point to another, regardless of the media, adopts 
such a route which corresponds to stationary value of the optical path length: 


B 
O.P.L — | n(s) ds (2) 
A 
| 
A (04, Y4) | i 
NS | 
: b O | 
`~ i | 
N Interface 
| <1 C(x, o) P 4 
O \ 


\ 
Fig. 15.15 L _ \B(X Yo) 








15:3 
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A function f(x) is said to have a stationary value at x — xo, if its derivation 
d f/dx vanishes at x — xo. A stationary value could correspond to a maximum 
or minimum. 


Let a ray of light proceed from A(0, y1) in medium of index nı and be incident 
at C (x, 0) on the interface, get refracted and reach B(x2, y2) in the medium of 
index n2: 


O.P.L. 2 ni(AC) + no(CB) 2 ni x? 4- y2 4 na (xa — x) - y2 


d(O.P.L) ET 
dx E 
nx  n(x-—-x) -. 
[Dra y? V (x2 — x)? + y5 
nı sini — n2 sinr = Q0 
sini n» 


— = (Snell’s law) (3) 
sinr nj 


A mirage is a type of illusion formed by light rays coming from the low region 
of the sky in front of the observer. On a sunny day, a road gets heated and a 
temperature gradient is established in the vertical direction with the upper air 
layer being slightly less warmer and the corresponding indices of refraction 
being slightly larger. As the rays penetrate the atmospheric depth they start 
bending due to refraction, becoming horizontal to the road and then bending 
upwards. The blue of the sky in the background produces a virtual image of a 
water pool, and the turbulence of air close to the road enhances the effect of a 
water pool with waves on the surface. This phenomenon is known as mirage. 


2 
(a) Referring to Fig. 15.5, optical path length (O.P.L) — 5. nis; = ny AB + 
i=l 
njBC 4- n, CD 


— nj / (d — x)? /4 + h? + nox 4 nj (d — x)? /4 +h? 

O.P.L — nox 4- niv (d — x)? + 4h? (1) 

d(O.P.L) - 
dx 7 

Using (1), n5— 


(b) 0 (Fermat's principle) 
ni(d — x) 


Los 
y (d — x)? + 4h? 


Substituting ny = 1.00030, n2 = 1.00020 and h = 2m and solving 


d —x — 282.8 (2) 
or x =500—282.8 =217.2m 
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(c) From (2) it is observed that as d decreases, x also decreases. The smallest 
value for x is zero, in which case the distance of the observer from the 
tree would be d = 282.8 m when the mirage disappears. 


15.5 (a) The purpose of the cladding is to improve the transmission efficiency 
of the optical fibre. If cladding is not used then the signal is attenuated 
dramatically. 

(b) Let a ray be incident at an angle 0, Fig. 15.6, the angle of refraction at P 
being 05. Let C be the critical angle at Q, interface of core and cladding: 


. ni 
sinC = — 
n2 


where n; and n» are the indices of the cladding and core, respectively: 
0, — 90 — Gin 

where ĝin is the angle of incidence at Q: 

no sin 0 = n2 sin Op = nz sin(90 — Gin) = n2 COs Gin 

For internal reflection in > C or cos, < cos C 


no sin < nəz cos C 
— / e 2 2 
But n2 cos C = ny 1 — sinf C — 4/n5 —nj 


no sind < n5 — nt 

This shows that there is a maximum angle of acceptance cone outside of 
which entering rays will not be totally reflected within the fibre. For the 
largest acceptance cone, it is desirable to choose the index of refraction 
of the cladding to be as small as possible. This is achieved if there is no 
cladding at all. However, this leads to other problems associated with the 
loss of intensity. 

(c) The transmission is reduced due to multiple reflections and the absorption 
of the fibre core material due to impurities. 


15.3.2 Prisms and Lenses 


15.6 With reference to Fig. 15.6, using Snell's law 


n5Ssinr,; = nı sin 20° 
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14 
Einer es eo Le x 0.342 = 02351 
no 


rj — 13.6? 
From the geometry of Fig. 15.16 


ro = 40 — 13.6° = 26.4° (. ri 4 r2 — A, the apex angle) 
nı sin i2 = n? sin r2 


Tr n? . 1.6 . : 
sin i2 = — sinrg = — sin26.4° = 0.6467 
n] 1.1 


i2 = 40.3° 
Q — 90° — 40.3° = 49.7° 
0 = 80 — 49.7° = 30.3° 


(C. The exterior angle is equal to the sum of the interior angles). 


Fig. 15.16 Triangular glass 
prism 





1 l 
15.7 (a) snC = — = —— = 0.6896 
Ng 1.45 


5C 243.6 

(b) In applying Snell's law instead of measuring angles with respect to the 
normal, we will measure them with respect to the interface, for conve- 
nience. Then 


1.2cos 45? 2 1.0cos 0 


whence 6 = 31.9°. 


From Fig. 15.17 AC is parallel to EF and so BAC = BCA = 45°. Thus 
in the triangle, ADC, 


a = 180° — 2(0 + 45°) = 26.2° 
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Fig. 15.17 Refraction in a 
prism 





15.8 The net deviation of the ray 
ô = (i1 — r1) + (360° — 2r2) + (i3 — r3) (1) 


In the minimum angle position, rı = r2 = A /2 = 60/2 = 30° 
From the geometry of Fig. 15.18, r3 = 30°. 


Fig. 15.18 Deviation of a ray 
incident in the minimum 
deviation position of the 
prism after suffering one 
internal reflection 





By Snell’s law 


Sinij =nsinr; = 1.5 x sin30° = 0.75 
ij = 48.59° 


Similarly, 73 = 48.59° 


6 = (48.59 — 30°) + (360 — 2 x 30?) + (48.59 — 30°) = 337.18" 
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15.9 1 1 1 
"^W * v f 

where u, the object distance, and v, the image distance, are measured from the 

centre of the lens. For real object and image u and v are positive, for virtual 

object or image u and v are negative. f is positive for convex lens and negative 

for concave lens. 


Let the object o be placed at distance u; from lens L4 of focal length fi. The 
second tens L» is placed at distance d behind L, Fig. 15.19. The image 7, is 
formed at distance v, from the lens L1, alone. Then from the lens equation 


1 1 1 
Ed Duc fiui 


uy » f u|— fi 





(1) 


The image acts as an object for the second lens L» (real or virtual) 


l l l 


vj —d v fs 








Fig. 15.19 Image due to combination of two lenses, a distance d apart 


f2(vi — d) 
favi —-d 
Substituting vy from (1) and simplifying 


whence v2 = 


[fiu1 — d(u1 — f1)] 
2 T 2 
2 in cC e) a 


In the limit d — O, (2) reduces to 


fi four 
fiui + fhu- fih 
1 1 1 1 1 
o — +— 


uw f fi f 


15.10 The location of the object, the screen and the positions of the lens are indi- 
cated in Fig. 15.20 


(a) u; +v = D (1) 
uy — u: =d (2) 


132 


Fig. 15.20 Real images 
formed by a convex lens in 
two positions 
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Object ~-U2—-> = —— V 2 — Screen 
l 


l d-» 


| 
e a: u> Vv 


By symmetry v2 = uy (3) 
"pu (4) 
Then (2) becomes 
Hu] — UU] — d (5) 
size ofimage M w B 
sizeof object O uy, 
I 
Similarly, = = — 7) 
U2 
I v U? Ur 
i wea a2 (8) 
2 U2 u] U^ 
D+d D-—d 
romana). ana = LL 
I Dd 
Therefore, aS (ey 
h (D+d) 


(b) Multiplying (6) and (7) 


hi "vv un uy 
OO uu uw 
Ojai tb 
1 1 1 
[O^ c ue s e 
uj v f 
2 i 2 E 
D+d D-d 


= l 


1 


f 


where we have used (1), (2) and (4). 


D? — d? 


Í = —qp 
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(d) From the result of (c), we have 


15.11 (a) 


Fig. 15.21 


qj -2Pp.ap 
i 
Since d? must be positive, it follows that D > 4f. 


Consider a plano-convex lens of focal length f. Let a paraxial ray be 
incident on the lens from a small object of height A. After striking the 
plano-convex lens normally, it gets refracted at the convex surface and 
passes through the principle focus F, behind the lens, Fig. 15.21. Let 0 
be the angle of incidence at A, the angle being measured with the radius 
of curvature of the curved surface r. Let $ be the angle of refraction: 


a \ — 
| 


cep np 
teati |_ _ 





sing — nsinO(Snell's law) 
$ — n0(C. angles are small) (1) 
Also @=h/r,¢@—-—0 =h/f (2) 


Combining (1) and (2) 


1 n—l 
2 I (3) 


We use the convention that r is positive if the refracting surface facing 
the object is convex and r is negative if the refracting index facing the 
object is concave. 





A thin lens may be considered as two plano-convex or two plano- 
concave lenses in contact. Thus a thin biconvex lens whose faces have 
radii of curvature rı and r? are considered as two plano-convex lenses 
with their plane surfaces cemented together: 


1 n—1 1 n—1 
— = , — = (4) 
Ji ri fa =r 
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1 1 1 1 1 
—+—=—=(n-1) (- — 3 (lens maker's formula) 
"P F n n 

(5) 


For a biconvex lens r, is positive and r» negative. For double-concave 
lens rı is negative and r» positive. 

(b) If the lens of refractive index n, is immersed in a medium of index 
n5, then n — nj/no, n — 1.2/1.33 — 0.9, and the first bracket in (5) 
becomes n — ] — —0.1 resulting in a negative value of F. Thus the 
plastic lens immersed in water acts as a diverging lens. 


15.12 (a) The first image due to L alone is formed at /, at a distance v; given by 
1 


uj v fi 


u1 fi |. 5x l0 


— = —10cm 
ui — fi 5— 10 





pj 
The image is formed at 10 cm in front of the lens (Fig. 15.22). 


Fig. 15.22 Image due to prie Ly La 
combination of two convex 
lenses 


Fə 





„IME 12cm 
— — — 


-—10cm---10cm-—»—————————————— 30cm ——— 


(b) The image is virtual (." v is negative) and erect. 
(c) The final image 7» is located at distance v2 from lens L2 given by the 
result of prob. (15.9), 


folfiu: —d(u — fi)] 


eg, NS VAN. 1 
We =) Wi 


Here uy = 5cm,d = 10cm, f; = 10 and fo = 12cm. 
Substituting these values in (1) we find v2 = 30cm behind the lens Lp. 
(d) The final image is real (^ vo is positive) and inverted. 


15.13 Let a ray PA enter the sphere at A, refract at A and B and intersect the axis at 
F (Fig. 15.23). Let @ be the angle of incidence and 0 the angle of refraction 
at A: 
Sino = usin (Snell’s law) (1) 
h = uE C." angles are small) (2) 
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In ABFC, 
FC  sinFBC  sint—$) sng ó a 
BC  sinBÉC  sin2(6—0)  sin2($—0)  2(6 —0) 
since the angles are small. Hence the equivalent focal length 
BC 
Feq = FC 4 — (4) 


2-8) Uu- 


where we have used (2), (3) and (4). 


Fig. 15.23 





15.14 The intensity at a distance r is given by 


wW 100 : 
Pu ew 
Anr2 4r x52 
1 
I = ; foc Ej 


: 2I 2 x 0.318 T 
= —— = — A5 M — . m 
S eoc V 8.85 x 10-2 x 3 x 108 


15.15 (a) If the object distance is u then the distance v, at which the image is 
formed by objective is given by 





1 1 ] 

u UI fo 

"ERU (1) 

u — fo 
The distance of this image from the eyepiece, u1 is given by 
2 
u ufe— fé — 
uj — fo fe— Jo _ Ue — Jo — fole (2) 





u— fo u — fo 


where fo + fe 1s the distance between the objective and eyepiece. 
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If the final image is formed at a distance v from the eyepiece then 


1 11 
v uy fe 

] 1 u — fo 
Or — 


v fe uh-fl-fhf 


= f? 
or y — Jefe 1 fofe) (3) 


Now u >> fe, fo 


2 2 
v = —u @ = 107 (s) — 156.25 m 
fo 8 


b) y= Height of the final image vi L 


Height of the object ui wy 
1 
e f = —— = —0.125 
fo 8 


where we have used (1), (2) and (3). 

Height of final image = (height of the object).M 
= —100 x 0.125 2 —12.5m 
The negative sign indicates that the final image is virtual. 


Note that the height of the image is only one-eighth of that of the 
object, but the image is closer than the object by a factor of 64, so it 


subtends an angle eight times large, that is, the image appears eight times 
larger. 


15.16 (a) The Intensity is given by 


T= power O W 
~ cross-section A 
1000 
= —_—___ = 10° W/m’ 
10-5 x 1074 nm 
l 2 


gll. 2 x 10!? 
0 Vege V 8.85 x 10-12 x 3 x 108 


= 2.74 x 10” V/m 
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15.3.3 Matrix Methods 


15.17 Assume that light is always incident from the left, then the refracting surface 
is convex if r is positive (from V to C) and concave if r is negative (from V 
to C^, Fig. 15.24. 


Fig. 15.24 Light is incident 
from left. Sign convention for 
refraction at a curved optical 
surface 





The symbols used are object distance xo, object size yo, image distance xi, 
image size y; and radius of curvature, r. The object-image equation can be 
written as 


n nj m-n 
SUR ur ee ue (1) 


—X0 Xj r 


The convention results in negative value for the object distance. Paraxial rays 
are considered so that o and o? are small. Each ray is given a height and 
an angle, Fig. 15.25. The distance € on the axis, called sagitta, is nearly 
zero. Considering counterclockwise angles as positive and clockwise angles 
as negative (1) becomes 


n\Q a Wy Tt 
iO +m (-2)-2—™ (2) 


li h r 





As l5 — Ij, two simultaneous equations can be written in the variables a; 
and /;(j — 1, 2): 


ll ©) 
Q d 
“a1, (Positive) 2 (Negative) o | 





E | 
: ee | 
0 
N 
Xo 


Fig. 15.25 Passage of a light ray P, in medium of refractive index n, into medium of refractive 
index n5 onto P5 


738 15 Optics 


n no—-n 
a = May — (™ a (4) 





I; 1 0 l 
Dle- s) C) > 
r 


The initial image in medium | described by the column vector J; = 4 ) is 
1 
transformed into the final image in medium 2 described by the column vector 


l TP 
h= d ) . The transformation is accomplished by the refraction matrix 
2 


1 0 
Rigcqdfim ay o m (9) 
Lr Xn n» 


In the matrix notation (5) is written as 
h-—RpoHh (7) 


Next consider a parallel translation of a ray through a distance d in some 
homogeneous medium, Fig. 15.26. 


Since o, — o», for small angles 
l; — li -Foid (8) 


In matrix form (8) can be written as 


6)7( 1065) ' 


or I DH (10) 


Fig. 15.26 Sequences of 

refraction, translation and 
refraction for a thick lens 

placed in air 
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where the translation matrix is 


i i 1) (11) 


In Fig. 15.26, the overall transformation can be written as 


h = Ra EHR (12) 


where R1» is the refraction matrix at the first surface (air to glass), T»? is the 
translation matrix in the second medium (glass) and KR», is the refraction 
matrix at the second surface (glass to air). The matrix R21 T2 R12 is known as 
the system matrix. 


15.18 Consider two curved surfaces of positive radii of curvature, rj and rz. The 
final image in Fig. 15.27 is obtained from the equation: 














1 0 1 0 
Sx sed RIEF MIEL 
a3 n 0 1 — — 01 
r2 l| n n 
Symbolically, 
I3 — Ros To Rio f 
] (1—n) n—l 
Let Pi? = — and P23 = 
ri n r2 
1 0 
b \ (1 0 1 d ly 
» (5-6, 690. 1) 
n 
d 
] - d Pio = 


|l 

s 
NO 
W 
ITN 
Q => 
xu 


dP. 
P23 + d P23 Pi2 + nP12 M +1 





Fig. 15.27 Refraction in a 
double convex lens of 
thickness d placed in air 
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15.19 Fora thin lens d = 0. The transformation matrix then becomes 
(see prob. 15.18) 


1 0 1 0 
1 0 
or 1 I or ] 
Petar. 4 2612-2) 4 EE 


ri r2 


1 1 1 1 1 1] 
Thus -— — — = 


a, 2 fF ES f 


15.3.4 Interference 


15.20 A constant phase difference implies a constant difference in length between 
rı and r2, Fig. 15.28: 


rı — r = ?a (1) 


J/ (x +d)? + y? — 4/ (d — x}? + y? = 2a (2) 


Transposing the second radical 


Jeta y? 22a Ua a (3) 


Fig. 15.28 Locus of a point y 
with constant phase 
difference from two coherent 
point sources 5; 

and s2 





Squaring and simplifying 
x (d? — a2) — y2a? = a? (d? — a?) (4) 
Dividing by a? (d? — a°) 

2 2 


X 2 


T © 


Since 2d > 2a or d > a, d? — a? will be positive. Writing d* — a* = b’, (5) 
becomes 
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N 
SSPS 
N| N 


al (6) 


aoig 
N 


This is the equation of a hyperbola with the centre at the origin and the foci 
on the x-axis. In three dimensions, the locus of P would be a hyperboloid, 
the figure of revolution of the hyperbola. 


In an actual Young’s experiment on the observation of interference fringes 
one looks at a limited field of view and consequently the central portions of 
hyperbolas appear as straight lines as in Fig. 15.29 (within the dotted lines). 


Fig. 15.29 Interference 
fringes in Young’s 
experiment 





15.21 Atany point P on the screen at a distance y from the axis, the phase difference 
due to the waves coming from Sı and $5 will be due to the optical path 
difference (S2P — SP), Fig. 15.11: 


ô = T sp = 1P) (1) 


If (S9P — S;P) = nA(n = 0,1, 2,...), the phase difference 6 = 2nx, and 
the intensity is maximum at P: 

1 
If (SSP — S1P) = (n -+ 5) à, where m — 0,1,2,..., the phase differ- 


ence, ô = (2m + 1)z and the intensity will be zero at P. With reference to 
Fig. 15.11, 


(SoP)? = L* + (x - d/2)? 
(S{P)? = L? + (x — d/2y? 
(SP)? — (S1P)* = (SoP + S1P)(S2P — S1P) = 2xd 


In practice d is quite small, typically 0.5 mm, compared to L, typically 1.0 m, 
and P is close to the axis, y << L, so that S;P as well as S2P are only 
slightly greater than L. We can then set $5P 4- S1P — 2L. Therefore 

2xd xd 


SP — S.P — — = 2 
2 1 737 T (2) 
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Therefore, the condition for maximum intensity at P is 
= =m (bright fringes) (3) 
and the condition for zero intensity at P is 
a = (n + 5) À (dark fringes) (4) 


m is called the order of fringe system. On the axis, at y = 0, m = O and 
we have the intensity maximum. The central bright band on the screen is 
flanked on either side by a series of b bright and dark bands corresponding to 
m = 1,2,3,..., the mth bright fringe being at a distance y,, from the axis: 


mAL 
m 5 
y ; (5) 


and the (m + 1)th bright fringe being at a distance 


(m 4- 1) AL 
Y(m+1) = “a (6) 


The separation of the fringes 6 called the bandwidth is given by 


AL 


AY = Ym+1) — Ym = P = d (7) 
AL | 612x10? x4 

Bae a TF 8 104 & 1073 m = 1.124 mm 
d 2 x 107-3 

Let a transparent plate of thickness t and refractive index jz be introduced 


in the path of one of the two interfering beams of monochromatic light, 
Fig. 15.30. A ray travelling from Sı to O covers a distance ¢ in the plate 
while the rest of the distance ($10 — t) is covered in air. The effective optical 
path length would be 


ut + ($10 -— t) or $10 + ye 1)t 
The optical path length for the ray emanating from S2 would be $20. Clearly 


$10 4 (u — Dt - S20 


Consequently, the central fringe corresponding to zero path difference is not 
formed at O, the normal position of the central fringe in the absence of the 
plate. The new position of the central fringe would be at O' such that 


[0 20-750 
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Fig. 15.30 Shift of fringes 
when a transparent plate is 
introduced in the path of one 
of the rays in Young’s 
double-slit experiment 





d 
But S,0' — S10 = L OO’ 


Calling OO’ = A, the distance through which the central fringe shifts, 


A = l 

=e 

Furthermore, (uw — 1)t = nà. 

This shift is towards the side on which the plate is placed. 

Note that the bandwidth of the fringe system is unaffected and the entire 
fringe system undergoes a lateral shift. 

With the use of monochromatic light it is not possible to detect shift of 
fringes. However, if white light is used then the central fringe being white 
is easily distinguished from the coloured fringes and its shift can be easily 
measured. Thus, by the use of the above procedure the thickness of the plate 
can be accurately measured. 


15.23 (a) Let two light waves of the same wavelength A and amplitude A pass 
through a given point and be represented by 


yı = A sin øt (1) 
y2 = AÁ sin(æwt — ó) (2) 


where @ = 2xv and ô = constant phase difference between the two 
waves. The resulting displacement is then given by 


y=y +y 
= Asin æt + Asin(wt — ô) 


Ó . Ô 
= 2A cos - sin | æt — - (3) 
2 2 
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Fig. 15.31 Intensity 
distribution of fringes in 
young’s double-slit 


experiment 
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where we have used the identity 


B+C B— C 
sinB +sin C = 2sin ( > ) cos ( ) (4) 








2 


Equation (3) represents simple harmonic vibration of frequency w/2z 
and amplitude A' — 2A cos(8/2). The amplitude of the resulting wave 
varies from 2A through 0 to —2A according to the value of ó. The result- 
ing intensity J at the given point is proportional to the square of the 
amplitude or A”: 


Ô 
I « 4A? cos” 5 (5) 


If 6 2 Qn —4- Dz(n = 0,1,2,...) then A’ = 0, ie. the crests of one 
wave coincide with the troughs of the other, the two waves interfere 
destructively to give zero intensity, 1.e. darkness. 


If ô = 2nz, then A’ = 2A, i.e. the two waves interfere constructively 
to produce maximum intensity of 4A. Here the crests of one wave are 
an integral number of wavelengths ahead of crest of the other so that the 
waves are reinforced: 


B 1), prob. (15.21), = (77 \(s,P —s,P) = (Z (E 
pe = (Fo m = (F) (F) 


20.23 (=) 
I = 4A* cos* {| —— (6) 
AL 

Figure 15.31 shows the intensity distribution of Young's fringes. Here x 
is measured on the screen. The bright central fringe occurs at x = O, 
in the centre of the fringe system. The other bright fringes are sep- 
arated by distance, x = A L/d, 2 XL/d, 3 XL/d ...on either side. 
Halfway between two neighbouring bright fringes, the centres of dark 
fringes occur. The light intensity does not drop off suddenly but varies 
as cos? (8/2). At maxima the intensity reaches a value of 4A?, and at 
minima, it is equal to zero. At other points it is given by (6). Thus the 
intensity in the interference pattern varies between 4A? and zero. In the 
absence of interference each beam would contribute A? so that from two 
incoherent sources, there would be a uniform intensity of 2 A?, which is 
indicated by the horizontal dotted line. 







{WN 
\ Lid 
— m 

\ T 


= = 
\ |, \ 
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(b) Now the average intensity of the interference pattern is obtained by aver- 
aging over the cos? function in (6) 


XL/d XL/d 
| Idx 4a? | cos? (zt dx /AL)dx 
0 0 


alid AL/d 
| dx 
0 


<[>= = 2A? (7) 


The average intensity is equal to 24? as expected. Although at maximum 
the intensity is double the average value, at minima, it becomes zero and 
on the whole it averages out to 2A?. Hence there is no violation of energy 
conservation. 


1524 u+v= D= 100cm > v = 100 — u = 100 — 30 = 70cm 


I 07 v 70 
O O u 30 


2d = O = 0.30 cm (distance between two coherent sources) 
B me (bandwidth) 
ERE andwi 
. 2dB — (0.3)(0.0195) 


— 5.85 x 107?cm — 5850 À 
D 100 


15.25 D = yı + y2 = 10 + 100 = 110cm 
2 
2d — 2(u—1 EX —— 10 
(u — Dyio x ( x (5) x 


— 0.349 cm 
- Qd)B _ 0.349 x 0.018 
D 110 
— 5711 Å. 


20 1 
15.26 0 = 20s = ( ) x —— rad 


— 5.711 x 10?cm 


3600 57.3 
— 9.695 x 10^? rad 


A 5.82 x 107->°cm 
2u0 2x15 x 9.695 x 107 


Number of fringes per centimetre= 


= 0.2 cm 


1 


p= 


CA 


ESL 
0.2 


D| = 


A 6x10?cm 
2uB | 2x14 x (0.2cm) 
— 1.07 x 107^ x 57.3? — 22" of arc. 


1527 0 = — 1.07 x 10^ rad 
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Fig. 15.32 Newton’s rings 
with convex lens on a flat 


surface 
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The radius of the nth dark ring is given by 
pa SAN (1) 
The radius of the (n 4- m)th dark ring is given by 


Fam — X (n - m)AR (2) 


Squaring (1) and (2), subtracting and solving for R, the radius of curvature 
of lower lens 


2 2 
R= Ps -rő z Fa+20 "n 
mA. 20A 
0.368)? — (0.162)? 
— ) ) = 100cm 


= 20 x 5.46 x 10-5 


fe = NTR (dark ring in air) 


r= VnaR/w (dark ring in liquid) 


zm psi 
w= on = sop = bs 


First, we calculate the air thickness f£ of the air gap between the horizontal 
surface and the lower surface of the lens where Newton's ring is formed as 
in Fig. 15.32. 

DE = t is the thickness of air gap; CB — R, the radius of curvature of 
the lens; and DA = DB = r is the radius of the ring. From a theorem in 
geometry on intersecting chords 


DE x DG = DA x DB 


Wit 


Incident light 
-7 -TSS 


4 Gi ` 





15.3 Solutions 74] 


or txQR-rnDzor 


r2 


t = — 
2R 


(2 t << 2R) (1) 


(a) Centres of curvature on the same side. 
An air film BC is formed sandwiched between two curved surfaces of 
radii R; and R> in contact at O. The centres of curvature of lenses are 
on the same side, Fig. 15.33a. The thickness of air film 


t = BC = AC — AB 
Fig. 15.33a Newton's rings Incident light 


formed by two curved l ' ' ' ' ' ' 
surfaces with the centres of 


curvature on the same side 


R, x 
RN r ee Air film 
0 A 
Using (1) 
AC = Tm. AB = Ta 
2R} 2 R2 
2 
l l 
p= (— - — (2) 
2 \R1 Ro 
where rm is the radius of the mth ring: 
21-9924 (dark rings) (3) 
Eliminating t between (2) and (3) 
2/{ 1 l 
a ES. (m = 0, 1,2,... dark rings) (4) 
ky Ro 
] 
2l. (r +- 5) À (bright rings) (5) 


of 1 1 1 . . 
i Heu À (m =0,1,2,... bright rings) 
(6) 
(b) Centres of curvature on the opposite side 


The surfaces in contact at O are as in Fig. 15.33b; the thickness of air 
film ź is 
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Fig. 15.33 b Newton’s rings 
formed by two curved 
surfaces with centres of 
curvature on the opposite side 


AC = BC+ AB 
2 
1 1 
€" ade 
2. di Ro 
Al HA, 


15 


DRAE 


Incident light 
R 
x o C 
— — X [Ar 
< O NIB film 
R2 n 
(dark fringes) 


Eliminating t between (7) and (8) 


1 1 


1 
a = —]A 
(m+ 5) 


=) — mA (m — 0, 1,2..., dark fringes) 
2 


(bright fringes) 


Eliminating t between (7) and (10) 


Optics 


(7) 
(8) 


(9) 


(10) 


I1 dl 1 
P (x ¥ =) = (n + JE (m — 0, 1,2..., bright fringes) 


mi 1D 





15333 3 


m x 780 — (m 4- 1) x 520 


m-—2a 


= (m+ 1)A = 
= (mm 2 


15.32 Let the amplitude of the incident beam be a and intensity T: 


l=a’ 


The intensity of the reflected beam from the first face, Fig. 15.13 


ding 
dE 


a 
aj — — 
2 


(by problem) 


(11) 


15.3 Solutions 749 


15.33 


15.34 


The intensity of the transmitted beam at the first face will be 
L =-I 


The corresponding amplitude will be 


The emerging beam from the first face will have amplitude 


C d 


maa = 74 t= 34 


The two beams reflected from the first face will interfere: 


2 
a 
~——a 
Imin _ (a1 — ay)” _ (5 ) _ I 
Imax (ay + a2)? É 





2 49 
27 a) 


ool w | ol] w 


For constructive interference 


1 
2 f. —-]A 
u (m+ 5) 


a Qut 2 x 1S x 4x 10M  12x107 





cm 


ro p. "E 
m — m — m — 
2 2 2 


Only for m = 2, we get A = 4.8 x 10? cm or 4800 Å, corresponding to blue 
colour in the visible region. 


2ut cosr — m (minima) 


For smallest thickness, m = 1 


mA ] x 5890 à 
t= —— = WH ~ = 3927A 
2ucosr 2x 1.5 x cos60° 
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1 
2p cosr = (n + 5) À (maxima), m = 0, 1,2... 
r=0, u= 1 
„2% 2xQ945A) — 5890 . 
m - 5 m4 3 m+ 5 


For m=0, A=11,980A 
m=1, A=3927A 
m=2, A4-22356À 


i. = 3927 A falls within the range of visible spectrum. The colour is violet. 


1 
2ut cosr — (m+ JL 
r=0,m=0 
t = à /4u 


For constructive interference 


1 
2ut cosr — (n 5). p= 0.1.2.4: 


sin i sin 30? 





sinr = — = — 0.3333 
u 1.5 
cos r = 0.9428 
2utcosr 2x15x4x 107° x 0.9428 
— m [—————————————————— JÁÓGBT 

4 + 

= m — 

nt 2 


For m = 1, we find À — 7.542 x 107? cm = 7542 À. 


(a) The two mirrors M; and M» are adjusted such that their distance from 
the beam splitter are approximately equal, Fig. 15.4. The wavelengths 
A1 and A5 for the D, and D» lines of sodium differ only by a few 
angstroms. Two different sets of fringes arise due to two wavelengths. 
If Mı is slowly moved away there is a gradual separation of the two 
sets, and finally the bright band of the one lies over the dark band of 
the other, resulting in uniform illumination. Thus the fringes disappear 
and reappear periodically. Between two successive disappearances the 
mirror has to be moved by, say d cm. This corresponds to a path differ- 
ence of 2d cm. Assuming that A» « A, this path difference must contain 
exactly one more wavelength of A» than of A1. Thus expressing A, and 
À2 in cm, 
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2d 2d i 
À2 À1 7 
1A2 
i cs uec 
1 2 2d 
5.890 x 10)? : 
(b) AA = (5.89 x 107)" —6A 
2 x 2.89 x 10-5 
2d 2x 2.948 x 1073 ; 
Egg, 505999 Ult. ede sc diam EUG A. 
N 100 
À grn D 
15.40 Resolving power — = —— 
AÀ A 


where D — distance between the plates — 2mm — 0.2 cm: 


& — 600nm — 6 x 10? cm 
2r 2 x 0.9 


— ————— m = 94737 
eT PF 1-(099 
à — 94731 x 3.14 x 02 f 
R.P = = AR =99x10 
AÀ 6 x 10-5 
15.3.5 Diffraction 
15.41 asin — mA (1) 
, mÀ À À 
sind = —=1x-=-— (2) 
a a a 


If D is the slit screen distance and x the distance of the first minimum from 
the central maximum, then 


tan ~ sind = x/D (3) 
Combining (2) and (3) 


y . 0.02 x 0.5 
=D 200 


sin a 2 
15.42 Io = Im ( ) 
a 


— 5 x 10? cm — 5000 À 





d7, 
Differentiating Ig with respect to o and setting = 


9 


dlo _ Im(2a? sina cosa — 2a sin? a) B 
dæ at 7 
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2a sina(a cosa — sina) = 0 


tana =a 


15.43 (a) The half-width is the angle between the two points in the pattern where 
the intensity is one-half the centre of the pattern: 


lo — 1 B SIN Oy (1) 
is 2 Ox 
The solution of (1) found by numerical method is 


Ox 


1.40 rad (2) 


Na 

y E sin 0, — 1.40 (3) 
1 

where 6; = 259; 


1.44. 41 ( 14A 
sinÓ, — —— or 60,-— sin — 
wa wa 


1.4. 
o AG = 20, = 2 sin! EJ 
Ta 


ıı (14 
(b) A0 = 2sin — | — 12.8? 
47 
15.44 a sinô = mÀ 


a sin = 1-4 
a sin 2 = 22 





But 0; = 6) 
A = 275 
J 
Bas in= = — 
D a 
nÀD 2x5.6x 107° x 200 
a= 2 c 0.014 cm 
X ] 


— 0.14 mm. 


15.46 (a) Let m be the order of interference. If the slit width a is maintained con- 
stant and the separation of the slits d is varied, the scale of the interfer- 
ence pattern varies, but that of the diffraction pattern remains unchanged. 
If the diffraction angle corresponds to the minimum given by (1) then a 
particular order of interference maxima may be absent. This is called a 
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missing order. Thus, a missing order is realized for an angle 6 for which 
the following two equations are simultaneously satisfied: 


dsinÓ — mA(m —1,2,3...) (1) 
asm =ni = L2 3e) (2) 
Dividing (1) by (2) 

d m 

T (3) 
a n 


Since m and n are both integers, missing orders will occur when d/a is 
in the ratio of two integers. Expressing d as the sum of the slit width a 
and the opaque space b between consecutive slits, that is 


d=a+b (4) 
(3) an be written as 


a+b m (5) 


a n 





In particular, if c — ], b — 0. In this case the first-order spectrum 
will be absent and the resultant diffraction pattern will be similar to that 
of a single slit. 


If eL —2, a — b,that is the width of the slit is equal to the width of 
the opaque space. Here the second-order spectrum will be absent. 


(i due 

a | n 
0.1608 . m 
0.16 | n 


The above relation is satisfied for 


je. 2:9 69 
1i: 5x5, 12, 18. is 


Thus the order 6, 12, 18, etc. of the interference maxima will be missing, 
in the diffraction pattern. 


15.47 The central diffraction peak is limited by the first minima. The angular loca- 
tions of these minima are given by 


asin = À (¿o m= 1) (1) 
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The angular locations of the bright interference fringes are given by 
dsinÓ — mA (m 0.1.2.) (2) 


We can locate the first diffraction minimum within the double-slit fringe pat- 
tern by dividing (2) by (1) 


d 
n = — 
a 
0.2 
n = —— = 16.66 
0.012 


Therefore 16 interference fringes will lie within the central maximum. 


m|A| — m»5A» 





is 3 

lids ar ACS 
n1 4 

d sinÓ — m 


1 
For m= Mma 0 = Omax = 90°, Given 265 5000 


à j 
E ume ne cdd 
"dabo ^7 2000 ^ 63x 1075 
Mmax = 3 


d m is "e 
— — — (condition for missing orders) 
a n 


Ol © 
O2 
re | Go 


ll 


where m and n are integers. The above relation is satisfied for 


m —3,6,9 
n = 1,2,3 


Thus the maxima will be missing in the third, sixth, ninth, etc. orders. 








a+b a+2a 
a a 


m 
— 3 = — 
n 


S|&. 


The above relation is satisfied for 


m = 3,6,9,... 
jen 
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15.54 


Thus the interference maxima will be missing in the third, sixth, ninth, etc. 
orders. 


1 1 
nı(max) = — = — = ——— = 6.25 
Ai Na, 4000 x 4x 10-5 
1 1 
n2(max) = =n i 


àa Nada 4000x7 x 10-5 


The maximum order of spectrum varies between 3 (towards red) and 6 
(towards violet). 


d atb _a+a 


a a a 
m = 2n 








= 2 = — (condition for missing orders) 
n 


The above condition is satisfied for 


(ie ee ee 
m —2,4,6... 


Thus all the even orders of interference fringes (2, 4, 6, ...), except m = Q, 
are missing. 


The secondary maxima lie approximately halfway between the minima. 
Now, the intensity at an angle 0 is given by 


sin c 2 
Io = Im ( ) (1) 
a 


Ta. 
where o — S sin 0 (2) 





Minima occur in (1) when 
Qa — mc (nm 2 3223) (3) 


Therefore the first secondary maximum would occur halfway between first 
minimum and second minimum. Therefore, 


E l 3x (4) 


Substituting (4) into (1) 


rT E 


2 
— 0.045 or 4.590 
I 3712 
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15.55 In Fig. 15.34 the grating space AD — d. In the AABD, BAD =i, the angle 
of incidence. Also DAC — 0, the angle of diffraction. In the AABD, BD the 
path difference between the incident rays, YD and XA is 


BD = d sini 


Fig. 15.34 Diffraction by a 
grating for a parallel beam of 
light which is obliquely 
incident 








Similarly, the path difference between the diffracted rays is 

DC = d sin 

The total path difference 

BD + DC = d (sini + sin 0) (1) 


For the mth primary maximum 


d(sin Om + sini) = mÀ (2) 
0 À 
or sin (=) = aa (3) 
2d cos (==) 
2 
The angle of deviation of the diffracted beam is 
Ôm = On +i (4) 


as — i . . 
must be maximum, that 1s 





For ôm to be minimum, cos 


(04, —1)/2=0> 6, =i (5) 
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Then ôm will be minimum, say Dm, and is given by 
Dy = Om +1 = 21i 
or L=Dy/2 (6) 


Substituting (5) and (6) into (3) 


. (Dm 
2d sin (25) = mÀ (7) 


1 2 sin(20/2) , 
N = = = SM = 7969 lines/cm 
d 1 x 4.358 x 10? 


Condition for overlapping is 


mA, = (m+ 1)d2 
5400 m = 4050 x (m + 1) 





me 
d sinO — mA, 
1 sin 0 sin 30° 
N — LI — M 
d mÀ] 3 x 5.4 x 10-5 
= 3086 lines /cm 


X — 5893 À — 5.893 x 10?cm 
AÀ = àÀ1 — à2 = 5896 — 5890 = 6 À — 6 x 107?cm 


Resolving power 


A | 5,8903 x 10? 
— —_ — —"__s— 9892 
dA 6 x 10-8 
R = Nm 
R 982 


N = — = EN — 49] (Total number of lines) 
m 


If N' is the number of lines/cm, then the width of the grating 


N 491 
EI ud — 0.614 cm 
N’ 800 


Total number of lines on the grating 


N=N'W (1) 
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where N’ = number of lines/in. and W is the grating width (in inch) 


N = 10, 000 x 3 = 30, 000 


A 
R = — = Nm 
dA 
À 6 x 1075 zs 
di = =2x10’cm=0.2A 


Nm 3x10 xl 
Total number of lines 

N = N'W =2 x 425 = 850 
X — 5893 À, da = 5896 — 5890 = 6A 


(i) First order: 


À 
R = — = Nm 
dA 
1 A 1 5893 
N = —— = —- X — = 982 lines 
mda I 6 


As the required number of lines (982) exceeds the total number of lines 
(850) the lines are not resolved in the first order. 


(ii) Second order 


] 5893 
eee 


"HE 
mda 2 6 


As the required number of lines (491) is less than the total number of 
lines, the lines are resolved in the second order. 


The resolving power for a prism of base length B is given by 


à | Bdu 


TAA d i) 


where du/dà is the variation of refraction index of the prism with wave- 
length, A is the mean wavelength and AA is the difference in wavelengths to 
be resolved: 


à = 5893 A, AA = 5896 — 5890 = 6A 


du 1.6635 — 1.6545 
a ss 696/ cm 
dA (6563 — 5270) x 10-8cm 


Substituting the above values in (1) and solving for B, we find the length of 
the base of the prism, B = 1.41cm. 
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Fig. 15.35a Intensity 
distribution for diffraction 
from a circular aperture 
described by Bessel function 


Fig. 15.35 b Resolution of 

diffraction patterns for two 

stars, the angle between them Stars 
being y. For the explanation 

of parameters X, R; and p, 

see the text 


The limit of resolution of a telescope is 


ls 11223655107 E 
do = 1.22— = ———_____ = 1,342 x 107 ‘rad 
D 500 


If the distance between two points is x and the moon-earth distance r, then 


rdó —3.8 x 109 x 1.342 x 10 ^ m — 51m 


AX => 
1.224 1.22 x 5.89 x 107’ 
Eee a 
d 30 x 10-79 
oy - 
I=h | d 
p 


2m 
where o — —-—asin0 and J4(p) is the Bessel function of the first kind. 


According to the Rayleigh criterion, the separation of the peaks is equal to the 
distance between the first minimum and the centre of the diffraction pattern, 
that 1s, the first minimum of the Bessel function is at o — 3.83, and we have 


Axa R, 
p = 3.83 = — | — 


À X 
Ry À À À 
Or y = — = 0.61- = 1.22— = 1.22— 
X a 2a D 


where 2a — D is the diameter of the lens, y is the angle between the two 
stars, the distance between the observation screen and the lens is X (equal 
to focal length of the lens) and the position of the details of the diffraction 
pattern is R4, Fig. 15.35a, b. 


mia 
Dion 
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jy e wv TA. 
rp =vV50x1x5x 107° = 0.05cm 
ros = V50 x 25x 5 x 107° = 0.25cm 


15.3.6 Polarization 


15.65 


15.66 


15.67 


15.68 


15.69 


15.70 


Path difference introduced by the plate 


Ax = (no — ne)t = (1.642 — 1.478) x 4 x 10? 
— 6.56 x 109m 


Phase difference 


- 2m Ax  (2x)(6.56 x 1079) 








= = 68.66 rad 
À 6 x 1077 
Io = Imax cos? 0 (Malus’ law) 
9 lo Js 1 
cos 0 = =,/- = — 
Tmax 2 x 
Ü 5. E155. 


tan 0p = u = 1.33 (Brewster’s law) 


Therefore the elevation of the sun is 90 — 53° = 37° 


tan O Mg | 13 511278 
an = = — = —— Z= |. 
pemn Se 
=. Op = 48.4° 
À 6 x 107? e" 
f= — 67 x 10-3 cm 
A(juo — Me) | 4(1.553 — 1.544) 
0 —oaLD 
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where @ is the angle of rotation of plane of polarization, o is the specific 
rotation, L is the length of the tube in decimetres and D is the amount of 


solvent in grams per 100 c.c: 


L = 20cm = 2 dm 


15.3 Solutions 761 


15.71 


15.72 





D á n 0.1 g/100 1.0 g/L 
= = U. C.C. = 1. 
aL 66° x2 7 E 
As the light passing through the first sheet is unpolarized, the intensity 7, of 


the light transmitted by the first sheet is given by the one-half rule: 
I I (1) 
L= 2 0 


Because the polarizing direction of the first sheet is parallel to the y-axis, 
the polarization of the light transmitted by it is also along y-axis. 


Because the light reaching the second sheet is polarized, the intensity [> 
of the light transmitted by that sheet is given by the cosine-squared rule. 
The angle 0 in the rule is the angle between the polarization direction of 
the incoming light, parallel to the y-axis, and the polarizing direction of the 
second sheet, 0 being counterclockwise from the y-axis. Thus 


h= cos? 0 (Malus' law) (2) 
Because the light entering the third sheet is polarized and the polarizing 
between the second and the third sheets is 90 — 0, the transmitted intensity 
is again given by Malus' law. Thus 


B = h Cos? (90 — 0) = b sin? 0 (3) 


From (3), (2) and (1) 


I 
h=h sin? 6 = I cos? 0 sin? 0 — 5 cos ó (1— cos? 0) (4) 
I 1 
or -5 0.1152 = — cos? 0 (1 — cos? 0) 
Io 2 


or cos’6 — cos? 0 + 0.2304 = 0 


2x cos? 0 = 0.64 or 0.36 
or cos = +0.8 or 4x 0.6 


Taking only the positive value 
0 = 36.87° or 53.13° 


The polarization is along the x-axis. 


Let an unpolarized light beam be incident from air on a dielectric such as 
glass. The E vector for the wave can be resolved into two components — one 
parallel to the plane of incidence, that is, the plane of paper and the second 
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one perpendicular to the plane of incidence. The former one is represented 
by double arrow and is called z-component while the latter shown by dots is 
known as o-component; Fig. 15.36. 
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Fig. 15.36 Polarization by reflection e o-component <> zt-component 


For a given dielectric, there is a particular angle of incidence ip, called the 
polarizing angle or Brewster angle, at which the reflected beam is completely 
polarized with its plane of vibration perpendicular to the plane of incidence, 
that is, the reflected beam contains o-component alone. Experiments show 
that at the polarizing angle, the reflected and refracted beams are at right 
angles. This leads to Brewster's law 


tani = 4U 


where u is the refractive index. Note that at the polarizing angle the 
m-component is entirely refracted containing some amount of o-component 
as well. Thus the transmitted light is only partially polarized. With the use 
of a stack of glass plates the proportion of o-component can be increased 
in the reflected beam from multiple reflections and at the same time 
7-component can be made richer in the transmitted beam. Thus the trans- 
mitted beam is rendered plane polarized with the plane of vibration in the 
plane of incidence. 

Dielectrics such as glass, water can partially or fully polarize light by reflec- 
tion. If the surface is horizontal, the light is partially or fully polarized hori- 
zontally resulting in a bright spot (the glare) on the surface where reflection 
takes place. Such a glare from horizontal surfaces is eliminated by mounting 
the lenses in polarizing glasses with their polarizing direction vertical. 


Fig. 15.37 Brewster 
windows mounted on a laser 
tube 
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~ Small hole 


15.3 Solutions 763 


Brewster windows are used in laser technology (Fig. 15.37). The tubes of gas 
lasers are sealed by mounting them in such a way that laser light is incident 
at Brewster's angle. Mirrors mounted outside the tube reflect the light back 
and forth through the tube. A small hole in one mirror permits the laser light 
to leave. Because the windows are tilted to the axis such that light is incident 
at Brewster's angle, the parallel component can traverse back and forth in the 
tube with minimum attenuation. The perpendicular component after several 
traversals gets substantially attenuated. Thus the light leaving the laser is 
polarized in the parallel direction 


(anes =i = T5 


0g — 56.3^, which is also the inclination of the Brewster window. 
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Overtaking of a truck travelling at constant speed by a car starting from rest at 
constant acceleration. 

Greatest height attained by a stone projected up from an elevated point. 
Meeting of two stones one projected up from the ground and the other dropped 
from a height. 

Distance travelled by a particle in 3s when x = A sin zt. 

A man of height 1.8 m moves away at 7 m/s from a lamp 6 m high. To find the 
speed at which the tip of shadow moves. 

The displacement x of a particle is described by 3t = /3x + 6. To find x 
when v = 0. 

A particle projected up passes the same height h in 2 and 10s. To find A. 
Overtaking of cars with constant acceleration and constant deceleration. 
Choice of route in the field and on the road so that a boy may reach the desti- 
nation in minimum time. 

Location of water drops from the nozzle of a shower which fall at regular time 
intervals. 

Velocity—time graph for an object thrown upwards from the roof of a building. 
A ball dropped into a lake from a diving board. 

One stone is dropped from 4 = 44.1 m, another is thrown down 1 s later. To 
find u of the second stone if both the stones strike the ground simultaneously. 
A ball is seen to move up and down before a window 2 m high for t — 1s 
overall. To find the height above the window to which the ball rises. 

In the last second of a free fall a body covered three-fourth of its total path. To 
find f and A. 

Relative velocity of wind. 

Time for a bolt to hit the floor of an elevator which accelerates with constant a. 
Deceleration of a car and truck to avoid a rear-end collision. 

Relative velocity and distance of closest approach of two ships. 
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A packet is dropped from an ascending balloon at 9.8 m/s at a height of 98 m. 
To find time for the packet to reach the ground. 

Time of ascent/time of descent and initial speed/final speed when a body is 
thrown up with heavy air resistance. 

Motion of a body in free fall with air resistance proportional to velocity. 

In prob. (1.22) air resistance is proportional to the square of velocity. 

Under the assumption of velocity square air resistance to find h to which a 
body will rise when projected upwards with velocity u. 

Loss in kinetic energy when a body thrown upwards returns with air resistance. 
Given velocity components dx/dt = 6 + 2t and dy/dt = 4+ 1, to find x(t) 
and y(t), v anda. 

Two objects are projected horizontally in opposite directions with velocity u 
and u» from a tower. To find time when v, is L to v and the distance of 
separation. 

An object projected up from the foot of a tower crosses the top of a tower in 
time f, and recrosses it in time t2. If t3 is the time for free fall from the top of 
tower then t4 — tit». 

Maximum range of a shell fixed at angle 0 up an incline of a is obtained when 
0=a/2+7/4. 

A stone thrown from ground over horizontal ground just clears three walls 
separated by r and 2r. The inner wall is 15/7 as high as the outer ones which 
are equally high. To find n if R — nr. 

The velocity and angle of projection so that a ball may be thrown through two 
openings in the windows of a house. 

Monkey and hunter problem. 

To show (a) tana = 4h/R and (b) h = eT /8. 

T, R and time to reach ymax and shape of flight. 

Explosion of a projectile at the highest point of the trajectory. 

Radius of curvature of the trajectory of a projectile. 

Path of a boat which is rowed with constant velocity equal to that of the river, 
with the flow always directed towards the opposite point to the starting point. 
A ball thrown from a height against a wall bounces and hits the ground. To 
locate the landing spot. 

Three forces acting on a particle as in the diagram. 

Torque, angular acceleration and angular velocity. 

Minimum coefficient of friction to prevent a container from sliding in an accel- 
erated track. 

Minimum force required for a wheel to climb up an obstacle. 

Centre of mass of a semicircular wire. 

Centre of mass of a semicircular disc. 

Centre of mass of a solid hemisphere. 

Centre of mass of a hollowed circular disc. 

Centre of mass of the earth-moon system. 

Centre of mass of CO molecule. 

Centre of mass of NH3 molecule. 
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A boy walks from the bow to the stern of a boat. To find the distance through 
which the boat moves. 

A loaded rod is struck so that it moves with pure rotation. To find the position 
where it should be struck. 

Centre of mass of solid cone. 

Centre of mass of wire in the form of an arc of a circle. 

Centre of mass of velocity of pigeons when one of them is shot dead and rest 
fly with the same speed. 

Centre of mass of a rod 1f linear density is proportional to the distance from 
one end. 

Centre of mass of a system of particles whose masses and distance from a 
fixed point are in the ratio of natural numbers. 

Centre of mass of a semicircular disc if density varies as r? from the centre of 
base. 

Centre of mass of water molecule. 

Centre of mass of the combined structure of three laminas. 

Stable position of a particle in the given potential. 

Equilibrium position moving in the given potential and frequency of small 
amplitude oscillations. 

Instability of a cube for sliding or toppling. 

Limiting equilibrium for a ladder leaning against a smooth wall. 
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Motion of blocks in tandem on a horizontal table. 

Motion of two blocks connected over a pulley. 

A horizontal force is applied to a block over which sits another block. 
Maximum force applied so that the upper block may not slide. 

Contact force. 

Pulling and pushing a box at an angle. 

Maximum length of a chain hanging over a table without sliding. 

Work done for pulling one-third of the chain hanging over the table. 

Motion of a block on a rough table by a force due to weight of another block 
which is connected by a string passing over a pulley. 

Motion of a block on a rough incline. 

A block is placed on a parabolic ramp. Maximum height at which block does 
not slip. 

Sliding of a block on a rough incline. 

Net torque and total angular momentum and acceleration of blocks on a system 
comprising an incline, two blocks, pulley and string. 

Motion of a box up and down an incline. 

Motion of a mass on a wedge incline placed on a smooth table. 
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Motion of two blocks connected by a string passing over a pulley on the top 
of two smooth inclines hinged together back to back. 

Motion of two blocks connected by a string over a pulley on top of a double 
incline. 

Atwood machine. 

Coefficient of friction by the time of descent on a rough and smooth incline. 
Angle of incline if the normal reaction is twice the resultant force, given 
Hex 

Acceleration of the centre of mass in Atwood machine. 

Two blocks in vertical arrangement connected by a string over a pulley. To find 
acceleration of the lower block under the application of a horizontal force. 
Work done by constant forces F; and F^ for displacement from r4 to r». 
Given U(x) = 5x? — 4x°, to find (a) F (x) and (b) equilibrium positions and 
to determine whether they are stable or not. 

To find jz if 70% of the initial potential energy is dissipated during the descent 
on a 30° incline. 

A smooth object slides down a frictionless ramp of height A. To find the dis- 
tance necessary to stop the object if the coefficient of friction is u. 

Collision of a crate with a fixed spring. 

Kinematics of an elastic collision. 

An off-centre elastic scattering of two objects of equal mass. 

Impact of a ball on a spring attached to a block placed on a smooth table. 

A sphere of mass m is placed in between and collinear with two other spheres 
each of mass 9 m. If the small sphere moves in line with the centres of other 
two, to find number of collisions that will occur if the spheres are perfectly 
elastic. 

An elastic head-on collision between two particles. 

An inelastic oblique collision. 

A glancing elastic collision of two identical particles. 

Decay of ^C nucleus at rest. 

Relation between scattering angle and recoil angle in elastic collision. 
Velocity of the target particle in a glancing elastic collision. 

An inelastic collision between a nucleus of mass 2m with stationary nucleus 
of mass 10m. 

Fraction of neutron’s kinetic energy in elastic head-on collision with carbon 
nucleus. 

In an elastic collision between a very heavy body and a very light body at rest, 
the lighter body has twice the initial velocity of the heavy body. 

Half of kinetic energy is lost in completely inelastic collision of one body with 
one identical body at rest. 

Speed of a bullet from its collision with a wooden block resting on a table. 
The ratio M/m, Ve, KE in CMS in elastic collision. 

In an elastic collision between M and m at rest (M — m), sin0,, — m/ M. 
The ballistic pendulum. 

Pressure exerted by fire engine jet (elastic collision with the wall). 
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Pressure exerted by fire engine jet (inelastic collision with the wall). 
Symmetric elastic scattering of one ball with another identical ball at rest. 
Total time for a ball dropped from a height / on a fixed plane to come to rest. 
In prob. (2.48) total distance travelled. 

In prob. (2.48) the height to which the ball goes up in the nth rebound. 

For inelastic collision energy that is wasted is proportional to the square of the 
relative velocity of approach. 

Magnitude of change in initial and final momentum in projectile’s motion. 
Explosion of a shell into three fragments at the highest point of trajectory. 
Hovering of a helicopter. 

Firing of a machine gun. 

Scale reading of a balance pan when particles fall from a height and make 
elastic collisions with the pan. 

In prob. (2.56) collisions are completely inelastic. 

A partly elastic collision. 

Acceleration of a car in a boat. 

Minimum exhaust velocity for rocket to lift off immediately after firing. 

Rate of fuel consumption to produce desired acceleration. 

The rocket thrust, initial net acceleration, burn out velocity and time to reach 
burn-out velocity for Centaur rocket. 

Rate of ejection of gas to provide necessary thrust. 

Equation of motion for sliding of a rope over the edge of a table and its solu- 
tion. 

Variable mass problem applied to a running open car on horizontal rail under 
rain falling vertically down. 

Pressure exerted by a falling chain on a table. 

Velocity of rain drops. 
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Rotational Kinematics 


34 
3.2 
3.3 
3.4 
3.5 


3.6 


3.7 


3.8 


Given the parametric equations to find the path. 

Given a = f(r, t) in a circular orbit, to find power. 

To find v where r = 3 m, r — 5 m/s and o = 4 rad/s. 

A point moves along a circle of r = 40 cm. Time needed for ay = at. 

A point moves along a circle of r = 4cm. Given x = 0.3t?, to find ay and at 
when v = 0.4 m/s. 

(a) Expression for r in polar form and (b) a is directed towards centre of circular 


motion. 

«x of a wheel if a (total) of a point on the rim forms an angle of 30? with v in 
t= 1.05 

A wheel rotates with constant acceleration a = 3rad/ s^. a(total = 


124/10 cm/s?, to find R. 
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3.10 
3.11 


3.12 
3.13 
3.14 


3.15 
3.16 


3.17 


3.18 


3.19 
3.20 
3.21 
3.22 
3.23 
3.24 
325 
3.26 


3.27 


3.28 
3.29 
3.30 
3.31 
3.32 


3:39 


Problem Index 


A car travels around a horizontal bend of R = 150m. To find vga given 
ps = 0.8). 

Conical pendulum. 

Difference in the level of the bob of conical pendulum when the frequency of 
revolutions is increased. 

A rotating wheel plus a simple pendulum system. 

Slipping of a coin placed on a rotating gramophone record. 

Elongation of a spring with a particle attached to it. 

Balancing a coin placed on the inside of a hollow rotating drum vertically. 

A bead is located on a vertical circular wire frame so that its position vector 
makes an angle @ with the negative z-axis. If the frame is rotated, to find w so 
that the bead does not slide. 

A wire bent in a triangular form passes through a ring which revolves in a 
horizontal circle with a constant speed. To show that v = ./gh if the wires are 
to maintain the form. 

A small cube placed on the inside of a funnel which rotates with constant 
frequency f. If u is the coefficient of friction to find fmax for which the block 
will not move. 

In prob. (3.18) to find fmin for which the block will not move. 

A large mass M and a small mass m hang at two ends of a string that passes 
through a smooth tube. To find the frequency of rotation of mass m in a hori- 
zontal circle so that M may be stationary. 

An object of weight W is being weighed on a spring balance going around a 
curve of known r and v. To find the weight registered. 

Given the height of C.G of a carriage above the rails and the distance between 
the rails to find Vmax on an unbanked curve of known radius. 

Umax for given r, 0 and u on a curve on a highway. 

Linear velocity of rotation of points on earth’s surface at given latitude. 

The speed of an aeroplane flying towards west such that the passenger may 
see the sun motionless. 

The point at which a particle sliding from the highest point of smooth sphere 
would leave. 

A sphere attached to a string is whirled in a vertical circle. To find the speed 
at the highest point, given that tension at bottom is equal to thrice the tension 
at the top. 

A light rigid rod acting as simple pendulum when released from horizontal 
position has tension in the suspension equal to its weight when cos 0 — 1/3. 
Minimum speed of a motor cyclist in a circus stunt. 

Minimum breaking strength of the string of a simple pendulum. 

When the bob of a simple pendulum is deflected through a small arc s, and 
released, it would have velocity v = ~/g/L at equilibrium position. 

Tension in the string of a simple pendulum at 6 = 45° when it swings with 
amplitude 0 = 60°. 

When a simple pendulum is released from an angle 0, it has tension T = 2 mg 
at the lowest position. To determine 0. 
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3.34 


3.35 


3.36 
3.37 


3.38 
3.39 


3.40 


3.41 


3.42 


3.43 


The bob of a simple pendulum of / = 1.0m has v = 6m/s when at the bottom 
of the vertical circle. To find the point where it leaves the path. 

A block released from height h on an incline enters the loop-the-loop track for 
r = 12cm. To find h. 

To find the point from where a particle leaves the loop-the-loop track. 

To find the force exerted by a block on the given point of the loop-the-loop 
track. 

In prob. (3.37), if F = mg at the top of the loop then h = 3R. 

It v = 0.8944./5¢R at the bottom of the loop-the-loop track then the particle 
would leave at 41.8° with the horizontal. 

In the loop-the-loop track minimum height for completion of circular track is 
2.5R. 

A nail is located at distance x vertically below the point of suspension of 
a simple pendulum of length 1 m. The pendulum bob is released from the 
position the string makes 60° with the vertical. To find x if the bob makes 
complete revolutions. 

Complete revolutions made by a test tube when the cork flies out under 
pressure. 

Minimum coefficient of friction between the tyres and road for a car to go 
round a level circular bend without skidding. 
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4.1 
4.2 
4.3 
4.4 
4.5 
4.6 
4.7 
4.8 
4.9 


4.10 
4.11 
4.12 
4.13 
4.14 
4.15 


4.16 


Moment of inertia of a solid sphere. 

Moment of inertia of a dumbbell. 

Moment of inertia of a right circular cone. 

Moment of inertia of a right circular cylinder. 

Radius of gyration of a hollow sphere of radii a and b. 

Moment of inertia of a thin rod. 

Moment of inertia of a rectangular plate. 

Moment of inertia of a triangular lamina. 

A disc of known M.I is melted and converted into a solid sphere. To show that 
I] (sphere) — 7 (disc)/5. 

Moment of inertia of a hollow sphere. 

M.I. of a hollow sphere assuming that of a solid sphere. 

Rolling of a solid cylinder down an incline. 

Angular momentum and kinetic energy of a neutron star. 

Rolling of a solid ball down an incline. 

Least coefficient of friction that (a) solid cylinder and (b) loop, roll down an 
incline without slipping. 

Tension in thread drawn through a hole in a table with constant velocity, the 
other end being attached to a small mass on the horizontal plane. 
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4.17 
4.18 
4.19 


4.20 


4.21 


4.22 


4.23 
4.24 


4.25 
4.26 
4.27 


4.28 


4.29 


4.30 


4.31 


4.32 


4.33 
4.34 
4.35 
4.36 
4.37 
4.38 
4.39 
4.40 


4.41 
4.42 
4.43 


Problem Index 


Spinning of an ice skater. 

The distance to which a rolling sphere climbs up an incline. 

A body attached to a string wound around a pulley is mounted on an axis. To 
determine linear acceleration and tension in the string. 

A string is wound several times around a spool, the free end of the string 
being attached to a fixed point. To find acceleration of spool and tension in 
string. 

Two unequal masses are suspended by a string over a heavy pulley. To find a, 
œ and Ti/ T2. 

Two wheels of M.I. Jı and h are set in motion with angular speed w and wc». 
When coupled face to face they rotate with common angular speed c. To find 
œw and work done by frictional forces. 

Toppling of a thin rod initially held vertically. 

A circular disc of mass M rotates with angular velocity w. Two particles each 
of mass m are attached at opposite end of diameter of disc. To find new angular 
velocity of disc. 

Angular momentum from velocity and position vector. 

Time and torque for a ball rolling down an incline. 

A string is wrapped around a cylinder which is pulled vertically upward to 
prevent the centre of mass from falling. To find the tension in the string, the 
work done on the cylinder and length of string unwound. 

Two cords are wrapped around a horizontal cylinder and vertically attached to 
the ceiling. To find a and T when cylinder is released. 

A body rolling on level surface with speed u climbs up an incline to maximum 
height of h = 3u?/4g. To figure out the geometrical shape of the body. 

Four bodies of same mass and radius are released on an incline from the 
same height. To find the order in which three bodies reach the bottom of 
incline. 

A tube filled with a liquid and closed of both ends is rotated horizontally about 
one end. To find the force by the liquid at the other end. 

An inelastic collision of two point masses moving in opposite direction with a 
bar lying on a horizontal table. 

Vertical oscillation of a system of rod carrying two point masses. 

Duration of day if earth's radius suddenly decreases to half its present value. 
ag and aq of a pole which cracks and falls over. 

Magnitude of T and J from the expression for J and angle between J and t. 
Spinning of a disc about its axis on a horizontal surface. 

Rolling of a solid sphere along the loop-the-loop track. 

Motion of a particle along the interior of a smooth hemispherical bowl. 

A spool with a thread wound on it is placed on an incline with the free end of 
thread attached to a nail and released, to find a. 

Mean angular velocity of a flywheel. 

Conical pendulum. 

Sliding of a billiard hall. 
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4.44 
4.45 
4.46 


4.47 
4.48 


4.49 
4.50 


4.51 


4.52 


4.53 


4.54 
4.55 
4.56 
4.57 


4.58 


4.59 
4.60 
4.61 
4.62 


4.63 
4.64 
4.65 
4.66 


4.67 


4.68 
4.69 


4.70 
4.71 
4.72 


4.73 


Collision of a bullet with a rod lying on a horizontal surface. 

Rolling of a sphere over the top of another sphere. 

A rod vertically placed on a horizontal floor. To calculate the reaction when 
the rod is about to strike. 

A double pulley. 

Vector angular momentum of two particles of opposite linear momentum is 
independent of origin. 

Rolling of a small sphere on the inside of a large hemisphere. 

Four objects of same mass and radius are spinning with the same w on a table 
object for which maximum work to be done to stop it. 

In prob. (4.50) four objects have same J. Object for which maximum work to 
be done to stop it. 

In prob. (4.50) the four objects have the same œ and J. Work done to stop 
them. 

Four objects of same m and R roll down an incline. Object for which torque 
will be least. 

To show o and J are constant for the given position vector. 

Elastic collision of a hockey ball with a stick lying on a table. 

Motion of a rotating cylinder on a rough table. 

A system of two identical cylinders on which threads are wound is arranged 
as in the diagram. To find the tension in the process of motion. 

A point on the circumferences of a spinning disc is suddenly fixed. To find the 
new c and blow. 

Rotation of a thin rod on a horizontal surface with one end fixed. 

Time period of oscillations of a sphere inside a hollow cylinder. 

(a) M.I. of a disc and (b) rolling of the disc at different levels. 

An insect crawls with uniform speed on a ring lying on a horizontal surface. 
To find o of the ring. 

(a) Direction of « and (b) Foucault's pendulum. 

Deviation of the fall of an object from a height on a point vertically below. 
Point of landing of an object projected upwards on equator. 

Speed with which an object is thrown vertically upwards so that it returns to 
earth 1 m away. 

Expression for the deviation due to Coriolis force when a body is dropped 
from height / in northern latitude. 

Magnitude and direction of Coriolis force on an iceberg. 

Expression for the raising of level of water across a channel due to Coriolis 
force. 

To prove that the path of an object dropped is a semicubical parabola. 
Magnitude and direction of lateral force exerted by the train on the rails. 
Expression for difference in lateral force on the rails when it travels towards 
east and toward west. 

Displacement when a body is thrown vertically up with v = 100 m/s at X — 
60° int = 10s. 
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Chapter 5 


Gravitation 


M | 
5.2 


5.3 


5.4 
5.9 
5.6 
5:7 


5.8 
5.9 
5.10 
5.11 
5.12 
5.13 


5.14 
5.15 
5.16 
5.17 
5.18 
5.19 
5.20 
5.21 
5,22 
5.25 
5.24 
5.25 
5.26 


5.27 


5.28 


Gravitational force between two lead spheres in contact. 
Magnitude of net force on the given sphere by two other spheres as in the 
diagram. 
Relative velocity of approach of two bodies at distance d when they start at 
rest at great distance r. 
Time for the earth to fall into the sun when suddenly stopped in the orbit. 
Deflection of angle of plumb bob due to earth’s rotation. 

Gravitational energy of the earth. 
Height h above earth’s surface at which g is identical with that at depth d 
below earth’s surface. 
Mean density of the earth from R, go and G. 
Neutral point on the line joining the centre of the earth and the sun. 
Difference in g due to earth’s rotation 

Gravitational potential due to a uniform sphere whenr < R. 

Gravitational potential due to uniform rod on axial line. 
Launching speed in the western direction is higher than in the eastern 
direction. 

Gravitational intensity at the centre of a quadrant of a circular wire. 
Tidal force of the moon. 
To show that the gravitational pressure of a star P e V 4^, 
Field due to infinite line mass of linear density X at distance R. 
Neutral point on the line joining centres of the earth and the moon. 
Work done in overcoming gravitational attraction when a particle is moved 
from the centre of base of hemisphere to infinity. 
Variation of field in a spherical shell. 
Variation of field along the axis of a disc. 

Speed with which a particle enters an opening in a spherical shell and hits the 
rear side. 
A particle is fired from a planet with known velocity. To calculate the maxi- 
mum height reached. 
A star starting from rest at distance R crosses the centre of a nebula in the 
form of a ring of radius R with speed v. To find v. 
Ratio of the work done in taking the satellite from earth’s surface to a height 
h and the extra work to put the satellite in orbit. 
Minimum initial velocity of an asteroid such that it does not hit a planet at a 
given impact parameter. 

(1) Verification of Kepler's third law for the given data for the earth and 

Venus. 

(ii) Derivation of formula for the mass of sun. 

Eccentricity of the orbit of a planet from greatest and least velocities. 
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5.29 


5.30 


5.31 
5.32 


5.33 


5.34 


5.35 


5.36 
35.97 


5.38 
5:99 
5.40 
5.41 
5.42 
5.43 
5.44 
5.45 
5.46 
5.47 
5.48 
5.49 
5.50 


5.51 
5:52 


5.53 


5.54 


Separation of two components and mass of each component of a binary 
star. 

A satellite fixed from the moon with velocity vo at 30? to vertical reaches 
maximum known height. To calculate vo. 

Semi-major axis of a satellite is given by (T /27t)(Umax - Vmin) !/ 2 

Mass of a planet from the radii of the satellite and planet, the shortest distance 
between the surfaces and period. 

Angular momentum of the comet at a given point (r, 0) from the sun and speed 
of the comet at the closest distance of approach from given data. 

The orbits of a comet and the earth are diagrammatically shown. To determine 
total energy component of velocity and angle at which comets orbit crosses 
that of the earth. 

Verification of angular momentum conservation from data on the satellite 
"Apple'. 

Verification with which a satellite is to be fired to meet the subsequent motion. 
Total energy and angular momentum of the fragments produced from internal 
explosion of a satellite. 

When a particle approaches the nearer apse of an elliptic orbit the centre of 
force is transferred to the other focus. To determine the eccentricity of the 
new orbit. 

Time average «1/r- and —?- for a satellite. 

Changes in the major axis and time period of the earth when a small meteor 
falls into the sun and the earth is at the end of minor axis. 

The velocity is doubled. To show that the new orbit will be a parabola or 
hyperbola accordingly as the apse is farther or nearer. 

The axes of the new orbit when a particle is at the end of minor axis and force 
is increased by half. 

In a circular orbit forces acting on the satellite, geosynchronous satellite. 
Speed of a satellite at the apogee given its speed at the perigee. 

Formula for the angle $ of encounter of a small body of velocity v with a 
massive body of mass M and impact parameter P. 

Time required to describe an arc of a parabola under the force k/r? to the 
focus. 

Maximum time comet remains inside earth's orbit. 

Law of force for the orbit r = a sin nô. 

Law of force for the orbit r = a(1 — cos 0). 

In prob. (5.49) if Q be the force at the apse and v the velocity then 3V7 = 
4aQ. 

To determine orbit for inverse cube force. 

Force necessary to describe the leminiscate is inversely proportional to the 
seventh power of r. 

Force directed towards a point on the circular orbit of a particle is inversely 
proportional to the fifth power of r. 

If the sun’s mass suddenly decreased to half its value, then earth’s orbit would 
become parabolic. 
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Oscillations 


Simple Harmonic Motion 


6.1 
6.2 
6.3 
6.4 
6.5 
6.6 


6.7 
6.8 
6.9 
6.10 
6.11 
6.12 


6.13 
6.14 
6.15 
6.16 
6.17 
6.18 


6.19 
6.20 
6.21 
6.22 


6.23 
6.24 
6.25 
6.26 
6.27 


6.28 


6.29 


6.30 
6.31 


Given E and T and x at t, to calculate A and m. 

Given v, and v» at x, and x5, to find A and T. 

Given m, a and T for simple pendulum, to find, Vmax and tension (max). 
Given T = 16s, att = 28s,x =Oandatt =4s, v = 4m/s, to find A. 

To show that a floating body performs SHM vertically. 

A box dropped is in a tunnel along earth’s diameter. To show that it performs 
SHM and to find T. 

Given the equation for SHM, to find A, T, f,¢,v,a att = Is. 

(a) Given KE = PE, to find x. (b) Given x = A/2, to show KE/PE = 3/1. 
Mass M attached to a spring has T = 2s. For M+ 2, T = 3s. To find M. 
Amax = 57 and at x = 4, v = 32. To find A and T. 

Given agax — o and Umax = D, to show that A = P? Jo and T = 27B/a. 

If tension in lowest position is 1.01 mg, angular amplitude of pendulum is 
0.1 rad. 

For SHM, x = a, b and c at to, 219 and 319. To find f. 

For SHM a 4kg mass has T = 2s and A = 2 m. To find k and Fmax. 

Path of the particle from x = a sin œt and y = b cos æt. 

To show F — —kxi is conservative and to find U. 

K, A and f for vertical oscillations of a mass on a spring. 

Amplitude of scale-pan oscillations when a mass is dropped from height / and 
sticks to the pan. 

Probability of finding a particle between x and x + dx for SHM. 

Mean K and mean U for SHM. 

SHM for rolling of a cylinder plus spring system. 

Time taken to gain a complete oscillation for two simple pendulums of given 
lengths. 

Loss of time when a pendulum is taken from ground to top of a tower. 

Loss of time for a pendulum when taken below earth’s surface. 

Oscillations of a liquid in U-tube. 

SHM for cylinder—piston system. 

Given equation to SHM and T, and x = 4cm at t = Os. To find displacement 
att = Os. 

Determination of mass of spring from vertical oscillations of spring-mass 
system. 

Work done on stiffer spring when stretched by the (a) same amount and (b) 
same force. 

Oscillations of a solid cylinder rolling inside a large cylinder. 

Physical pendulum. 
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6.32 
6.33 
6.34 
6.35 


6.36 
6.37 
6.38 
6.39 
6.40 
6.41 
6.42 
6.43 
6.44 


6.45 
6.46 
6.47 


6.48 


6.49 
6.50 
6.51 
6.52 


6.53 
6.54 
6.55 
6.56 
6.57 


6.58 
6.59 


6.60 


6.61 
6.62 
6.63 


6.64 
6.65 
6.66 
6.67 


Length of a simple pendulum that has the same 7 as a swinging rod. 

g by a physical pendulum. 

Frequency of oscillations of a semicircular disc pivoted freely. 

Ratio of time periods of two modes of oscillations of a ring suspended on a 
nail. 

Torsional oscillator. 

Small oscillations of a pulley-spring-mass system. 

Small oscillation of a cylinder attached to two springs. 

Period of small oscillations of a particle in a one-dimensional potential field. 
Effective spring constant of two springs in series. 

Effective spring constant of two springs in parallel. 

T for a block plus two spring system. 

Oscillations of wire-spring-mass system. 

Natural frequency of oscillation of a system consisting of a mass attached to 
one end of a rod which is connected to the centre of a cylinder. 

Natural frequency of an oscillating semi-circular disc. 

Eigen frequencies and normal modes of coupled pendula. 

Equations of motion and energy in normal coordinates. Characteristics of nor- 
mal coordinates. 

To find frequency components and beat frequency from the resultant 
displacement. 

Frequency of vibration of HCl molecule. 

Resultant of three vibrations in the same straight line. 

Logarithmic decrement for the vibrations of the mass-spring system. 
Underdamped, overdamped and critically damped motion for the given 
equation. 

Natural period, damping constant and logarithmic energy decrement. 
Solution of equation of motion for a damped oscillator. 

Position of a weight attached to a vertical spring and nature of oscillations. 
Resonance frequency when periodic force is applied. 

To find amplitude, phase lag, Q-factor and power dissipation from the equa- 
tion for forced oscillations. 

Q-factor for electric bell given frequency and time constant. 

An oscillator has T — 3s. Its amplitude decreases by 596 each cycle. To find 
energy decrease, time constant and Q-factor. 

A damped oscillator loses 3% of energy in each cycle. Number of cycles 
required for half of energy to be dissipated and Q-factor. 

Decrease of amplitude in each cycle when œ — 909/10. 

For small damping o — (1 — r?/8 mk)oo. 

Time elapsed between successive maximum displacements of a damped 
oscillator. 

Period of oscillation from logarithmic decrement. 

c) and frequency of driving force from the given equation. 

To show that f1/? — tc In 2. 

Fraction of energy decrease in each cycle and Q-factor. 
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Lagrangian and Hamiltonian Mechanics 


7.1 
7.2 
7.3 
7.4 
7.5 
7.6 
dal 
7.8 
7.9 
7.10 
7.11 


7.12 
TAS 
7.14 
7.15 
7.16 
7.17 


7.18 
7.19 


7.20 


7.21 


7.22 


7.23 


7.24 


17.25 
7.26 


7.27 
7.28 


7.29 
7.30 


Equations of motion for a particle under force jum / r?. 

Lagrangian for simple pendulum and proof for SHM. 

Equations of motion for masses of Atwood machine by Lagrangian method. 
Double Atwood machine. 

Lagrangian and its equation of motion from given T and V. 

Lagrangian for an SHO and time period. 

Acceleration of a block on a fixed incline. 

Acceleration of a block and inclined plane resting on smooth horizontal table. 
Sliding of a bead on a straight wire which is constrained to rotate. 

Spherical pendulum. 

Equation of motion for a system of two blocks connected by spring on smooth 
horizontal table. 

A double pendulum. 

Hamilton's equations for spherical pendulum. 

Hamilton's equation and solution from H for one-dimensional SHO. 
Planetary motion using Hamilton's equations. 

Natural frequencies of two coupled blocks. 

Equations of motion of a simple pendulum pivoted to a block which slides on 
a smooth horizontal plane. 

Equations of motion of an insect on a rod turning about one fixed end. 

A rod attached at one end by a cord to a fixed end. To find inclination of string 
and rod when the system revolved about vertical through pivot. 

Lagrangian in (r, 0) coordinates for a central potential and corresponding p; 
and pe and Hf and conservation of E and J. 

Coupled linear differential equations from Lagrangian equations and normal 
modes for a system of two masses plus three springs. 

Lagrangian eigenfrequencies and normal modes for a system of two identical 
beads connected by two springs to a fixed wall. 

Lagrangian and eigenfrequencies of a system of two beads of different masses 
connected to a wall by two springs. 

Normal modes of oscillation for a system of three particles connected by 
springs. 

Derivation of H for a single particle under conservative force. 

Motion of a pendulum mounted on a block which can freely move on a hori- 
zontal surface. 

Sliding of a particle down a smooth spherical bowl when it is (a) fixed and (b) 
free to move. 

Hamilton and Hamiltonian equations from the given Lagrangian. 

Lagrangian and equation of motion as in the given diagram. 

Lagrangian and Lagrangian equation and equilibrium positions of a particle 
moving on an elliptic orbit in vertical plane. 
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7.31 
7.32 
7.33 
7.34 
7.35 


Double pendulum with equal masses and lengths. 

Coupled pendulums by Lagrangian method. 

A bead sliding freely on a circular wire which rotates on a horizontal plane. 
Equations of motion of a block-wedge spring system. 

Rolling of a ball down a wedge which itself can slide on a horizontal table. 


Chapter 8 


Waves 


8.1 
8.2 


8.3 
8.4 
8.5 


8.6 
8.7 
8.8 
8.9 
8.10 
8.11 


8.12 
8.13 
8.14 
8.15 
8.16 
8.17 


8.18 


8.19 
8.20 
8.21 
8.22 


8.23 


8.24 
8.25 
8.26 
8.27 


Solution of a one-dimensional wave equation. 

y — 2A sin(nz x/L) cos 2z ft for standing wave is a solution of wave equa- 
tion. 

String plucked at the centre. 

Superposition of the waves y, — A sin(kx — ot) and y? — 3A sin(kx — ot). 
A sinusoidal wave has v = 8m/s and X — 2m. To find K, f, c and wave 
equation. 

Equation of wave given k, w and A. 

When a standing wave is formed each point undergoes SHM transversely. 
Frequencies of the first three harmonics for a plucked string. 

Ratio of linear mass density of two strings. 

A, f, v and X of a transverse wave. 

A and v of component waves of the given vibration. Distance between the 
nodes and the transverse velocity at a given point at a given time. 

Phase velocity and phase difference. 

Amplitude of resultant motion. 

Suitable functions for one-dimensional wave equation. 

Displacement of a cord when plucked at x — L/3. 

Equation of a wave in the negative x-direction. 

Superposition of the waves y1 = A sin(kx — œt) and y2 = A sin(kx + æt) is 
a standing wave. 

Superposition of a harmonic wave with another wave travelling in the same 
direction but differing by phase difference 6 of the same amplitude. 

Average rate of energy transmission of a travelling wave. 

Frequency of the fork by beat frequency with a monochord. 

Velocity of a moving pulse. 

Mass density of piano string frequencies of the first two harmonics. Length of 
a flute pipe. 

(a) Sketch of first and second harmonic waves on a stretched string and (b) v 
and distance between nodes for given standing wave. 

Wave function for the progressive wave from given data on A, w and k. 

Units for (F/m t. 

For a sinusoidal wave on a string slope dy/0x is equal to dy/dt divided by v. 
Wave equation for transverse waves. 
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Reflection of wave at the joint of two wires. 

From the sketch to find f and X if v is given and to find equation for the 
wave. 

Given the linear density of the string to find energy sent down the string per 
second in prob. (8.29). 

Energy of the string in the nth mode. 

(a) Fundamental frequency of a steel bar for longitudinal vibrations and (b) 
comparison of frequencies for (1) free at both ends; (11) damped at midpoint of 
bar (1); and (i11) clamped at both ends. 

Fundamental frequency of vertical oscillations of a mass attached to a wire as 
(a) a simple oscillator and (b) system of vibrator fixed at one end and mass 
loaded at the other. 

For a mass loaded bar the frequency condition kL tankL = M/m reduces to 
that of SHO for kL < 0.2. 

Velocity of long waves compared with those in deep liquid and canal waves. 
Maximum depth of liquid for which the formula v? = gh represents velocity 
of waves of length X within 196. 

Surface tension of water by Ripple method. 

Minimum velocities of surfaces waves for mercury and water. 

Up and vg from dispersion relation for a piano wire. 

Up and vg from dispersion relation for water waves of very short wavelength 
in deep water. 

Given general dispersion relation for water wave to show that vp = vg = /gh 
and for deep water vp = (g/k + Sk/p)'/* and to find Ug. 

Up and vg in deep water for small ripples. 

UpUg — c? for a relativistic particle. 

Wavelength of surface waves on water. 

V = g/k for deep water waves. To show that vg — vp/2. 

vp and ug from dispersion relation of sound in air. 

Given V = (g/k + Sk/p) for deep water waves, to show vp is minimum for 
 — 21 (S/pg)/*. 

Relation between pressure amplitude and displacement amplitude and that 
they are out of phase by 90°. 

Pressure amplitude corresponding to the threshold of hearing intensity. 
Intensity of wave from intensity level of ordinary conversation. 

A point source of sound radiates energy of 4 W. To find I and I.L at 25 m from 
source. 

Maximum displacement from maximum pressure variation, f, o and v. 

Ratio of intensities of two sound waves one in air and the other in water having 
equal pressure amplitude. 

Pressure amplitude, f, o and v from the equation. P — 2.4sinzr(x — 330f) 
for progressive wave. 

Amplitude of air vibrations by a note of given frequency and intensity. 

To show a plane wave of effective acoustic pressure of a microbar has I.L of 
74 dB. 
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Energy density and effective pressure of a plane wave in air of 70 dB I.L. 
Pressure amplitude for J = 1 W/m? at pain threshold. 

Theoretical speed of sound in H» at O?C. 

Given speed of sound in H» at O?C, to calculate speed in O». 

Two sound waves have /; — 0.4 and 10 W/m^. How many decibels is one 
louder than the other? 

Ratio of intensities if one sound is 6.0 dB higher than the other. 

Distance to which sound is audible if the source radiates at the rate of 0.009 W. 
Calculation of displacement amplitude from the pressure amplitude. 

Two sound waves of equal pressure amplitude and frequencies traverse in liq- 
uids with p1/p2 = 3/4 with vy /v2 = 3/2. To compare displacement ampli- 
tudes, intensities and energy densities. 

One sound wave travels in air and the other in water, their intensities and 
frequencies being equal. To find ratio of wavelengths, pressure amplitude and 
particle amplitudes. 

Characteristic impedance. 

Intensity of a beam of plane waves, pressure amplitude displacement ampli- 
tude, acoustic particle velocity amplitude and condensation amplitude. 
Laplace formula for sound velocity in a gas. 

An empirical formula for sound velocity as a function of temperature. 

The sound of whistle is reflected from the wall of the rock as the engine 
approaches a tunnel. To find the ratio of frequencies of reflected and direct 
sounds heard by the engine driver given the speed of the train. 

Doppler effect when two train moves towards each other. 

Doppler effect when two trains move away from each other. 

Maximum and minimum frequencies heard by a listener from a rotating 
whistle. 

The Kundt’s tube experiment. 

Wavelength of sound from a motion train when (i) train at rest; (11) moving 
towards you; and (iii) moving away from you. 

Shock wave, Mach number and angle of Mach cone. 

Reverberation time for a room, Sabine's formula. 

Echo of drum beating from a mountain. 

Echo of rifle shot fired in the valley formed between two parallel mountains. 
Beat frequency heard by a man who walks in line between two whistles sound- 
ing neighbouring frequencies. 

Frequency of the unknown frequency by beat frequency in transferring load 
from one fork to another. 

Beats produced by a fork sounding with an open organ pipe of an appropriate 
length. 

Falling plate experiment in sound. 

Effective length of a resonance tube closed at one end. 

When an open pipe is suddenly closed so that /3 of the closed pipe is higher 
by 100 Hz than f» of original pipe. To find f of original pipe. 
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Velocity of water in the narrower portion of pipe. 

Verification of continuity equation from velocity components. 

Work done in forcing water through pipe. 

Lift on the wing of aeroplane. 

Rate of flow of water using a venturi meter. 

Speed of a plane using a Pitot tube. 

Velocity of the spray in a sprinkler. 

Test of steady incompressible flow. 

Speed of flow past the lower and upper surface of the wing of an aeroplane. 
Pressure drop and velocity in the throat of a venturimeter. 

Application of Reynolds number to steady and turbulent flow. 

A tube open at one end and closed at the other with small orifice is filled with 
liquid. To find the efflux velocity when rotated in a horizontal plane, about an 
axis through the open end. 

Application of pitot tube. 

Rate of flow of water in a horizontal pipe of varying cross-sections. 

A cylinder with a small hole at the bottom is filled with water and fitted with 
a piston. To find the work done by a constant force when the system is rotated 
horizontally to squeeze all water from the cylinder. 

A cylindrical vessel with water is rotated about its vertical axis. To find pres- 
sure distribution and shape of free space of water. 

Speed of water flowing from a water tap. 

Application of Torricelli's theorem. 

Application of Torricelli's theorem. 

Application of Torricelli's theorem. 

Water leaks through a hole in the bottom of a tank. To find time for water level 
to decrease from A, and hp. 

Velocity of efflux through a hole in a tank filled with water. 

Application of Torricelli's theorem to two tanks filled with a liquid and car- 
rying hole of different areas and at different depths, the volume of flux being 
identical. 

Efflux velocity of water in a bottom orifice in a tank filled with water + 
kerosene. 

Two identical holes are punched on opposite sides at different height in a ves- 
sel filled with water. To calculate resultant force of reaction of water flow. 
Pressure required to maintain water flow through a tube. 

Pressure difference across a composite tube in Poiseuille’s experiment. 
Terminal velocity of rain drops. 

Water flow through horizontal tubes connected in parallel. 

Water flow through horizontal tubes connected in series. 
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Mean free path of molecule given collision frequency and mean molecular 
speed. 

rms of a molecule, mean free path and collision frequency. 

Mean free path of gas molecules. 

Ump and va, and T for two graphs for Maxwell-Boltzmann distribution. 
Mort probable speed assuming Maxwell-Boltzmann distribution. 

< E >, Vrms, Ump and Vay for CO» gas. 

Volume of a helium-filled weather balloon when it rises to high altitude. 
Using van der Waal’s equation to estimate the molar density of H2S gas. 
Thermal expansion of a bimetal bar. 

Buckled rail due to thermal expansion. 

Length of a steel and copper rod such that the difference is constant at any 
temperature. 

Volume of mercury in a flask such that the volume of air inside the flask is 
constant at any temperature. 

Tension in a wire with the decrease in temperature. 

Specific gravity bottle experiment. 

Determination of the gas constant. 

Rising air bubble in a lake; Boyle’s law. 

Load carried by a balloon to a given height. 

Two glass bulbs in communication kept at different temperatures. To find the 
pressure. 

Conduction of heat through slabs in series. 

Conduction of heat through slabs in parallel. 

Temperature of interface of copper and iron bars in heat conduction. 
Melting of ice kept at one end of a copper bar while the other end is heated. 
Formula for heat conduction in a metal at low temperature given that thermal 
conductivity is proportional to absolute temperature. 

Radial flow of heat between concentric spheres. 

Radial flow of heat in a material across a coaxial cylinders. 

Rate of addition of ice at the bottom of a layer of ice in a pond when air 
temperature drops to — 10*C. 

Application of Newton's law of cooling. 

Water equivalent of calorimeter from Newton's law of cooling. 

Rate of cooling of steel balls of different radii. 

Application of resistance thermometer. 

Solar constant from the given data. 

Temperature of sun's surface from given data. 

Rate of heat loss by radiation at a given temperature. 

Application of Wien's displacement law. 
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Latent heat of fusion determination. 

Mean specific heat and specific heat at midpoint. 

Equilibrium temperature from the mixture of liquid (A, B), (B, C) and 
(A, C). 

Rise of temperature of the bullet in its collision with a block of wood (a) 
fixed and (b) free to move. 

Rise in temperature due to water fall. 

Rise in temperature due to fall of a lead piece from a given height on a non- 
conducting slab. 

Work done on a gas during an adiabatic compression. 

A thermodynamic cycle. 

In an adiabatic process of a monatomic ideal gas P V?/? — const. 

Work done on a gas during an isothermal compression. 

P — V diagram for a sequence of thermodynamic processes. 

Number of degrees of freedom for gas molecules. 

Efficiency of a heat engine. 

Temperatures of the source and sink of a heat engine. 

Air pressure at a given attitude h, number density of gas molecules and p at 
h/2. 

P — V diagram for the Carnot cycle and the Sterling cycle. 

Entropy change for isobaric and isochoric processes. 

Change of values of thermodynamic parameters in reversible isothermal 
expansion. 

Internal energy, heat, enthalpy, work and Gibbs function. 

Shear modulus of a material. 

Stress, strain and Young's modulus of a wire. 

Isothermal elasticity and adiabatic elasticity. 

Poisson's ratio from the ratio of Young's modulus and the rigidity modulus. 
Young's modulus from the depression of a wire caused by attaching known 
load at midpoint of a horizontal wire. 

Speed of an object released from a catapult. 

Maximum angular speed of an object attached to the end of a wire whirled 
in a horizontal plane. 

Maximum length of a wire which will not break under its own weight when 
it hangs freely. 

Capillary rise. 

Volume of air bubble at depth 100 m — gas equation. 

Energy released in coalescing of droplets. 

Work done in blowing a soap bubble to a larger size. 

A hollow vessel with a small hole of radius r is immersed to a known depth 
when water just penetrates into vessel, to find r. 

Depth of water column at which an air bubble is in equilibrium. 

Inadequate capillary tube length. 

Effect of charge on soap bubble. 

Radius of bigger bubble when two bubbles coalesce. 
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(a) Force between two charges. Position of neutral point (b) E and F of 
proton at the position of electron in H atom. 

(a) Tension in the thread when a charged ball hangs in an electric field and 
(b) Vb — Va positive or negative. 

Electric potential along the axis of a charged circular loop. 

Potential energy of four charges at the corners of a square and their stability. 
V at the surface of a charged liquid drop, when two such drops coalesce, V 
at the surface of new drop. 

A charged pendulum bob is in equilibrium in a horizontal electric field. Ten- 
sion and angle of the thread with the vertical. 

An infinite number of charges, each equal to q are placed at x — 1,2,4,8,... 
units. V and E at x — O. 

In prob. (11.7) what will be V and E if consecutive charges have opposite 
sign. 

A charged particle is released from rest on the axis of a fixed oppositely 
charged ring. To show that the particle has SHM and to find time period of 
oscillation. 

Three charges each of value g are at the corners of an equilateral triangle and 
the fourth one at the centre. It Q = —q, charges move toward or away from 
the centre. Value of Q for the charge to be stationary. 

Two identically charged spheres are suspended by strings of equal length. 
The strings make an angle of 30° with each other. When immersed in a 
liquid the angle remains the same. To find the dielectric constant of the 
liquid. 

One charge is placed at one corner of a square and another at the center. Work 
done to move the charge from the centre to an empty corner. 

A charged pith ball suspended by a thread is deflected by a known distance 
by a horizontal electric field. To find E. 

Suspension of a charged oil drop under electric field and gravity. 

Equal amount of charge on the earth and the moon to nullify gravitational 
attraction. 

An energy output of 107° J results from a spark between insulated surfaces 
at PD 5 x 10° V. To find g transferred and number of electrons flowed. 

E at a given distance along the axis of a charged rod. 

E along the axis of a charged disc. 

Electronic charge by Millikan’s oil drop method. 

Total charge on a circular wire which has cos? 0 charge density dependence. 
Strength of electric force compared to gravitation force in H atom. 

Charges on two spheres given their combined charge and force of repulsion 
at the given distance. 
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Four charges are placed at the four corners of a square as in the diagram. To 
find E and its direction. 

E on the perpendicular bisector of a thin charged rod. 

A thin non-conducting charged rod is bent to form an arc of circle and sub- 
tends an angle 0, at the centre of circle. To find E at the centre of circle. 

In prob. (11.3) to find the distance at which E is maximum. 

E and V at the centre of a charged non-conducting hemispherical cup. 

E varies as 1/r^ for an electric quadrupole. 

Electric and gravitational forces between two bodies each of mass m and 
charge q will be equal if q/m = 8.6 x 1079 /kg. 

Two equally charged spheres are suspended from the same point by silk 
thread of the same length. To find the rate at which charge leaks out given 
the relative velocity of approach. 

A long charged thread is placed on the axis of a charged ring with one end 
coinciding with the centre of the ring. To find force of interaction. 

A very long wire with charge density X is placed on the x-axis with one end 
coinciding with the origin. To calculate E from the y-axis. 

E from the potential @ = cxy. 

To show that the locus of zero potential points for two fixed charges is a 
circle. 

Two identical rings charged to Q4 and Q>2 coaxially placed at a fixed dis- 
tance. To find the work done in moving a charge q from the centre of one 
ring to that of the other. 

To find x if the potentials at (0, 2a) and P5(x, 0) are equal and to find the 
potential. 

Value of Q if the interaction energy of three charges 4-q1, --q» and Q placed 
at the vertices of a right-angled isosceles triangle is zero. 

Work done in assembling the charges at the four corners of a square as in the 
diagram. 

Total potential energy of a charged sphere. 

A linear quadrupole. 

Charge that can be placed on a sphere for the given field strength and the 
corresponding V. 

Speed of electron when it approaches a positive charge. 

For the linear quadrupole of prob. (11.40) forr >> d, E(r) « 1/r?. 

Force and acceleration of electron when it passes through a hole in a con- 
denser plate. 

Potential on the axis of a charged disc and the limiting case of x >> R. 
Kepler’s third law of motion is applicable to electron in H atom. 

Equal charges are placed on four corners of a square. To calculate F on one 
of them due to other three. 

E on the perpendicular bisector of a dipole. For x >> d/2, E « 1/r?. 
Application of Gauss’ law to an infinite sheet of charge. o of the sheet by 
deflection of a charged mass hanging by a silk thread. 
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Application of Gauss’ law to calculate E inside and outside a charged 
sphere. 

In prob. (11.50) to find E on the surface of charged sphere with cavity. 

In prob. (11.50) E e r forr « R and that V (0) — 3V(R). 

E in three regions of a non-conducting charged sphere. 

E for two regions of a long charged cylinder. 

Net charge within the sphere's surface given E. o from E on a football field. 
Total electric flux. 

Derivation of Coulomb's formula from Gauss' law. Electric flux through 
spherical surface concentric with a charged sphere. 

Application of Gauss’ law to find F in the three regions of two charged con- 
centric spherical shells. 

Two insulated spheres positively charged at large distance are brought into 
contact and separated by the same distance as before. To compare force of 
repulsion before and after contact. 

Maximum charge a sphere can withstand given the breakdown voltage. 

(a) Capacitance of a conducting sphere and (b) AU when two charged 
spheres are connected by a wire and wire is removed. 

When two spherical charged conductors are brought in contact and separated 
0 0 LÀ 

To find V if E on balloon is given. Pressure in balloon which would produce 
the same effect. Total electrostatic energy of the balloon. 

A soap bubble of radius R, when charged expands to radius R5. To derive an 
expression for the charge. 

E in the three regions when an insulating shell is charged to specified charged 
density. 

(a) Electrostatic field is conservative and (b) AU when a charged soap bubble 
collapses to a smaller size. 

Form of E generated by a long charged cylinder. Speed of electron circling 
around the axis of the cylinder. 

To find o for non-conducting and conducting infinite sheets. 

Capacitance of a parallel plate capacitor. Modification of C when a thin metal 
is introduced. 

Values of Cı and C», given their combined values in series and parallel 
arrangement. 

Energy in two capacitors: (a) singly; (b) in series; and (c) in parallel, given 
P.D. 

AU when a charged air capacitor is submerged in oil of given er. 

Value of K when A, d and C are given. 

Resulting voltage when a charged capacitor is connected to an uncharged 
one. 

To find the equivalent capacitance of capacitors in the given arrangement. 
To calculate q, V and U for three capacitors connected in series to a battery 
of 260 V. 
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Two capacitors are charged to a battery and connected in parallel. Find P.D 
of the combination if (a) positive ends are connected and (b) positive end is 
connected to negative terminal of the other. 

Two capacitors are charged to P.D V; and V» and connected in parallel. AU 
when (a) positive ends are joined and (b) positive end of one is joined to 
negative end of the other. 

Effect of dielectric on V, E, q, C and U, when the battery (a) remains con- 
nected and (b) is disconnected. 

In prob. (11.78) dependence of the given quantities on the distance of sepa- 
ration of plates. 

Force of attraction between the plates of a parallel plate capacitor. 

n identical droplets each of radius r and charge q coalesce to form a large 
drop. To find relations of radius, C, V, o and U for the large drop and 
droplet. 

Half of the stored Ug of a cylindrical capacitor of radii a and b lies within a 
radius /ab of the cylinder. 

Capacitor of capacitance Cı withstands maximum voltage Vj and C2 with- 
stands maximum voltage V2. Maximum voltage that the system of C, and C» 
can withstand when connected in series. 

Application of Gauss’ law to calculate the capacitance of Geiger—Muller 
counter. 

Capacitance of a capacitor formed by two spherical metallic shells. 

For two concentric shells the capacitance reduces to that of a parallel plate 
capacitor in the limit of large radii. 

In the R —C circuit shown to find (1) time for charge to reach 9046 of its final 
value; (11) U stored in the capacitor at  — tT; and (iii) Joule heating in R at 
t=T. 

In prob. (11.87) number of time constants after which energy in capacitor 
will reach half of equilibrium value. 

Capacitance of a parallel plate capacitor whose plates are slightly inclined. 
and 11.91 In the given arrangements of capacitor to find P.D, q and U in the 
capacitors. 

To find the effective capacitance between two points in the given arrangement 
of capacitors. 

To obtain an expression for g(t) for an R — C circuit. 

For the given R — C circuit, to find battery current at t = 0 and t = œ when 
switch is closed. To find the current through R when switch is open after a 
long time. 

A charged capacitor is discharged through a resistance. To find U, i, V¢ at 
given time, t and equation for t when q drops to half of its value. 

Charge q is uniformly distributed in a sphere of radius R. (1) To find div E 
inside the sphere; (11) electric force on a proton atr < R; and (111) work done 
on proton to move it from infinity to a point atr < R. 

The electric displacement D is uniform in a parallel plate capacitor. To obtain 
E(x) for a non-uniform relative permittivity, using Gauss’ law. 

To obtain the differential Gauss’ law for gravitation. 
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Effective resistance between two points A and B in the given arrangement. 
Change in resistance when a wire is stretched. 

Equivalent resistance is p for two resistors in series and q for parallel, mini- 
mum value of n where p — nq. 

Equivalent resistance for five resistors in the given arrangement. 

Effective resistance of five resistors in the given arrangement. 

Resistance between two terminals in the given network. 

Equivalent resistance between two terminals in the given network. 
Wheatstone bridge. 

Five resistors are connected in the form of a square and a diagonal. To find 
Reg across a side. 

Effective resistance for a network of infinite number of resistors. 

What equal length of an iron wire and a constantan wire of equal diameter 
must be joined in parallel to give equivalent resistance of 2 (2? 

Temperature coefficient of resistance. 

A square ABCD is formed by bending a wire. B and D are joined by a similar 
wire and a battery of negligible internal resistance is included between A and 
C. To find Reg and power dissipated. 

Temperature dependence of resistance. 

Equivalent resistance of a network in the form of a skeleton cube across the 
body diagonal. 

Brightness of two bulbs in series. 

Brightness of two bulbs in parallel. 

Three resistors in parallel are connected with two in series. If a PD of 
120 V is applied across the ends of circuit, to find PD drop across parallel 
arrangement. 

Maximum power delivered to the external resistor. 

Boiling of water by two heater coils when they are connected (a) in series 
and (b) in parallel. 

Calculation of power expended in two resistors connected in series and in 
parallel. 

Rate of energy loss in power transmission. 

Power dissipated in three resistors in (a) series and (b) parallel. 

The value of resistance in parallel with a heater so that the 1000 W heater 
operates at 62.5 W. 

Number of cells wrongly connected in a battery. 

Condition for maximum current in m external resistances connected to m 
rows of cells with each row containing n cells in series, each cell with internal 
resistance r. 

Internal resistances of two cells in series and the external resistance. 

Rate of heat production in resistors in series and in parallel. 

Charging of a battery. 
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12.31 
12.32 
12.33 
12.34 
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12.36 
12.37 
12.38 
12.39 
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12.41 
12.42 
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12.45 
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12.47 
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12.52, 


12.55 
12.56 
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Comparison of power dissipated in resistance with the value for power sup- 
plied by battery. 

Internal resistance of a cell by potentiometer. 

Emf of a cell by potentiometer method. 

Condition for null deflection and ig /i in galvanometer of Wheatstone bridge. 
To find current in an ammeter in a network. 

Internal resistance of a battery. 

Internal resistance of a cell by potentiometer method. 

External resistance by potentiometer method. 

Reading in the voltmeter. 

Metre bridge. 

A moving coil meter reading up to 1 mA to be converted into (a) 100 mA full 
scale and (b) 80 V full scale. 

Pocket voltmeter. 

Resistance of a galvanometer. 

A battery of $1 and r, with a second battery of €» and r» in parallel is joined 
to an external resistance R. To calculate i4, i5, P1, P» and P. 

Emf of batteries by applying the loop theorem. 

Application of Kirchhoff's rules to determine currents in branches of a 
circuit. 

Currents in various resistors and PD across the cells in a network. 
Equivalent resistance of the circuit and power dissipated. 

Given the internal resistance of one cell to calculate the internal resistance of 
the other cell. 

Equivalent resistance, voltages, currents and power dissipated in a series par- 
allel resistive circuit. 

Current in the circuit and terminal voltage of battery under load conditions 
and power dissipated in R andr. 

Equivalent resistance, currents, voltages and power dissipated in a series- 
parallel circuit. 

12.53, 12.54 Application of Kirchhoff’s rules to the circuit to produce three 
equations with three unknown branch currents. 

Application of Kirchhoff’s rules to the given circuit. 

Application of Kirchhoff’s rules to the circuit to calculate currents in various 
branches. 


Chapter 13 


Electromagnetism I 


13.1 
13.2 
13.3 
13.4 
13.5 


Cyclotron frequency for alpha particles. 

Energy and oscillator frequency for p and œ 

Mass spectrometer, velocity filter. 

Identification of pion. 

A particle of mass m and charge q travelling along x-axis is acted by E along 
y-axis. The trajectory. 
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13.6 
13.7 
13.8 
13.9 


13.10 
13.11 
13.12 
13.13 
13.14 


13.15 
13.16 


13.17 
13.18 
13.19 


13.20 


13.21 
13.22 
13.23 
13.24 
13.25 


13.26 
13.27 


13.28 
13.29 


13.30 


13.31 


13.32 
13.33 
13.34 
13.35 


13.36 
13.37 
13.38 
13.39 


The radius of a circular orbit of an electron of K — 5 keV in B — 0.01 T. 
Crossed E and B fields. 

v and T for electron moving with R — 1.9m in B —3 x 10 wb/m^. 

B and K for D in a cyclotron with V = 5 x 10* V, f — 5MCy/r and d = 
1.524 m. 

f =11.5MC/s, R = 30” for D. Kmax and f for p. 

Given B = 15,000G and R = 50cm, f and K for D. 

Current from charge and time. 

Condition for no deflection in E and B fields. 

Radius of curvature of a particle of mass m and charge g which enters a 
magnetic field. 

Separation of isotopes of uranium. 

(a) Radius of curvature in a magnetic field and (b) emf produced in a time- 
varying B. 

(a) No. of electrons in charge g and (b) Emin to prevent a droplet from falling. 
Time period and pitch in a magnetic field. 

A change —g released from the plate of a capacitor in which E and B fields 
are set up. 

In prob. (13.19) condition that the electrons are able to reach the positive 
plate 

Current in a long wire deduced from observed B. 

B for a wire of finite length. Limiting case for infinite wire. 

B at the centre of a conducting circular wire. 

B at the centre of square conducting loop of side a with current i. 

Two semicircular wires of resistance R and 4R are joined. To find B at the 
centre of the circle. 

B at the centre of three-fourths of a conducting circular wire. 

(a) B from a hair pin conducting wire and (b) B at the centre of a semicircular 
wire. 

B at the centre of a conducting wire in the form of a polygon. 

Ratio of B at the centres of a conducting wire in the form of a circle and 
square of the same length. 

(a) B at the common centre of circular arcs of a circuit and (b) B at the 
common centre of semicircular arcs of radii R; and Ro. 

B at the centre of a circular conducting wire plus straight portion as in the 
diagram. 

B on the axis of a circular ring carrying current. 

B inside a 1 m long tube wound by 500 turns of wire carrying 5 A. 

B between parallel current-carrying wires at distance x from one of the wires. 
B at p in a hollow copper cylinder with radii a and b (a < R < b) carrying 
current /. 

Magnetic field midway between Helmholtz coils. 

B at the centre of a charged rotating disc 

In prob. (13.36) the magnetic field is fairly uniform. 

B due to cylinder carrying current of 100 A at R = 1.0mand R = 6mm. 
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13.44 
13.45 
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13.47 
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13.49 
13.50 


15.51 


13.52 


13.53 


13.54 


13.55 


13.56 


15,57 


13.58 


13.59 


13.60 


13.61 


13.62 


13.63 
13.64 


Problem Index 


Application of ampere's law to find B due to a current-carrying cylinder for 
r « Rand r >R. 

To find B at the centre of two concentric arcs of radii r and 2r as in the 
diagram. 

(a) To find B distance x from the midpoint of wire of length L. (b) To com- 
pare B at the centre of a loop when it is bent into (1) a square and (ii) an 
equilateral triangle. 

To calculate B midway between Helmholtz coils, given the values of N, R 
and 7. 

B (r) for the current-carrying long cylinder. 

(a) L of a solenoid; (b) magnetic energy; and (c) application of Faraday’s 
law. 

(a) B at a given distance from a long straight wire carrying current and (b) 
dB at the given values of x, y and z from /d/ at the origin. 

B and H for a torus with and without magnetic material. 

Current required to circulate the earth’s core to produce the known dipolar 
magnetic field. 

Emf generated by a revolving disc midway between Helmholtz coils. 
Variation of voltage developed across a conductor moving with velocity v in 
a known field B. 

A proton travelling with velocity v = (i + 3j) 10^ m/s is located at x 2 2m 
and y — 3m at some instant t. To find B. 

To find F/1 between two long straight wires separated by distance d carrying 
ij and i» in opposite directions. 

Two parallel wires of distance d apart attract each other with a force F/1. If 
i| is given, to find i» and its direction. 

Equilibrium between two current-carrying parallel wires separated by d 
vertically. 

Three long parallel wires carrying 20 A are placed in the same plane with 
equal spacing of 10 cm. To find F/I for an outer wire and the central wire. 
To calculate the force acting on a bent wire in a uniform magnetic field as in 
the diagram. 

A rectangular coil of given dimensions is placed parallel to a long wire car- 
rying current. To find force on each segment of rectangular coil and net force 
On it. 

In a set-up similar to prob. (13.57) to derive an expression for the resultant 
force on the coil and find its value from the given data. 

A loop is formed by two parallel rails, a resistor and a rod across the rails in 
a magnetic field. A force F drags the rod at velocity v. To find the current, 
total power and F. 

In prob. (13.37) to calculate the magnetic moment of the disc. 

To show that the magnetic dipole moment of the earth can be produced by 
wire carrying a current of 5 x 10’ A around the magnetic equator. 

Energy density at the centre of a current-carrying loop. 

Magnetic energy density at the centre of H atom due to circulating electron. 
Maximum torque of a circular coil in a magnetic field. 
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13.65 
13.66 
13.67 
13.68 
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13.70 


13.71 


13.72 


13.73 


13.74 


13.75 


13.76 


13.77 
13.78 
13.79 
13.80 


13.81 
13.82 


13.83 
13.84 


13.85 


The ratio u/L for a charged sphere rotating with constant angular velocity. 
Potential energy of an electric dipole is an electric field. 

Emf induced in an expanding flexible circular wire placed in a magnetic field. 
Emf developed between the wing tips of an aeroplane flying over earth's 
magnetic field. 

Potential difference between the centre and the outer edge of a spinning disc 
in the horizontal component of earth's magnetic field. 

A coil in the given magnetic field is suddenly withdrawn from the field and 
a galvanometer in series with the coil records the charge passed around the 
circuit. To find the resistance of the coil and the galvanometer. 

The induced emf and current in a wire loop when the magnetic field is 
reduced to zero in the given time. 

Amplitude of the induced current when a square loop of wire rotates in a 
magnetic field. 

A bar slides on parallel rods in a magnetic field when a current flows through 
the resistor. To find the speed of the bar. 

A uniform magnetic field of induction fills a cylindrical volume. To calculate 
the emf produced at the end of a rod placed in it when B changes 

A square wire of length /, mass m and resistance R slides on frictionless 
inclined rails. Magnetic field exists within the frame. To show that the wire 
frame acquires steady velocity. 

A copper disc spins in a magnetic field and induced emf is recorded. To 
find B. 

To verify that Faraday’s law is dimensionally correct. 

Given the equation of B waves, to find emf in a coil. 

Ratio of Emax (television) /Emax (radio) in a loop antenna. 

Two rails are connected by a wire and are connected to a wire and a slider to 
form a loop. To find F on the slider to move it with velocity v. 

Application of Faraday’s law. 

A wire carrying current is placed across a rectangular coil. To obtain the 
magnetic flux and emf induced. 

To obtain magnetic flux in a betatron. 

The magnetic and direction of the Hall field and concentration of free 
electrons. 

Mobility of the electron given Hall coefficient and electrical conductivity. 


Chapter 14 


Electromagnetism II 


14.1 Current, P.D and energy in an RC circuit. 

14.2 P.D and phase difference in an LR circuit. 

14.3 Given current and energy for an inductor, to find its value. 
14.4 To find frequency and wavelength for an LC circuit. 

14.5 Impedance and power dissipated in an RLC circuit. 
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14.9 
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14.11 
14.12 


14.13 
14.14 
14.15 
14.16 
14.17 
14.18 
14.19 
14.20 
14.21 
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14.23 
14.24 


14.25 


14.26 
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14.32 
14.33 


14.34 
14.35 


14.36 


Problem Index 


L and C have equal X, at f = 600 Hz, to find Xc/X_ at 60 Hz. 

A capacitance has Xc = 4 Q at 250 Hz. To find C and Xc¢ at 100 Hz and at 
220 V, 50 Hz line. 

In an LR series circuit across a 12 V-50 Hz supply, i = 0.05 A flows with 
o — 60° with V. To find R and L, and to find C when connected in series 
to produce to $ — 0. 

Irms and i,, when 0.6 H inductor is connected to 220 V—-50 Hz AC line. 

irms, Joule heat, Vrms in RL circuit for each component when f = 50 Hz 
and irms are available. 

An ac applied to R = 100 Q given V = 0.5 Vn at t = 1/300 s. To find f. 
To write an equation for the given LRC parallel circuit similar to that for 
standard equation. 

To verify the formula for velocity of light. 

Quantities RC, L/R and / LC have units of time. 

Fractional decrement of the resonance frequency in an RLC circuit. 
Current in a damped LC circuit for low damping. 

RLC circuit in series. 

RLC circuit in parallel. 

Differential equation for the charge of the given RLC circuit. 

Solution of differential equation in prob. (14.19) 

Xr, Xc, Z, Ir, $, Cg, Vc, Vy and fo for the given RLC circuit. 

A 40 Q resistor and 50 WF capacitor in series and an AC of 5 V—300 Hz 
current in the circuit. 

Z for the two networks involving L, R, C. 

Definition of electric current, current density and quantization of charge, 
drift speed. 

fo for two LC circuits in series is identical with individual circuits if 
14Ci = LC». 

Values of L and C if Xc at fı and Xz at f2 are given. 

A condenser of 0.01 uF is charged to 100 V. To find im when condenser is 
connected to an inductor of L = 10 mH. 

An inductance of 1 mH has resistance of 5 Q2. Value of R and C to yield 
fo = 500 kHz in series and Q = 150. 

fo and Q of a parallel RLC circuit with L = 1 mH, R = 10 Q and C = 
0.005 uf. 

In the discharge of a capacitor in an RC circuit to find error on V (f), given 
error on FA and C. 

(a) Time for voltage on a condenser to fall to 1/e of initial value through a 
resister and (b) percentage error introduced if thermal effects are ignored. 
Fractional half-width of resonance curve of an RLC circuit. 

Dielectric constant from a plane em wave equation. 

Speed of a Lorentz frame in which a pure magnetic field is observed. 
Wave equation for B wave. 


To show that V (i + 57) = 0. 
EO 
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14.38 
14.39 
14.40 
14.41 
14.42 


14.43 
14.44 
14.45 
14.46 
14.47 
14.48 
14.49 
14.50 
14.51 
14.52 
14.53 
14.54 
14.55 
14.56 
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14.59 
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14.67 
14.68 
14.69 


14.70 
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14.72 
14.73 


14.74 
14.75 


Prediction that em waves propagate with velocity c. 

Depth to which an em wave penetrates in aluminium. 

To show that Eo = c Bo 

em wave equation for a conduction medium. 

Capacitance and inductance per unit length for a coaxial cylinder. 

E, B and S for a coaxial cable in the region between the central wire and 
tube. 

To obtain the equation ug = B?/2uo 

In em field ug = up. 

To obtain an expression for R if ug — ug in a coaxial cable. 

Radiation energy loss of a low energy proton in a cyclotron. 

Amplitude of an E wave at a distance from a point source. 

Intensity, Eo and Bo of a laser beam. 

Calculation of irradiance of a laser beam. 

Time-averaged power per unit area carried by a plane em wave. 

Irradiance of a plane em wave. 

E x H is in the propagation direction. 

Given the E field equation to find f, X, v, Eo and polarization. 

Equation for the B field associated with the E wave of prob. (14.53). 
Speed of an approaching car by radar. 

Beat frequency registered by a radar from a receding car. 

Application of ampere's law of a coaxial cylinder to calculate magnetic field 
in four regions. 

Energy stored in the magnetic field in the large Hadron collider's magnet. 
Electric and magnetic field amplitude at the surface of the sun. 

Amplitude of the electric field at the orbit of the earth. 

Amplitude of B field at the surface of Mars and flux of radiation. 

To show that | E|/| H | — 377 Q. 

Skin depth in copper. 

Penetration of microwave in a copper screen. 

Derivation of formula for skin depth. 

Energy transported per square centimetre area for a light wave having E, = 
107? V/m. 

Proof and interpretation of Poynting's theorem. 

Dispersion relation from Maxwell’s equations in dielectric. 

To show that the identity V x (V x E) — —V? E 4- V(V - E) is true for the 
vector field F — x22? i. 

Use of Poynting vector to determine power flow in a coaxial cable. 
Application of Poynting's theorem to show that power dissipated in a con- 
ducting wire is given by i? R. 

Using Maxwell’s equations to show that the equation for a super-conductor 
leads to the stated equation for B. 

Ratio of high-frequency resistance to direct resistance. 

Derivation of the expression curl E = —0dB/odt using Stokes’ theorem. 
Derivation of the expression B = wo(H + M). 
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14.76 Gauss and Ampere’s laws in free space subject to the Lorentz condition. 
14.77 To show E, = ZoH, for propagation of em wave where Zp = ./u0/€0 
14.78 Given E wave's direction of propagation and polarization of the wave. 
Boundary condition for media of different magnetic properties. 
14.79 Use of boundary conditions to calculate the reflectance and transmittance 
of em waves at the dielectric discontinuity. 
14.80 To obtain an expression for reflectance for an em wave in terms of angle of 
incidence and refraction and the refraction indices of two dielectrics. 
14.81 Using the result in prob. (14.80), to show that reflectance is zero when tan 
O= n/i. 
14.82 To sketch R and T against nı /n2 for normal incidence. 
14.83 (a) B is perpendicular to E; (b) B is in phase with E; and (c) B — E/c. 
14.84 Charge density induced on the surface of uncharged dielectric cube contain- 
ing electric field. 
14.85 Fractional difference between phase and group velocity at } = 5000 A. 
14.86 Given the dispersion relation œ = ak“, to calculate Uph and vg. 
14.87 To show that vpvg = c^. 
14.88 vg = Uph + kdup/dk. 
14.89 vg =c/n+ (c/n?) dn/dX. 
14.90 If vpn e 1/X then vg — 2vpn. 
14.91. v; — c/ [n 4- o (8n/8o) ]. 
14.92 Value of vy and free space wavelength for radiation to traverse a length of a 
rectangular waveguide in given time. 
14.93 1/vg = 1/Uph + (@/c) dn/do. 
14.94 v, — cdv/d(nv). 
14.95 v, — v for a non-relativistic classical particle. 
14.96 Given a relation between refractive index and i, to calculate vg. 
14.97 vp, vg and X for rectangular wave guide of given dimensions. 
14.98 In a rectangular guide of width a = 3 cm, value of X if X, = 3h. 
14.99 To calculate A; and X; given a and X 
14.100 Number of states of em radiation between 5000 and 6000 À in a cube of 
side 0.5 m. 
14.101 Possibility of AM radio waves propagating in a tunnel of given dimensions. 
14.102 Calculation of least cut-off frequency for TEmn wave for guide of given 
dimension 
14.103 Variation of vpn and vg of TEo; wave in a wave guide of given dimensions. 
14.104 Given the wave equation for E,, to find E; and fe. 
14.105 Given the wave equation for H,, to find H, and fe. 


Chapter 15 
Optics 


15.1 Fraction of light from a point source in a medium escaping across a flat sur- 
face. 
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15.2 
15.3 
15.4 
15.5 
15.6 
137 
15.8 


15.9 
15.10 


15.11 
15.12 
15.13 
15.14 
15.15 
15.16 
15.17 
15.18 
15.19 
15.20 
15.21 
15.22 
15.23 
15.24 
15.25 
15.26 
15.27 
15.28 
15.29 
15.30 
15.31 
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15.55 
15.34 
15.35 
15.36 
15.37 
15.38 
15.39 
15.40 
15.41 
15.42 
15.43 


Radiation on a perfectly absorbing surface. 

Snell’s law by Fermat’s principle. 

Fermat’s principle applied to mirage. 

Maximum angle of acceptance for optical fibre. 

Angle of emergence in a prism immersed in a liquid. 

Angle between two emerging beams from a prism. 

Deviation of emergent light from a prism which suffers one internal reflec- 
tion. 

Focal length of system of two lenses in contact. 

Two positions of a convex lens for real imager for a fixed source-screen 
separation. 

Application of lens maker’s formula. 

Image formation by two coaxial lenses. 

Focal length of a glass sphere. 

Intensity and amplitude of em waves at a given distance from a bulb. 
Image location and its height of an object as observed by a telescope. 
Intensity and amplitude of electric field of a laser beam. 

Refraction matrix and translation matrix for a single lens. 

Matrix equation for a pair of surfaces. 

Using the result of prob. (15.18) to obtain the equation for a thin lens. 
Locus of points at constant phase difference from two coherent sources. 
Bandwidth in double-slit experiment. 

Fringe shift in Young’s fringes when a thin film is introduced. 

Intensity distribution in young’s double-slit experiment. 

Wavelength of light in Fresnel’s biprism experiment. 

Wavelength of light with the biprism. 

Interference fringes in a glass wedge. 

Interference with the wedge film. 

Radius of curvature of a lens from Newton’s rings. 

Refractive index of liquid from Newton’s rings. 

Newton’s rings by two curved surfaces. 

Order for which red band coincides with the blue band in Young’s experi- 
ment. 

Ratio of minimum and maximum intensities in reflection from two parallel 
glass plates. 

Intensification of colour from reflection of white light on a thin film. 
Minimum thickness of plate which appears dark on reflection. 

Colour shown in reflection by thin film. 

Minimum thickness of non-reflecting film. 

Constructive interference in the reflected light. 

Dj, and D» lines of sodium, Michelson interferometer. 

Wavelength of light by Michelson interferometer. 

Resolving power of Fabry—Perot interferometer. 

Single slit, wavelength of light. 

Intensity distribution of single-slit diffraction pattern. 

Half-width for central maximum. 
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15.55 
15.56 
15.57 
15.58 
15.59 
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15.61 
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15.65 
15.66 
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15.70 
15.71 
15.72 
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Coincidence of two different wavelengths of different orders from a single- 
slit diffraction. 

Width of slit from position of second dark band. 

Missing orders for a double-slit diffraction pattern. 

Interference fringes within the envelope of central maximum of double-slit 
diffraction pattern. 

Overlapping of fourth order with the third one in grating spectrum. 
Highest order seen in a grating spectrum. 

Missing of higher orders in grating spectrum. 

Missing orders in grating spectrum. 

Possible number of orders observed in a grating spectrum. 

Condition for missing order in a grating experiment. 

Intensity of secondary maxima relative to central maxima in single-slit 
diffraction. 

Grating with oblique incidence. 

Number of lines/cm in a grating. 

Least width of a grating to resolve D4 and D» lines. 

Smallest wavelength separation that can be resolved in grating spectrum. 
Resolution of D, and D» lines in first and second orders. 

Length of base of a prism which can resolve D, and D» lines. 
Separation of two points on the moon by a telescope. 

Radius of lycopodium particles from diffraction. 

Fraunhofer diffraction of a circular aperture. 

Radii of circles on a zone plate. 

Phase retardation for ordinary and extraordinary rays. 

Application of Malus' law. 

Elevation of the sun when rays are completely polarized. 

Polarizing angle for water-glass interface. 

Minimum thickness of quarter wave plate. 

Polarimeter experiment. 

Application of Malus' law to three polarizing sheets. 

Inclination of a Brewster window. 


